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1.

Exercise 11.5.1 in [?]

Solution 1(a):

Let p,, = s, are point masses for n > 1.

The sequence {u,} is not tight(roughly speaking the point masses are going to infinity).
Take € = 1. There exists any a < b,a,b € R such that p,([a,b]) >1—e=1 forall n € N.
Take any ng > b+ 1, this criteria will break. So the sequence is not tight.

Solution 1(b): Since the point masses are going to infinity, every subsequence of {u,,} are also
going to infinity. So any Borel probability measure p such that g, = u.

The theorem in this section are related to tightness of sequences. Since {u,, } is tight, no theorems
will apply here.’

Solution 1(c):
Ep(z) = pn((—00, 2])
. Choose F(z) =0Vz € R.
Clearly F' is right continuous and
nh_)rréan(ac) = nh_}rr;oun((—oo, z])=0=F(z) V.

{F,} is a sequence of cumulative distribution here. Then by Helly Selection pronciple 3 a
subsequence {F),, } and a non-decreasing right continuous function F' such that F' is continuous
at x.

F is identically zero here.
Solution 1(d): Take p,, = s,. Then

Fn(x) = ,Ufn((_on])

Choose F(z) = 1. Then,

lim F,(z) = lim p,((—o0,2]) = 1= F(z).

n—oo n—oo

Clearly F is right continuous and Helly Selection principle applies here.

Exercice 11.5.7 in [?].
1 2 n—1

Soluiton 3(a):The Borel probability measure i, is defined by pi, ({z}) = L forz =0,1,2, . ==L
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A is the Lebesgue measure on [0, 1].
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Soluiton 3(b):

o(t) =

Soluiton 3(c):

. 1
lim ¢, (t) = (1 —e™) lim =
Jmon) = (1) Jim s
lim n(1 — e%) = li - [By L-Hospital rule]
Jim 7 en) = lim—-—=—i vy L-Hospital rule].
Then,
1— et
lim ¢, (1) =
At =~
So,
on(t) = o(t) VteR.
Soluiton 3(d): By continuity theorem, if A, uy, pio,... are probability measures with corre-

sponding charesteristic functions ¢, ¢1, @9, ..., then p, = X iff ¢, (t) — ¢(¢) Vt € R.

Since ¢, (t) = ¢(t) V¢t € R by (c), we have u,, converges weakly to A, the uniform distribution
on [0, 1].

. Exercise 5.1.8 in [?].

Solution: )

fa)= 5 /]R ¢it g (1)t

given that [, [¢x (t)|dt < co.
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1 .
< Py / le™*||¢x (t)|dt[By Triangle inequality]
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So f is bounded on R.



Next,
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Let 1
= — (ZS)( t)|dt Q.

Since €/” is continuous, Ve > 0, 3 § > 0 such that when |h| < 4, [e"" — 1] < 55;.

= [flz+h) = flx)] <e
for |h| < 0.

Since € > 0 is arbitrary, we have f is continous.



