C-12 Probability Theory Semester 1 2022/23 Homework 1
https: / /www.isibang.ac.in/~athreya/Teaching/c12 Solution

4. Let I =1[0,1]. Let Iy = I1; = (%, %) be the open middle third interval of I. Next, let I; = (&, 2)

9’9

and Iy = (£, 8) be the two open middle third intervals of I —1I;. Let I = Iy;UIy. For j > 3 and

909

k=1,2,3...,297 let I;;, be the open middle third intervals of I —UJ_} I, and let I; = U2, Iy,.
Finally, let C' =1 — U2, 1;. C is called the Cantor set .

(a)

5. If

Show that C' is compact and uncountable.

Solution: Let C, = I and for £k > 1, Cy, = I — I;. Now Iy is open and hence C} is
closed. Moreover C = N3 ,C} and hence C' is closed as well and being a subset of the
compact set I, C is compact. Again Cj closed in comapct set I and hence compact and
C, 2 Cy 2 Cy D ... is a nested sequence of compact sets so that C' = N ,Cy is non-
empty. We will show that C'is a perfect set which proves that C is uncountable.(see Rudin’s
Principles of mathematical analysis)

To show that C' is perfect we take x € C and show that x can not take be an isolated point
of C. Notice that Cy = [0,4]U[2,1],C2 = [0, 5] U[2, 3] U[2, Z]U[3,1] etc so Cj is a union
of closed intervals Ej; with 1 < j < 2% of length 3% each. Also every end-point of each
Ey; is contained in C' by definition. Thus if S is an open intervalwith x € S by taking k
large enough we can find Ej; C S. Let x; be an end point of Ej; which is not . Then

z € C'NS and hence z is not an isolated point and so C is perfect.
Show that A(C) = 0, where A is lebesgue measure on [0, 1].
Solution: A\(Ck) = g—i and hence given any € > 0, C} can be covered by open intervals of

total length less than g—i + 5. Taking k large enough say K > n, make (%)’C < 5 and that
C} can be covered by open interval of total length less than € if £k > n, as C C Cy Vk > 0,
C' can be covered by open intervals of total length < € as well. Thus, A\(C) = 0.

is a probability measure defined on the Borel o - algebra A of R, define F : R — [0, 1] by

F(z) = p((—o00,2]), and verify that

(a)

F is monotonically non-decreasing i.e. <y = F(x) < F(y) and right continuous i.e.,
Solution: If z < y = (—o0, x| C (—00,y] and hence by monotonicity of measures we have

F(a) = p((=00,2]) < p((—00,y]) = F(y).

Now suppose {z,}n>1 be a sequence in R with lim x,, =0 and x,, > z,41n.
- n— o0

Let A, = (—oo,z + x,) then A, D A,11¥n > 1 and M1 An = (—o00,z]. Finally as
(A1) < oo by the continuity of measures we have
lim p(Ay,) = w(A) = lim F(x + z,) = F(x).

n—oo n—oo

Thus, F' is right continuous.

F is discontinuous at z if and only if p({z}) > 0;

Solution: Suppose p({z}) = 0. Then consider a sequence {z,},>1 in R with lim z, =0
- n—oo

and x,, > x,4+1 and z,, # 0 Vn.

Let B, = (—o0,z — x,]. Then clearly, B, C B,1 and L;an = (—o0,z). Then by the

continuity of measure,

lim pu(By) = p((—00,2)) = p((=00,2]) [ p({z} = 0]

n— 00



This implies,
lim F(x — z,) = F(x).
n—oo
But then F is left-continuous as well and hence continuous. But if x({z}) > 0 then clearly,
lim p(B,) # p((—o0,z]) and hence for this sequence {z, },>1,
n— oo =

lim F(z — x,) # F(x)

n—oo

and so F' is discontinuous.
limg o F(z) = 1,lim,— o F(z) =0.

Solution: Let {x,},>1 be a sequence in R with lim z, = oo and 2,11 > z, Vn . Then
- n—oo

if A, = (—00,2,] = A, C Ap+1 Vn. Thus by the continuity of measure,

Jim pu(An) = p(UpZyAn) = p(R) = 1.
This implies,
lim F(z,)=1.

n—oo

Since the above happens for all sequences z,, with z,, < z,41 Vn and lim z,, = co we have

n—oo
nl;rr;oF(x) =1.
Let {y,} be a sequence with lim y, = —oc and y,4+1 < y, Vn. Let B,, = (—00,y,] clearly
n—oo

B, D B,y1 Vn and p(By) < oo, by the continuity of measure,

lim p(By) = p(Nps1Bn) = (@) =0

n—oo

This implies,

lim F(y,)=0.

n—roo
Since the above happens for all sequences {y,} with lim y, = —oc and y,11 < y, Vn we

n—oo
have,
lim F(z)=0.
Tr—r—00

Conversely, if F': R — [0, 1] is a function satisfying (a), (b) and (c) above, show that there
exists a unique probability measure u on R such that p((—oo,z]) = F(z) for all z in R.
Solution: Let S be the set of all half open intervals (a, b] and intervals of form (—oo, a] on
the ral line along with @ and define the set function y on S as:

u((@,b) = F(b) - F(a)
p((—o0,a]) = F(a)
and p(@) =0

Clearly p is countably monotone and finitely additive and hence a probability measure on
S. Also S is a semi-ring of subsets of R.
Thus by the Caratheodary-Hahn theorem p extends to an outer measure i on the subsets
of R and the i measurable subsets are exactly the Borel c—algebra generated by the open
intervals in R.
Finally, i1 restricted to the Borel o —algebra is a probability measure as,

lim 7i((—oc, n]) = ()

n—oo



This implies,
E(R) = lim F(n) =1.

n—oo

The function F is referred to as the distribution function of pu.

for errors/suggestions/questions contact Aritra Mandal arigabubabugmail.com



