
C-12 Probability Theory Semester I 2022/23 Homework 12
https://www.isibang.ac.in/∼athreya/Teaching/c12

Due Date: November 9th, 2022, 10pm
Problems Due: 1,3,9

1. Let P be a Probability measure on (R,BR). Let F be a closed set and for δ > 0 let
Fδ = {x ∈ R : d(x, F ) ≤ δ}. Show that {x ∈ R : d(x, F ) = δ} ⊃ ∂Fδ and are disjoint
for distinct δ > 0. Further show that there are only countably many δ > 0 such that
P({x ∈ R : d(x, F ) = δ}) > 0.

2. Show that for n ≥ 1 and u > 0∫ n

0
sin(s) exp(−us)ds =

1 + βn − uαn

1 + u2
,

where αn, βn → 0 as n → ∞ and using the above with Fubini’s Theorem show that∫ n

0

sin(s)

s
ds → π

2
as n → ∞.

3. Complete the proof of Skorokhod theorem done in class. I.e. Show that

lim sup
n→∞

Yn(ω) ≤ Y (ω),

for all continuity points ω of Y and show that Y has only countably many discontinuities.

4. Prove Lemma 11.1.8 in [Ros06]

5. Let P, {Pn}n≥1 be Probability measures on (R,BR). Suppose that for every subsequence
Pnk

there is a further subsequence Pnkl
that converges weakly to P. Show that Pn converge

weakly to P.

6. Exercise 5.3.3 in [AS08]

7. Suppose X is a random variable on (Ω,F ,P) such that E[X2] < ∞. Show that

E[min{| X |3√
n

,X2}] → 0 as n → ∞.

8. Suppose zn ∈ C such that zn → z as n → ∞ then show that(
1 +

zn
n

)n
→ exp(z) as n → ∞.

9. Let {Xn}n≥1, X be random variables on (Ω,F ,P). Show that Xn
p→ X implies that

Xn
d−→ X as n → ∞.
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C-12 Probability Theory November 3, 2022 Quiz 10 Score

Name Seat

1. Let Xn be a sequence of random variables on (Ω,F ,P). Suppose Xn = (−1)nY where
Y ∼ Normal (0, 1) random variable on (Ω,F ,P). Decide if: Xn converges almost surely or in
Probability or in Distribution ?
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