
Recall : -

• let µ be a Probability measure on its
, Ba) with characteristic function

edit ) = Se'ᵗʰµ(da1
113

Then it a< b ≤ Ucla} / 1- { luclbt / + Maid = ¥3, ¥
Éᵗa
- e-itbpi.it > dt

-

.
it

• let ×
,
Y be random variables

'

on [r , 7.D) . Then

01×11-1 = ctylt ) it t C- R

⇒
P. I

'
C.) = Do c.)

Before moving to the second objective
,
we

• will connect weak - Convergence with other modes!⇔. .⇔×⇔⇔⇔⇔ .be on different probability spaces. There is

still one equivalence that can be formulated .

Xropositionlfskorokhodl-i.lt {XnYn
≥ ,

and ✗ be

random variables with distribution functions En}n
≥ ,

and

F respectively .

_

The following are equivalent : -

(a) Fn J F pointwise at all continuity , as n-70 .

points of F

(b) 7 ( v47 ,P) - a Probability space



& v.v 's {YK } a≥ ,
,Y on it such that

YK
a- e-

> Y as 6.→ • and

f-KEI
,
YK =D ✗K and Y ✗

.

Proof : - (lb) =) (a)

YK y

g :B→ TR & bounded continuous function

⇒ gcyie )
"4 GCY) ask -20

D. c. T .

⇒ F-⑨ CYKS] > F-[GCYJ] as K→o

Ya=ᵈ✗k
⇒ E-⑤ cxic )J→ É[gcx )] as k→ -

n - _

Y=d✗

⇒ ÑiXi
'

⇒ I. × . ask-so

⇒ Theorem 1 (v ) implies. ⑨ ☐

(a) ⇒ (b)

let Fncx ) = Ñn ( Xn ≤a) tack
Fcx) = ④ ( ✗ ≤ a)



Take D= [0,1]
, B[◦

, ,] ,

PC do) = Uniform

Yn : n→B ; Yncw) = int / NEB : w≤ Fncxit

and

Y : n→B ; Ycw) = int / NEB : w≤ Fact}

⇒ TPn.hn" = D. YI ( ie Yn =D ✗
n n≥ , )

I. Yi ' = D. 4-1 Y=d*

Fn→ F as n→• at all continuity points of F.

• WE n
,
let E > o be s-t.tn :=YCw) - E. is a

continuity point of F

=) Ycw) > d ⇒ Fcd) < w

Fnla)→FCaJ

⇒ 7m S-t - Fmcd ) < w ttn≥m

⇒ 7m 5. t Ynlu ) > ✗ kn ≥m

⇒ limit Ynlw) >
,
✗ = Ycw) - E

n→o



☆

F-✗

⇒ limit Ynlws ≥ Ylw)
.

n→o

working similarly (Ex) limsop Ynlw) ≤ 41W)
,

n→o

f w C- r .

Y has ⇒ Yncw) → Yes a. e. D.

( countably
many discontinuities) ☐

Corollary 2 : suppose /Xin
≥ ,

and ✗ are random

variables with distribution functions En}n
≥ ,
and

F respectively .
Then the following are

equivalent

(a) Fn > F pointwise for all continuity
. points of F

(b) ✗n
w

> ✗ as n→o

Proof : -

(b) ⇒ ca ) follows from '

Theorem 1 (v )
.

(a) ⇒ (b)

By Proposition 1 7 a Probability space

(b) 7 , B) i



& v.v 's {YK } a≥ ,
,Y on it such that

YK
a- e-

> Y as 6.→ • and

f-KEI
,
YK =D Xie and Y=d✗

.

let 9 :B → TR & bounded continuous function

⇒ gcyie )
" 5 GCY) ask -20

D. c. T .

⇒ E@CYKS] > F-[GCYJ] as K→o

Ya-94k ~

=) Eu&CXk#→ É[gC✗ )] as k→o

Y=d✗

⇒ Ñixi
'

⇒ F. × . ask-so

⇒ Theorem 1 ( v ) implies. ⑨ ☐

Theorem 2 ( Hetty Selection Theorem )

n≥i
,

fn :B →R - increasing function, & Uniformly
bounded .

Then 7 {fnw]a
≥ ,
- a subsequence that converges

pointwise on ☒
.

Proof : Ex . Page / 67 - Rudin - PMA
☐

Remark 2 :

• {Fn} -

n≥,
are a sequence of distribution

functions
. Then Theorem 2 ⇒



7- Frye such that Fnu→ F pointwise .

- Fcx) ≤ Fey ) if a ≤ y

- 0 ≤ Fcx ) ≤ I # RER

( only at points)q, - F - right continuous Can construct)continuity

☆
z

f- C-H > o and FCA < 1

We need extra condition to avoid 2

E. g : - Xn ~ N Cnn )
,
144 = fnc . )

Definition 2 : we say a collection of measures

Ktn}n≥, on ⇔ Be) are tight it

+ Ezo 7 a <b Sti µn( [a ,bT) > I -E for≥ /

- no escape of mass to
"

infinity
"

.
- relative corpactness

Condition.

Theorem 3 : - Let µn}n
≥ ,
be a tight sequence of

probability measures on CR , Ba) .
Then

7 a subsequence 2µm.} ,≥ , , and a Probability

measure m such that -

Unu ⇒ µ.



