
Recall : - ( section / 2)

Theorem / ( Monotone Convergence Theorem )

let cr,7,P) be a Probability space.

let {Xin≥ , , ✗ be random variables on it .

Suppose F- [× , ] > - • and ✗
n
↑ ✗

Then F- His ↑ F- [× ]
.

Example 3 : - ([ 0,17 , Bro
, , ] ,

dw )

for≥l Xn : [ 0,1] → [0,00) ✗ : [ on] →☒

✗ n = n 1-
[ ◦ ,±]

✗ =°

✗new ) > XCWD it WE v2.

F- [ ✗ n] = n IPC [ o.tn ] = n.tn = 1

E- as __ ◦ { % a
'ai%

.

i. F- [Xn ] -17 F- [× ] to A. c.T .

*nn "
*
,

^^ Mass
escape

' '

to •

"
n→•

>

%
0 % I > ◦ I >

Reason : F- [ in] → F- [× ]

Theorem 2
.

/ Bounded Convergence Theorem ) :

let cr,7,P) be a Probability space.

let {Xin≥ , ,

✗ be random variables on it .

Suppose - 7 k > o Sti lxnl ≤ K K n≥ /

and Xn > ✗ as n→o .

Then F- [ Xn] 7 F- [ ×] as n→o
.



Section 15 : - Limit Theorems -I

The next Theorem illustrates that mass
/ ' '

cannot appear
'

at infinity
"
.

Theorem 1 ( Fatou 's Lemma ) : On ( r ,7,P)

let { Xn }
, ≥ ,

be a sequence of random

variables such that

✗n ≥ C F n≥l for some CER .

Then

F- [ limintxn] ≤ limit F-Exit
n→- n

-so

Proof : - For n≥ ' let Yn : r→R be given by

Yn ( w ) = lit Xkfw)
K≥n

(Ex: Yn are v.v)

Note :
( ;)
Yn ≥c 4^31

(Ti ) Yn ≤ Ynt , it ^≥ /

( iii )
% > limit Xn as n→•

n→o

Civ ) - Yn ≤ Xn * n≥ '

cis - iiii ) + that. ⇒ 1in E= F- ( limntxn]
n→• n→o

- (1)



=) F- [Yn] ≤ F- [XD n≥ /

⇒ limint F- [ Yn] ≤ him int F- [xD - (2)
n→o n→&

c't
and =) F- [ liminfxn] ≤ limit F- [xD

(2) n→N n→o

☐

Recall [ stated in week
.
5]

there are two ways to stop this .

⑨ Xn 's are bounded → [ Bounded Convergence Theorem]
Theorem 12.2

③ ✗ n 's are bounded by an integrable ru .

We shall demonstrate (b)
.

Theorem 2 ( Dominated Convergence Theorem ) On ( R ,7,P )

let { Xn }
, ≥ ,

be a sequence of random

variables such that

• ( ✗ it ≤ Y t n≥i for some

integrable random variable Y
.

◦ ✗n → ✗ as n→n .

Then F- [ ✗is → F- [ ×] as n→• .

Proof : - let P = Ytxn then P ≥0
n n

Pn > Ytx as n→o

(Fatou )
⇒ F- [ liinint Pn ] ≤ limit F-[YH ECK]

n→- n
-> •



F- × . )
⇒ E [ YT t E- [×] ≤ . F- [4) + linnint F- [ in]

n→-

⇒
F- CY] -• F- [×] ≤ linn int F- Cxn] - Cs)

-

n-32

→

, ,

let Mn= Y - Xn then Mn≥0

Mn > Y - X as n→o

(Fatou )
⇒ F- [ limit .mn] ≤ limit I - F-His)

n→- n
-> •

ÉI F- Cy] - Efx] ≤ EX ] _ limsop F- Txn]
n→ -

⇒ C- [ ×] ≥ 1in Sup F- An] -(4)

EAT <o
n-30

F- [ ×] = him F- [× ]
☐

n→oo
(4)

② There is another way to control escape of

mass to infinity .

Example 1 : @ = [0,17 , Boo
, , ]

,

⑦ ( dw) = du )

Let ✗n = rn 110
, ;] and ✗ = ◦

✗n > ✗ and F- fxn] = 1- > o -_ F-☒
nr



Note : : Xnc . )
.

is not bounded above

(Ex) • Xnc.) is not dominated by integrable Y .

⇒ something else saves the day !

Fact :- A r.ir . ✗ on for,7,P) is integrable

⇔ F- (1×1) < •

M.CI. F- (1×11.1×175) ↑ F- [ 1×17key :
"1×11-1×1 > K

^

1×1
⇒

ask -30
' a' K→o

⇔ F- [ 1×111×1 > a]
→◦ as k→ao

F-✗
I

Now (5) can be used to replace domination . by an
-

^

integrable random variable .

K ≥ / NI

F-[ 1h11am > I = { °

.

K .> rn

- En k ≤ rn

/

-

3'

sup E-[lxnl 11*1 > a ] = man { 1- / k≤ rn
n> I

oiñ

≤ I
K

'

. .

