
22 strong law of large Numbers

Example : Perform an experiment a times & we are

interested in an event A
.

We observe
,

Xi = { ' it A occurs in ith

trial

0 otherwise

-

.

I = In §, ✗i =
Relative frequency of A

what is limiting ?
relative frequency

Example 2 : suppose ai c- do , / 3- ti≥l .

a-n = In § ,ai
Does lim ai exists ?

n→o

Example 3 : - Suppose to is the proportion of objects

with characteristic ✗
,
in a box of N objects .

We sample '
n
'

objects and set

✗ i = { 1 it obiecti has characteristic
✗

° otherwise



In = In É,

✗i tn≥i

Q : How close is In to to ?

Theorem 1- : - let ×
, {Xn}n

≥ ,
itd v.v on Cor

, 7- IP ):
'

L'et F- 1×1<0 . Then

§ Xi as .
> F-[×] as n→o% i=i

Proof of theorem 1- - (special Case) ✗¥ Bernoulli (p)

n

Let sn = €
,

✗i
n≥s .

I = limsop Sn and 5- = limint §
n→o T

'

n→o

• ◦ ≤ 5, E
,
Sn ≤ I f n ≥1.

dalm Show F- [ 5] ≤ F- [×] -①

let

Ñu= 1-Xia
,
Ñ=i -×

,
E. = Éxi

,

5- = liri.sn
i n→o_n



Assuming claim 1-
,

- and applying to 4% } .≥ , ,
¥

we have

F- [ É ] ≤ ELI ]

am

(Ex ) . =) E [ ≤ ] ≥ F- [×] -20

As

≤ ≤ 5
,

- ③

we have from ?⃝ ② ,
and ③

5- = 5- a. s .

=
.

7 a v.v - s such that

§
as '

>
S
,
as n→o

-④

Also For
,
870

,

(Ex)
Va, (SI )IP ( I § -

East > 8) ≤

82

= ¥ᵗ"



i. SI
$
> F-[×] as n→•

.

-⑤

④
,
⑤ ⇒ § F-[×] as n→o

- ^
←

: all we have to do is prove claim 1
.

Proof of claim 1 :

let Ezo be given . for Kzl

Nu = int { NEN / ✗
Kt - +

✗
Ktn -1

≥ 5-e }
n

Ex : ◦ {Nk},→,i
- id'

- r - v. and Nu <• a.s .

◦ 7 in >o RT Nic > m) GE - 6

'

let YK = {
✗
k It Nu ≤ m

1 If Na > M .

and
Y
Nn = int { NEN / Yet . +✗*+ n -1 ≥ 5-e }

n



Note that Nut ≤ Nu a. s .

and if Na ≥m ⇒ Nil -_ I
F-× .

⇒ Nw
"
≤ m a- s .

: f n≥ m

2m

É Yi = ÉYi
.

-1 Exit . . +
Éxi
[= . _

5=1 5=1 i=m-I

≥ (5-e) + (5-e) + . -- t o

'

=

= @-m) ( 5-e)

⇒ ÉEEI] ≥ @ -m) (EG ) -e)
5=1

⇒

£ Eti 1- Ni≤m) + PCNI > m ) ≥ @-m) (EG) -e)
5=1

As F-[xT=E [Xi ] ≥ E&1ni≤m] and using⑥



the above =)
-

n CEE] c-E) ≥ (n -m )(F- [ 5] - E)

⇒ F- [I] + E ≥ C- g) (F-[5] -e)

for≥m.

As Edo was arbitrary ⇒
⇔ :)

F- [ 5) ≤ F- [×]
☐

Proof of theorem 1- - [ following
'

framework
of special case proof]

we will prove the result in 3- steps.
n

Let Sn = €
,

✗i
n≥s .

I = limsop Sn and 5- = limit §
n→o T

'

n→o

'

show F- [ 5] ≤ F- [×] -⑦claim



Assuming claim 2.
,
let

Ñu= - Xia
,
Ñ= -×

,
E. = Éxi

,

5- = liri.sn
n→o_n

Using ⑦ we have

F- [ I ] ≤ F- [ I]

or

(Ex ) . =) F- [ ≤ ] ≥ F- [×] -⑧

As

≤ ≤ 5
,

- ?⃝

we have from ①, ⑧ ,
and ⑨

5- = ≤ a. s .

=
.

