
Recall let Xn
,
✗ be a sequence d r - v - on ( r ,7,P) .

◦ Xn
"
> × if

f- E. 20 PC / Xn-✗ I > El > ◦ as n→o .

• Xn × if PC C) =L where

•
0 0

C= N U A 41in - x1
- £3

K=( N=c n=N

✗a ✗ ⇒ ×, ✗

(Bord - Cartelli )

• It {Animal} is a sequence of events with

{ Plant <• then RC An occur i - o
. ) = o

n =\ ᵈ

µ

. If { An :n> It is a sequence of cpairwisi ) independent

events & { RIAN ) = - then R( An occur i.a) =L .

n=l

◦Ramal 's called a median of ✗ if

⑦ ( ✗ ≤ ncx )) ≥ ± ≤ * × ≥mC✗ ) )

observe : E- ± and Ceo St.

PC 1×1 > c) ≤ E < ± ⇒ lmao / ≤ c

-



17 Convergence
.

in Probability
,
Almost sure convergence

and equivalence for sums of independent random

variables

As we have seen in this course independence has been

demonstrated as an important concept . Its a distinguishing

feature of probability theory us Measure Theory .

• It is also crucial in applications and emphasised

by convergence of empirical mean (Es . weak law

of large numbers . )

• Also events involving independent o - algebras have

special features ( E. g Behaviour of joint distribution function

& Kolmogorov oil law )
.

Proposition 1 ( Equivalent formulations of Xn "→✗ )

.li/7o.u . ✗ such that Xn
P
> ✗ as n→o

⇔
it > ◦ Sup Pl lxm -Xnl > E) > ◦ as n→of) . V-E

>
m≥n

for every subsequence of { Xn : n≥ it has a
⇔ yin

further subsequence Conversing a. s .

to
.

the same
r - v - ✗

.

as in it ] .

Proof : -

( it ⇒ Ciii let E>o be given

let m ≥n .

{Hm -xnl >et ≤ { Hm
-✗I > { 3- V41 Xn

-✗I > { t



⇒ IPC lxm -Xnl > E) ≤ IPCIXM-✗ I >E) + PIM-✗I >E)
y

- ⊕
- From (it 7 N : m

,
n ≥N

LPCIXM-✗ I >E) < E -⊕
IP / 1h -4 >§) < E

④ and ⑤ ⇒ (il )
.

☐

dis ⇒ did

Wloh let us denote subsequence of {Xn :n> It by

Yin
≥ ,

itself.

let K ≥l be given 7 Ma ≥l S.t.

PCIXN -Xml >¥ ) < Izu t
n≥n ≥ me

①
let ni = Mi

ni = man } niti
,
mint tizz

Ai = { lxni - ✗nail > ¥7
By ① { Plait < •

i=i

⇒ A ={7- Ko : line
,

- ✗not < felt
K≥ko7

has PIA) =L

'°o° / ✗ ne - Xnsl ≤
£ Haw

,

- Xna / see

K=S



WEA if Koco) ≤ s ≤ e

⇒

line - Xnsl ≤ &
-

*= ,
{ ≤ ¥-1

• 8

I ≤ MAI ≤ CPC n u n { None
- Xnsl < ≤ 7)

4=1 Ko=l 5,1 ≥ Ko

⇒ {✗nµ}u
≥ ,

is a Cauchy seamen w.pl .

⇒ 7 a ru * such that Xnu ☒ as

→ • .

⇒ Xna X as k→ -③

let Ezo be given .

Pl lxn - *I >e) = PIIXN - ✗nut > E)
+ Rilke- ✗ I > E)

B. is 7 k , : nine > Ki

Il Hn - Xnal > { ) C E

& by② 7 Kz -

.
nk ≥ Ku

P1 lxna - ☒I > { I <
e

⇒ n ≥ max 114 , Kit

⇒ Pl IX , _* I> e)
< [

[
✗ does NOT

depend on subsequence)

⇒ Xn #* as n→•



As it 7- {mic } a≥ , and Y

St.Xnwea
"

> Y. ⇒ Xnue b) Y
b
> ✗ from above

but ✗nee

⇒ ✗ =Y ⇔)
(in) holds

Ciii ) =) ①

Suppose Xn ✗ as n→• is not true

7 E > o and a subsequent ✗ nie such that

PC line - ✗ I > Eo ) > Eo K ≥l

there dos
'

not nice :_
✗nice
# ✗ ⇒ did does not hold

.

exists

☐

Proposition 2¢ Equivalent formulations of Xn -%✗ )

is 7- rn . ✗ Xn ✗ as n→•

⇔

Sup lxm- Xnl 0 as n→o

④ m≥n

Proof : - (is ⇒ cii )
#

Xn ✗ as n→o

let Ezo be given. .
.

