C-12 Probability Theory Semester 1 2022/23 Homework 10
https: / /www.isibang.ac.in/~athreya/Teaching/c12 Solution

1. Consider two independent random variables X,Y on (Q, F,P).

(a) Show that the distribution of X + Y is given by the convolution of the distributions of X
and Y. That is if Q(-) = Po (X +Y)71(:), Px(-) = Po X !(-) and Py (-) = Po Y 1(:) then

Q(A) = /R P (A — y)dPy (dy).

for all Borel sets A, with A—y={z€R:z+yec A}.
(b) Compute the distribution of X +Y when
i. X ~ Poisson (A) and Y ~ Poisson (p)
ii. X ~ Normal (a,u) and Y ~ Normal (b,v)
iii. X ~ Gamma («, ) and Y ~ Gamma(n, §)
Solution 1(b)(iii):We have to compute the joint distribution of X +Y when X ~ Gamma(«, )
and Y ~ Gamma(n, ).
The pdf of Gamma(a, B) is
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Therefore,
X +Y ~ Gamma(a + 1, B).

. Suppose {X,, }n>1, X are random variables on (2, F,P). Suppose X, L X or X, converges in
distribution to X (i.e. Po X, ! converges weakly to Po X~1).

(a) Ex 5.2.11 in [?]
(b) Ex 5.2.19 in [?]
(c) Ex 5.2.23 in [?]

Solution 3(a): X, “ X then P(X, <t)=>P(X <t)asn — ooVt €R.
Now, P(X2<t)=0ift <Oand P(X2<t)=0ift <O.

Thus, if t <OP(X2<t)=0—0=P(X?<t).

If, t > 0 and ¢, /t, —\/t are points of continuity,

P(X <t) =Xy <Vm-PX, < V1) +P(X, = —V1)
S X<VE-PX < V) +P(X = —Vt)asn — o0
=P(X? < t).

Solution 3(b):Since a is a continuity point of Fy, if € > 0 we can select § > 0 with

[Fx(a—0) ~ Fx(a)| < 3

such that a — ¢ is a continuity point of Fx.

Now we choose N so that n > N, this implies,

|Fx, (a) — Fx(a)| < = and |Fx, (a — 0) — Fx(a — 8)| < g

3
Thus,
P(X, = a) < |Fx,(a) - Fx, (a = 6)|
< |Fx,(a) = Fx(a)| + |[Fx(a) — Fx(a = 6)| + [Fx(a — §) — Fix, (a — )|
<€
Thus,
P(X,=a)— 0asn— oo.
. Ex 10.3.4 in [?].
Solution:

Suppose {pn}n>1 = p and {fiy tn>1 = v.
Then V bounded continuous functions f: R — R,

/fdun%/fdu as n — 0o

and



/fdun—>/fdu as n — oo.

Hence V f : R — R with f bounded and continous,
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Choose y € R. Now take a sequence of functions f,, : R — R such that f, =1 on (—o0,y] and
fn=0on (y+ %,oo).
Then

lim fn = X(—o0,y]

n—oo

By dominating convergence theorem,
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Therefore u = v as p({y}) = v({y}) = 0.