7 a v.v - s such that

§
as '

>
S
,
as n→o

-⑥

claims : -
S is measurable w- o - t tail r -algebra

to

c- = n r {Xu : he≥n7

n=l



Assuming claims by

i
,

Kolmogorov 0-1 law S = C a. s .

for some constant c.

F- [✗7 ≤ ECE ] = EES]

F- [✗7 ≥ E [ 5) = Ecs ]

⇒ C= F- [×] ☐

Proof of claim, -2 :
Fik X

, P, E 20 .

Let XP = max { ×
,
- p }

,

XP = man { Xie
,

-Bt 5
"

= man / S , ✗ 3-
/

-

For KIL
,

P P
-

Nu = int { NEN / ✗
Kt - +

✗
Ktn -1

≥
SEE }

n

Ex : ◦ {Nk} i- id'

- v.v . and Nu <• a.s .

↳ I

◦ 7m70 ☒ Nic > m) GE -④



let Ya = {
×! It Nu ≤ m

p
Manch

,
✗ a) If Na > M .

and
Y
Nn = int h NEM / Yet . +✗*+ n -1 ≥ See }

n

\

Now Yu ≥ ×! ⇒ NYE ≤ Nice

If K> I & Nie 7M

⇒ Ya = march ,
✗F) ≥ ✗ ≥ 5

"

≥ - e

⇒ life =\

⇒ Nut ≤ m a- s .

: f n≥ m

n
2m

S Yi = 3%
.

-1 E Yi + . . +
Éxi
[= . _

5=1 i=1 i=m-I

≥ (5-4) + ⑤e) + . .- + mtp)
'

=
= @-m) ( sike ) + me-B)

⇒ É Eci] ≥ @ -m) (E -e) - mp
5=1



⇒

£ EH? 1- Ni≤m) + F- [ marla XP) 1mi >m]
5=1

≥ @-m) (E -e) - MR

B
⇒ É(E[×i] + @+ p) Ravi>

m) )
⇐×) [=\

≥ @-m) (E -e) - mp3

④
⇒ n F- XP -1 @+DE ≥ @-m) (Ect ) - e) - mp

Dividing by n
,
let n→• and as e>o was

arbitrary

⇒ F-[5-2] ≤ EXP] -⊕

Now • /XP / ≤ 1×1 ; XP > × as B.→ *
'II

and El ✗ I <*
C Take along any

sequence pn→o /
⇒ F- ☒

P] > F-☒ as p→%
-④

•

' 1-§ ≥, )
↑ 51@⇒

=. M - c.T.

⇒ F- ⑤ 1-⇔:o) ↑ F-[510≥⇒] -⑦
111 as ✗ →•

[ Take along any
sequence trot



•
- 5 ≤

limit
n→• iÉ

(Fatou)
⇒ - F-[5] ≤ limit iÉF = Elk]

n→o

⇒ F-[I] ≥ - F- 1×11 > -D

=
. E- [5×15<0] = F-C- Isao] < • .

-⑦

⑤ and ④
=)

.

F- [ ] = F- [5×15 ≥o] + F-[5215<0]

> F- [515 ≥o] -1 F-C- 15<0]
as ✗→ D-

= F-§]
.

-⑤

i. Taking limits in using ④ and

⇒ F- [ 5 ] ≤ F- [×]
.

☐



B. =
-Proof of claim 3 ③ ; let 1<=1

,
←

A = { 1in § > a} , and
n→o

B= { w : 1iÉn×i ≥ a . }
.

nm-_ K

It is enough to show

A = B
- ④

[Ex: ④ ⇒ s is mibk art . I]

First note
,

A = { were /tEzo 7 Nco) : § ≥ a-C fn≥N}

and/ ⇔ , .⇔⇔⇔.⇔
.

i≥✗%ᵗ^≥n }

Take we A. let Ezo
,
m≥k be given

◦
7 Ncw) Such that

IX.It . . c-Hml ≤ E tr≥N
n

•

•
-

=) 7 Nicu) f n≥ Nico)
"

-

Sncw) ≥ ✗ .
_ Ez Hn≥N,

I



Nz = man / N, Wit

Éxi = § _

Éxi
i-m.TN

≥ L - E - E
for≥N

≥ ✗ - e

⇒ w C- B.

Take WEB

let E>o be given
.

Take M=K =)

Sn
-

Exec7- Ns :

a-
≥ ✗ - E t n≥ Nz

÷ I

7- Not : £1M ≤ Ex t n≥Ny
i=i_

So n≥ E- Max ( Ns, Nu)

§ ≥ & - e

⇒ we A. ☐


