C-12 Probability Theory Semester 1 2022/23 Homework 10
https: //www.istbang.ac.in/~athreya/Teaching/c12

Due Date: October 26th 2022, 10pm
Problems Due: 1 b(iii), 3(a), 3(b), 6

1. Let (Q,F,P) be a Probability space. Consider two independent random variables X, Y on
(Q,F,P).

(a) Show that the distribution of X +Y is given by the convolution of the distributions of
X and Y. That isif Q(-) = Po(X+Y)7!(-), Px(-) = PoX~1(-) and Py (-) = PoY ~!()
then

Q(A) = /R Py (A — y)dPy (dy),

for all Borel sets A, with A —y={2z€R:2+4+y e A}.
(b) Compute the distribution of X + Y when

i. X ~ Poisson (A) and Y ~ Poisson (u)
ii. X ~ Normal (a,u) and Y ~ Normal (b, v)
iii. X ~ Gamma (o, 8) and Y ~ Gamma(n, 3)

2. Let a closed set F' and € > 0 be given. Show that there is a function uniformly continuous
f:R — [0, 1] such that
1 ifzxeF
f(@) _{ 0 ifd(z,F)>e

3. Let (©2,F,P) be a Probability space. Suppose {X,}n>1, X are random variables on

(Q, F,P). Suppose X, 4 Xor X,, converges in distribution to X (i.e. Po X! converges
weakly to Po X1).

(a) Ex 5.2.11 in [ASOS]
(b) Ex 5.2.19 in [ASOS)
(c) Ex 5.2.23 in [ASDS)]

4. Ex 10.3.1 in [Ros06]
5. Ex 10.3.3 in [Ros06]
6. Ex 10.3.4 in [Ros06]
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