Sup F- ① Xnl 11mi > ② → o as k→• .

b

n≥l

-
-

.

The same
"

K
" large

.

works for all nz.iq. !

Such sequences are called Uniformly integrable .



Definition 1 : - A collection of random variables

{✗ n} on @ 17,10) is

'

said to be Uniformly
^≥1

integrable if

sup F- [1%1 11mi > k ] > 0 as 1<-70
.

NII

theorem 3 ( Uniform Integrability - Convergence)

It { Xifn
≥ ,

are uniformly integrable then

d) Sup Elxnl < 0.

n 71

In addition
, it ✗ n → ✗ as n→o then

(il ) F- 1×1 < 0

(iit) F- [ ✗ n]→ F- [×] as n→*
.

Proof : -

41 let 2=1 be given .

7k. > ◦ sit. [ Aa:{%?¥ :D
Sup F-[lxnl 11%1 > ko.] ≤ \ integrable

na - (5)

Now
, F- [1×1] = F-Clint 11%1 ≤Ko] -11=[1%111%1--16]

fr≥ /
≤ Ko + I

(5)

⇒ Sup F- [ lxnl ] ≤ Ko -11

NII

I



Hit F- [1×1] = E- [limit Knt] ≤ limit Elxnl < o
n-so n-so

- (6)

Fora " n≥ 's / E[✗n] - EH] / ≤ F- [ 1in - ✗ I ]
- (7)

Let Ezo be given
.

For all K≥ /
,

/

-

F- [lXn - ✗ I] = F- 1[ ✗n -✗ I 1- ixnixl ≤ to ]

+ F- [ ✗ n -✗ I 11in- ✗ I > K]
- (8)

we will estimate the 2nd term in (E) - RHS -
_

As 1×1 - ✗ I ≤ lxnl -11×1 ≤ 2 maxclxnl
,
1×1 )

lxn- ✗111in
- ✗17k

≤ 2 [Max (1%1,1×1) 1- maxclxnl.IM ) > E
]

=

211×11
1-

C' lxni
'

>
,
lxnl ≥ '" )

+
_

1×1 1- C' 1×1 ) > , 1×1> Hnl) ]
=/ -2 [ lxnl 11h1 > 11×1 11×1 > ±] - (9)

By (5) and (6) 7 K , >o such that

sup ECXNI 11h1 > ,] EE & ECXI 11×1 > ¥] < E -⇔
^≥l

(9)
=) Sup F- ( ✗n - ✗111in

-
✗ I > K , ] < 22

401
^> I

- ( H )



Take K= Ki in ti to get
,
along with 1)

Elin - ✗ I] ≤ Elin - ✗11 ,×, _× , ≤ k ,] +25
""

ten ≥ /

Finally ◦
Hn - ✗ I 1) ×, _ × , ≤ K , > ◦ as ^→•

• Hn - ✗ I 1) ×, _ × , ≤ k , ≤ Ki + ^≥ '

:
. By Theorem 12.2 C Bounded Convergence Theorem )

E[lXn - ✗ I 11h -✗ \ ≤ K, ] > o as n→•.

i. 7 Ni > 1 St.

F-[lXn - ✗ I 11h -× , ≤ k, ] < E + ^≥N,

- (3)

Using 1137 in az ) we have

F- lxn -✗ I ≤ 32 t n≥ N ,

Now using (7) yields the result ☐

Remark : -

[ a. s . Considerations]

-
◦ Assume crit ,R) to be complete .

t.e.AE 7 and RCA ) _-o ⇒ BEA then BEF .

±,
Y :r→R IP ( ✗=Y ) =L ⇒ Y is a random variable

⇒ (
expected value, do ◦ also F- [xT=E[Y] .

not change if we modify )
" V 's on set of measure

°



• Csonuentions : - . ✗ =Y if IPC ✗= > I - I
-

-

A property A holds as if (A) =L

(almost surely)

• ✗ ≥ o a. s . ⇒ F- [×] 30

◦ [ Fatou's lemma] Suppose 7C >

os-txnzca.s.tn
≥l then

F- [ limit Xn] ≤ limit F- [xD
n→o n→o

• [ Bounded / Dominated Convergence Theorem]

✗n > ✗ as as n→• and

1×1 ≤ Y a. s with F- [47<0

then F- [Xn] > F- [×]

• [ Monotone Convergence Theorem]

7C : C ≤ Xn and Xn ≤ Xnti
a.s.tn≥ /

and Xn ↑ ✗ as n→•

Then Ecxn] ↑ F- [×] as n→o

Lemma 1 : suppose ✗ on CR ,7,P) is an integrable

v.v . Then it Exo 7 8>0 St

A- c- 7 RCA ) < 8

⇒ JIXIDP = F- [1×11+7
.

< E

A



Prost : let E > o be given .

F- 1×1 < • & F- [✗ I 11×1<1,] ↑ F- 1×1 by M.at.

as K -30

⇒ F-[1×111×1 >k] = F- (1×111×14) - F- [1×1

> o as b.→ * .

