
Recall :

Theorem 1 :-(Weak law of large numbers

let crit ,P) be a Probability

space .

let Hin
≥ ,
be a sequence of

independent random variables such That

Fn≥l
,
F- [ Xn] = µ < in and varcxnl ≤ I < •

Then
,
V-E>0

RC Itn ,É,×i - ul > e) > ◦ asn -so
.

Theorem / ( Monotone Convergence Theorem )

let Cr,7,P) be a Probability space.

let {Xin≥ , , ✗ be random variables on it .

Suppose F- [× , ] > - • and ✗
n
↑ ✗

Then F- Hn] ↑ F- [×]
.

Theorem 2
.

/Bounded Convergence Theorem ) :

let cr,7,P) be a Probability space.

let {Xin≥ , , ✗ be random variables on it .

Suppose - 7 k > o s€ lxnl ≤ K K n≥ /

and Xn > ✗ as n→o .

Then F- [ Xn] > F- [ ×] as n→o
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general the moment method is a method to control

the probability that a random variable takes

values far away from its expectation by

its moments ( i.e. by F- [XK] K≥D
.

Already seen
in section 8

, Proposition 1

✗ ≥o v.v - on µ , 7, IP ) then f-Markov 's

Inequality )
PIX > ✗ I ≤ F-¥7 - (1)

The first moment method
,

is essentially Markov 's

inequality
.

for discrete random variables
.
More

precisely , ✗ zo integer valued then

PC ✗ >o) = Rex> 1) ≤ F- [×]

ii.
⇒ PC × > o) ≤ F- [× ] -

1ˢᵗ Moment
Method

- Cz )

The second moment method controls the IPCX > 0 )

by its first ( F- Cx] ) and second C-[✗7) moment
.

More precisely ,
let ✗ be a r.no - on Cr

,
7
,
P) such that

✗ 70,
◦ <F- [× ] < * and o<F- [ ✗27 <0 .

then
F- [ x2 ] = F- ④ - ✗ 1- ✗ so]



C. B.s . ←
≤ F- [ ✗

2

] F- 1×70
.

inequality
• Proposition 8.2

⇒ ! ( X > 0) ≥ ( F- [ ✗3)
2

'

second
moment

F- [ ✗2] method

these seemingly elementary inequalities are given

their respective names because they are very

Useful in many applications

Example ? :-(Coupon Collector Problem ) Fix n≥2
.

Yi Yi, . . . .

.

be it:D . Uniform 41 , . . . ,n7 .
Let

Tn = int LK≥l I 44 , . . . ,Yu7= 21 , . _ . ,n7}
- think of 1,2 , . . .sn as Coupons in a

coupon Tinkuazad company chips packet . Has
manycollect _

each packet has a randomly chosen ↳UP"
variations

problem placed in it

- Tn = # of chips packets you need to buy

to collect all n coupons .

Question : - what is the order of Tn ?

Answers> : - . Fix m ≥l - to denote # of days

• let K C- It , - - in}-
it K

't
coupon has not

1 been picked until nth
and

xm.ie = ✗ day

0 otherwise



Note IPCXM
,
,c=i ) = ( I - In )m + m ≥ '

I≤k≤ n

⇒ F- [Xm,k] = ( I - In )^ (1)

I

g)
^ + m ≥ ,

Also ④ ( Xm
,
,c=l , Xm ,e=l )

= ( I -2

l≤ kitten

=) F- [ ✗
me Xm,] = ( 1- Zn )m

.

⇔

RC Tn > m) = IPC ✗m.it . . + Xmn ≥ 1)

1ˢᵗ moment <
≤ F- [ ✗ no , , -1 . + ✗min]

method
.

.

(1)
-

= n ( I - In )m
-

≤ e-
"

s
≤ n e- % (3)

FX > 0

- %
If m=_ nlogn then he = 1

.

From this intuition take m= nlogn + non for

some sequence of
.
real numbers On

,
02 On < logn .

Therefore
,

RC Tn > nlogn + non )

% n e-
1^109- +non]

n

x - i - Las ≤ a <
≤ e-

On -

(4)
REX

-

-

-



Now on the other hand
,

! ( Tn > m) = IPC ✗m.it
:

. + Xmn ≥ 1)
-

2ⁿᵈ moment < ≥ (F-[ ✗m.it : . + ✗mm ] )
≥

method

F-[Hm.it : . + ✗mint]

rice - £72m

( É F-[✗2mn] + É F- [ ✗
ma

✗
me ] )

K=c Kyl =/
ate

F-[✗2mn] = F- [ ✗
mic] , =

n ( I - f.)
2m

(1) & (2)
Mci - In )m then-1 ) ( I - zn )m

1-a ≤ e-
a

& i - x ≥ e-
" _×? <

n e- 2%
- 2nF

≥

for - { ≤ a ≤ ±
n e- % + ncn -1 ) e- 27! ⇔. >⇔ . ..