Proof : - By Theorem 2
.

and Remark 2

let Fncx ) = Mn ( C-• in])

7- Ink}
a≥ ,

such that

Fn
, ,

> F at all continuity points

off ; ◦ ≤ Fca> ≤ I

µn }
,≥ ,

are tight ⇒ V-E> ◦ ; 7 a < b

Mnc cab]) ≥ I - E f n ≥ 1

Fcb) - Fca)
'

→ 1- c-

⇒ 4in Fix) - lim Fen ≥ I - E

n→o n→ - o

⇒ him Fix ) - him Fca, =L

n→o n→ - o

⇒ 1in Fix) = I & 1in Flat =o
.

n→- n -3 -0

: Fn,, → F at all continuity points of F

and F is a distribution function
.

let µ be a measure on CB, Bx)



be given by µ¢9ib]) = Fcb) - Fca )

By Corollary 1 :

Ann ⇒ µ as K → • ☐

Proposition 2 [ Tightness vs characteristic functions]

let {Mn3n
≥ ,

be a sequence of Probability

measures on CB , Ba) with characteristic

functions ∅nC . )
, respectively . Suppose :

• 78 >o : ∅nlt ) > glt ) as n→oo t Itt < 8

• gc . ) is continuous at 0 .

Then 4Mn3n
≥ ,

is
. tight _

Proof : - Let E>o be given .

Now
, 1%107=1 ten≥ / =) 9107=1

By hypothesis :

(Ex. ) : 7 N >◦ and N :

1- 4^1+11 ≤ E it 11-1<7
-⑥ it n≥N ?



Find p >o to relate n

Idea : uncial > p) with -41,4-9*1)dt

let 420, n≥N
'

n

SC - hits)dt
-

n

n

= life - éᵗ
")dµiai)dt

-n *

n

(Fubini)
E. = S f c- eit")dtdµia ,

B -

n

n

= S fl - cositiedtdetiai
B -

n

= 5 214 - S.in#e)d.qnca ) -①
B

o 2- Sin (Ma ) zo & -⑦

no
Inl ≥ 3g =)

241-5%4=2911 - Sinn;) 72411 - nta, ) ≥n
⑦



i. ① =)

①

n .S In _ silent )dµnca )f a-4nA ) ≥
IN > 2g-

n

≥ M Milat > } )
-④

i. For n≥
N from ⑥ and ED

7h70 n

un Chi > 2g ) ≤④ In / C- acts)dt
-

n

< E
⑥

7 Bi
; ,

% Such

that

µk( IN > Bae) < E
f kit

,
. .
N

let k= man ( Bi , Ba , . - - , Bn ,#



r

⇒ µnC int > K) ← E ta≥ I

I. µn( [-k ,
k]) ≥ 1-E 4^71

⇒ Ldn }n
≥ ,

ace tight .
D

we are now read to resolve the final objective .

Theorem4 ( continuity ) :

let {Mn3n
≥ ,

be a sequence of Probability

measures on CB , Ba) with characteristic

functions ∅nC . )
, respectively . Then

fun ⇒ u ⇔ 4941 > att * tea .

Proof :

⇒ let an ⇒u . Then

ft>◦ : flat = Costin and 91k) = Siren)

are bounded continuous functions on B.



⇒ ffcxldq.ca , > Stradella, as n→• ,

f.gal defeat > Saga ) darn, as n→•
.

i. ft >°
, 191+1 =

Sf# dthm-ifg.xidq.ca ,

> 101T ) as n→o .

⇐ Suppose ∅
,
(t) > (t) .

tt>o
.

as n→•
J

Then as QC . ) is continuous at 0 CEX . )

by Proposition 2

is tight .{Miran

(F-e) ⇒ {Mn,}u≥ , is tight for all

subsequences as well
.

Theorem 3 =) For every subsequence Mahela
≥ ,

7 a further subsequence {Unwell
≥ ,

such



that Mna
,

=) V for some Probabilities

measure .

From =) proof : we have

cfnwltl > £1T ) it too

~
as e→•

But lonieectl > ctlt ) + to by

as l→o

assumption .

÷ By Corollary 1 : r=u .

So we have shown :
For ever.9 Subsequence lllnw]

,≥ ,

7 a further subsequence {Unicef
,≥ ,

such that

Mike⇒ µ as l→o

(Ex:) ⇒ Un ⇒µ as n→*
.

☐



21 Central limit Theorem :

Theorem 1 : let Kuba
≥ ,

be ii. d. with finite

mean u and variance oh
.

.

let

Sin = Xi C- ✗at . . - +Xn and Yn = Sn - him

Tnr

then

Poti
'

⇒ Mz where

µz(Al = f e-
3%

⇒
d3 it A- c- BB

.

A

Proof : - Let
'

Wi = Xi -M * i≥ /

T
⇒ Luisi

≥ ,
are iii.d.

F- [Wi] =o
,
Var[Wi] = 1

& Yn = { Wi
÷

let t>o .

4%1+1 = F- Éᵗʰ]=E[éᵗÉ÷ʰ]



{wibi>i
iii. = [Eeiᵗ¥]

"

Ex : ◦ V-aEB :

leia - (Hia -¥) ≤ min (¥ ,

.at )

itw '

] - I -
. /'

. .

.

/ F-@ Fñ
In

it! , _ itg,
_ EI=/ F- lets
2h

≤ ¥-2 F- Emin{NiP wtf]
3¥ '

let tin = F- [mint Kip wins]
.

-35m I

F- ✗ : • In -70 as n→o

⇒

itwi
F-[eat ] = I - I - INI

-①
.

2h

with hn C- ¢ and 1hr1 > 0 as n→oo



Ex

• 2n -72 ⇒ ( it In )^ > as n→*

Asn→ to

in ¢

⇒

4*11-1 = 11 - ¥ - E.hn )
"

= ( i+iʰ ' )
"

> e-
ᵗ%

Ex: Ñz t.tl = e-
ᵗ%

c- ER

^

i. ftp.Yi
' ) Ltl → µ^zlt ) TER

as n→oo

⇒ Theorem 20.4 IP . Yi
'

⇒ Mz

☐