I let K
, > o be such that

F- [ 1×111*1 > K,] <
E/ " " ÷ " "" "F- [ 1×1 1-a] = F-[1×111×11 > K, 1-A]

+ F- :[1×111×112-14 1A]

≤ E- [ 1×111×1 > K ,] t K , RCA )

< Et ki 8 = ZE

AS E >o was arbitrary we are done
.

☐

lemma 2 : ✗ Zo v.v . on CR ,7iP) . The following are

equivalent:

⑥ ✗=o a. s.

⑤ JXDP ⇒



Proof : - ◦ Suppose X=o a 's .

F- i ≤ 2×-1-07

S - Simple s ≤✗ ⇒ f
n

S= £,ai1Ei then B. ( Ei ) -_o

I { 9 , . . 9nH=n

ai -1-0

⇒ F- [ s ] →

S - arbitrary ⇒ F- Cx] =o .

• let ✗ zo and F- [✗7=0

4×-1-07 = 64×-4-7 - ( Y
N=1

0 = Sxdlp ≥S✗dP ≥ In ( × > tn )
× >±

=) ④ ( ✗%) =o . -@ )

( 11

=) CPC ✗ to) =o ( Ex )f " ⇒ *. . . .

C'

16 .
Moment generating functions

Recall that for a random variable ✗ on crit ,P)

the Kth moment of ✗ is given by F- [ XK ]
.

Also as 1×15 ≤ 1×1%1 it j≤ k

⇒ F- [XK) co then

F- ☒i] <• tar j≤k .



Definition 1 : - The moment generating function of ✗

Mxc . ) is defined as

Mxcs) = F- [eˢ✗] for SER for

which His is finite
.

Note that s→es✗

is a non- negative ru ⇒ expectation always

exist .

In analysis Mxc . ) is called the Laplace

transform of × .

Suppose 7 So C- ☒+ St -

Hx : C- So
,
So] →B is well defined

re . F-⑤× ] <• for St C-So
, So ]

.

Now as e
's"

≤ eˢ✗ + e-
SX

⇒ F- [e'
ˢ× '
] < to t St C-So

,
So)

- Cl )4.* ,⇔→ ,

eᵗ : = £ tk [ Power series ]
K=o I! Expansion

t.e.lt t c- Rt

Tnltl = É tʰ ,
eᵗ as n→•

K=l Tci

(Tna ) ≥o & Tact] ↑ et )



/
""" """ " ""

⇒ Mncs ) = É lsxtk
KI Tay

≥o

and Lxlncs > ↑ e'ˢ" as n→•

Now ; Xncs) = £ sⁿ×
"

> eˢ✗asn→
,1<=1 ni

.

lines> I ≤ lxlncs) ≤ e
's"

+ n≥ ,
- (2)

and F- [ Xncs ) = §=
, sⁿE^] < • by CIZ.cz) .

Using Cl ) And Dominated Convergence Theorem 15.2

F- [ Xncs )] > E[eˢ✗] as n→*

£ F- Cxktsk
⇒ Mx CS) = lim

n →• k=1 ¥

÷ £ F- [ ✗
" 7 sk

k=l
K !

Fact : - f :C- r , o ) →R for some orzo and
→

f-Cx ) = Sarah is well defined
K=o

then f is differentiable in C-riot and

f-
"

( x ) = £ Kak
- '
9k

. V-ac-C-r.rs -43 )

k= '

.

is well defined
.



Repeated application of CH results in

⇔ .⇔*.⇔⇔.
"&

f-
"c)
(a) = % .

# Cn - ji-y an un
- k

n=k
D= "

Putting all of the above together we have

Theorem 1 : let so > ◦ and ✗ be a random variable

on CR ,7 ,
P) such that

Mx : C- So
,
So> →B given by

Mx CS ) = E[eˢ✗ ] is well defined
.

Then : -

◦ F- [✗^] < o f n≥ /

◦ Mx CS ) = £ F- ☒
K] she

k=o K !

•
^

◦ Mcs7 = E. ITCH -11) F- [xk] skin
k=n

5=1 KT

•

Mx
" )
( o) = F-[×]

,
MF > G) = F-[✗

^
]

Example 2 : -

• ✗ ~ Normal ( 0,1 )

Y=e✗

F- EM ] = F- [e^✗ ] %
"" [ e"é÷¥ds
→



= EE § e-
"

"

as =
EE it≥i

JETT

=) 14×11-7=0 it t> o

Mxltl ≤ I V-t≤ o . ☐f. . . .⇔⇔- toga)2IPCZEAI = f e -2 ( ( + Sin (211-1091)

A VET a
dn

for A C- Be

E E[zn] = É% + nai

& 2 ≠ Y Cin distribution )

Theorem 2 : - Let ✗ and Y be random variables

on ¢ , 7 , D)

② It ✗ and 4 are bounded then

✗ =dY Ci:c . ④( ✗ ≤ at = (Y≤ a)

RER )
¥

ECXK] = EH] Kk≥ /

③ Suppose Mx ( t) = My Ct) C-B for

t C- C- 8,81 ⇒ ✗ EY.