2 On - znlogn + 2¥
eEx .

≥

@
◦^

+ (non - , ,
'°"

) @
20h

≥ e
'& - { ( logn - On )

'

I + e
on

•
'

On (1+2)
= e

(5)
y

n% ( Iten )



*

.

Pl Itn - nlognl > non)

= RC Tn > nlogn + non )

I - Pl Tn ≥ nlosn - non )

(4), (5) .
.

@
On (1+2)

≤ e-
On -

+ I -
,

nm ( It ein )
-

_ (6)

i. From (6)

it o ≤ On ≤ logn and On →• as

n→o

then

*

Pl Itn - nlognl > non) > o as n→• .

⇔! . .⇔⇔.⇔⇔ . .

window of size D.

Corollary1 : -

I
+
so as n→o

nlogn

Priest : - Giv't 0<221
,
take On = E logn

⇒ PC /I -11 > e) = Pitt - nlosnl
> non)

.

nlogn

Use (7) to complete the proof .
☐



Example 2 : Bond - Percolation on 11-2

let
•

T[ = { 03 2 ITI = {0,15 An≥1

•

n

C vertices)ñz - binary tree = U II
MIO

n

tf KE Iz let acx ) = cx.ph, . . ☒→ ) C- ITE
'

be the

ancestor of 7 in Az .

(Edge )
E := { { Main } x C- ti }

Fix ◦ ≤ p≤ 1 ;
declare each edse

EE E
.

to be

A

- open
with probability P in an i. c. d.

manner

- closed with probability 1- bf . .⇔.⇔⇔ ,
open or closed with Povacbilityp

Setup :

E Me :( wee> = 1
' ) = b

f e C- F-
◦ R= {0,1]-

< > "
open

" Mel c) =D =/ -p
"

closed "

◦ A := or - field generated cylinder • Pp = ④ Me
sets EEE

- a
<

• Percolation : -

there exists an intonate }
F- = { connected component of open be = int / peso .is/lPplE)--1}

. edges

E- Tail & Pp (E) C- toil }-
event



cpath )
✗ =K◦→ Xi -

- . → an __y is path in 11-2 between

✗ and y
'

it { Ni , Ni -117 C- F- - V-i-o.is - .

>
n -1

.

EI : Between X , y

'

c- IT 7- a unique path in IT?

Path between

let co = { xEÑ / a -30 is open }-

let ✗ n = E 1-Cxeco )
RETI

( i. e Xn = # of vertices in tin co )

Pcxn>0) ≥ (F- [ Xn] )
"

s F-[✗i]

(second moment )method

E R( ✗ C- Co ))
"

= ② C- Ti

E E R( ✗ C- Co
,
Seco )

betti REITs
/

• 0!⇔
.

⇔, , , , .,⇒.⇔,2 + ( ✗ C- (o ) =
✗ C- Hi °

o
✗ C- 1Tzn

• re
- (8)

◦

tf × , y
C- HI ^ ≥ '

479
CE IT? s≤n - I

7- a unique ⇐Cca , yjo) C- II. S- t
path

& c lies on the path a -30 and yK
.

.

^ A

- it 2=9 ( ( a ,b,o) = DC =D .E tin .



SO
◦

°

PIKE co
,
Seco ) = PC ,~

,

) = p2n
- s

⇒ E E R( ✗ C- Co
,
Seco )

betti REITs
✗ ≠ >

n
-

t.gg/p(xc-Co,yc-Co,cc- 1T£ )
= E

5=0 YETI
" REITS
&

2h - s
n -1

£ E b= I 1 @ c- Hi ,yc-TII.cat?)S--oyEtTiRE1Ti

= £
"

1,2^-5 2s .

zn
-s

zn
- s - l

5=0

n
- I

2h
. S (zp)→

'

[ .

.

-

= KP) it P?{
I

5=0

.

If ÷ .⇔
, ,⇔.≤⇔,

2. P- I1- ( Ip)
- (9)

⇒ E E R( ✗ C- Co
,
Seco )

= P
"

-2
"

_ go]
BETTI REITS

✗ =D

it p
- I

187¢ ( znpn )2
i. Pcxn>0) 7

'

1-
(9)

.
I + &p)n I tzpj

"

(lo) . @ P)
"

zp- I

2%-1



I

=) R( Xn >o) ≥
pI⇔-n

if HE [ { it]
271 - (Il )

"
Pl 1%1=0) ≥ IPC limsup { in > 03 )

n→ -

( Proposition)- ≥ lineup IPCLXN >07 )
4. I n→ •

zp- I
> 0

" " I1 .

So the second moment method implies that

the probability that the cluster size at

0 is infinite is positive it PEC 's , I]

14 . Chernoff bounds

These bounds are a variation of Markov 's

inequality that have meaningful applications .

let ✗ be a v.v . on (r ,7,P ) .

let I -=ICx) be

an interval such that

generating{%
:ᵗ→☒+ given by

Moment

✗
Cri =E[er✗ ] is well - defined .

function

let
, REI ; Y= er ? The Markov inequality

F-[Y]implies
( y ≥ a) ≤

a

* a >°



⇒ PC é✗ ≥ a.) ≤ Mh a >o

REI

Now let a = erb [ say )

r > o ,
r c- I ⇒ PC ✗ zb) ≤

"

e-
↳

Mxcr )

- sb

v20
,

- c- I ⇒ PC ✗ ≤ b) ≤ e M.is )
} " )

- Chernoff bounds -

These provide a family of upper bounds on

the tails of the random variable ×
.

• In (C) for 8>0
,
REICX)

RCX ≥ b) - decays exponentially
to 0 at rate e-

rb

( Nele : not true for : require F- [e%< • )
all ✗

Example 1 :

let × , ,✗, . . ,Xn , . .
be ii. I ×

for n≥ ' Sn =

,

✗ i

F- [én ] =
it F-¢
"] = (Mdm)

"!⇔ .
5=1

(c) with b. = na gives

!Csn ≥ na ) ≤ (14×14) e-
ma

≤ Gyxcrsjérna④ ( Sn ≤ na )



/ " " "" "" """""" ""

! ( Sn ≥ na ) ≤ explnlrxlr ) - ra ) ) r > o
,
r c- Icx )

PC Sn ≤ na ) ≤ expcn ( rxirrl
- ra ) ) r<o

,
REICH

- (O)

/

Lemma 1 : Let × , , Xa, . . ,
Xn be it.cl ✗ .

Assume

0 C- Iki
.
Then

,

µ ✗ (a) =
int [ rxcrl - ra ] < O

,
f a ≠ E- [ × )

REICX)

nuda )Also
'

+ ( Sn ≥na ) ≤ e for a > F- [×]

n Mxca )
⑦ ( Sn ≤ na ) ≤ e for a < F- [×]

Prost : -
let Icx) = [ -

, rit] .
Fix a c- ☒ -

h : I → R be given by

her ) = 8×41 - ra

h
/ Ir ) = 8×4*7 - a

÷ h attains its minimum at

• V-
,

ro : Vxl (Vo ) = A -

or rt -

let
µ ✗

( a ) := min ( her- )
,
hey

,
hirt ) )

= njt [ rxcol - ra]

Now : vxlcrl = ¥ In .( F- ( en ) )



Ecxerx ]( to be 1-
covered) É F-[e'× ]
Soon

I

⇒ hllio ) = F- [ ×] - a
- (1)

F-He
"] - (E[xerÑ

h
"
( r ) = rx

"
Crl =

(F- Ceri ] )2
Ex : - ✗✗

"
( r ) 30 -

.

⇒ h " Col zo - (2)
'

keys : -

o a < F- [×] =) hllo) 7.0 j h /07=0

.h 't . )
'

⇒ 7 8 >o - 8 < r < o =) her ) co/ " "" """hlkr ) ≥o ⇒ µ✗( a) < 0 and

Mx Cal =
intlvxlrl - ray
r< o

o a > F- [×] =) h' 1014.0 j h /07=0

.h 't . )
'

⇒ 7 y >
o o < ray ⇒ her ) < 0

( is continuous)
hlkr ) ≥o ⇒ µ✗( a) < 0 and

Mx Cal =
intlvxlrl - ray
r > 0

From co) result follow> ☐



Example 1 : Xi
,
✗ z , . .

>
Xn

,
i - i -to ✗ - Bernoulli ( p)

14×181 = pert .

I - p it re C-To)

hlr ) = 8×18 ) - ra AER

= In ( per -11 - p) - ra

-

hlcrl =D. ⇔ PI =
a

per -11-p

⇔ r = In (
all - P) )
PCI - a)

⇒ µ ✗ (a) =
Inc Pa¥ ,

+4 -D) →h%;÷,

)

= G-a) Inc ¥2 )
take? )

i.

a > f ⇒ RC Snzna ) ≤ expln [a-a) Inc a) take :D)

'

aft ⇒ Pl Sn ≤ na ) ≤ expln [a-a) Inc a) + ah '?B)
-

. (3)

⇔ . .⇔≤ ± . .

④hebsyscheu ) Pl Sn ≥na ) = ( (Sn - np ) ≥ nca-P))

≤ ☒ ( Isn - npa ≥
nca-PD)

≤ n¥÷*=%¥⇔



Example 2 : Xi
,
✗ z , . .

>
Xn

,
. . be it.cl ✗ with

F- [×] __µ < • and Mxcol < • in C-✗
,
✗ )| ,;⇔

. .

.

IPC 1% - ul > e) ≤ £
E2n

" "

"!"¥≤#81+82 ≤ n%c
◦ eqÉˢ .

Mtc

☒ ( Sg ≥ rte
) ≤ exec - need nee ) )

PC San ≤ a-el ≤ exec - never - e) )

⇒ RI IS; - al ≥
e) ≤ exec -naive ) ) -1

expc - nµ×( n - ee ) )

£+8T