⇒ PC lxn -✗ I > E i. o . ) = 0
-③

(Ex )

r



A-{ = Sop 111m -✗I > e. =
.

J lxn-✗ I > E
,

M ≥n m=n

a go
-

and Ane ↓ N U lxn- ✗I > e

n =\ M=n

= { Hn -✗ I -3s

i.o.li
. By ③

lim PAI ) = o

n
.

-30

⇒ ( Sop lxm -✗I > e) > o as

m≥n
n→ -

-④

Now : PC Sop lxn -✗nl > e)
m≥n

≤ PC IX. -✗ I > e) + R( Suplxn-✗I >E)
I M ≥n

i. As ✗ ^ ✗ ⇒ Yn ✗ as n→o

As a-30

we hare using ④

IPC sup lxm -41 > e) → as n→o

m≥n

Eso was : Sop / Xn -Xnl 0 as n→•
.

arbitrary m≥n

cii) ⇒ ¢ )

(it F- ✗

proposition 1 cii )⇒



⇒ Proposition 1 Ci )

: 7 ✗ no . St Xn ✗ as n→o

-

-⑤

let E >o be given

⇒ IPC Soplxm - ✗I >e) ≤ Pl Sop / Xn -41 >E)
m ≥n n >^

+ PIM - ✗ I > E)

by ⑤ and →◦ as n→o .

-⑥

N°7
* ( IX, -✗ I > E i. o . )

= RCÑ 81×+1 > e)
n =L

M=n

&

= 1in IP ( U / Xm - ✗ I > e)
n-32 m=n

= 1in PC Sup Hm-✗ I > E)
n-70 n≥n

by ⑥
= ◦

-⑦

Now IP (
• Ñ . µ Hm- ✗ I > %) =o Kk≥ /

. D=/ m =\

by ⑦ wilt e=±

⇒ ( Fri N Hm- ✗ I > 17=0
F- ✗ k=l D=' m=l

.

i. PC in → ✗ as n→•)

= I - a Fri Ñ Hm- ✗ I > 1=7--1
V. =L D=

' m =L

i. ✗n ✗ as n⇒o it hold>
☐



lemma / ( Levy Inequality ) : It 2 Yj : l≤i≤ n} are independent

- i

V.v . 's
, Tj = Eyn

,

then V-E> o

n =L

⑨ ( man [ Tj - mctj -Tn) ] ≥ e)
≤ 2 ⑦ (Tn> e)

I ≤ i ≤ n

⑤ ( man / Tj - m ( Tj -Tn)) / ≥ e) ≤ 2 IPC /Tnt > e)
I ≤ i ≤ n

Proof : - let E > o be given .

Same as nCY-i.in -;) c-☒

I

let

u = {
m " / i : Tj - mcij -Tn) ≥e} if 7- j :

Tj - m C-Tj -Tn) ≥
E

-

n -11 otherwise

-

n

{ Tn ≥ E) ≥ U { U=jt n ftp.T.j-mctj-tn) }
-

j=i

" ( Tn ≥ c) ≥ É R(U=jn{ Tn≥ .Tj -
MCT's -Tn) }-

j=i
( disjoint

{ U=i } c- MY
, . . ,X;) § ☒ ( un) ④ ( Tn ≥ Tj

--m(Tj -Tn)) -
≥ j=r

{ Tj _Tn≤ MCT's -Tn) } C- 0({ Yjti , . . ,Y, })

= § RIU -5 ) ① ( Tj -Tn ≤ MCT ,
-Tn))

j=r

☒ ( I ≤ u ≤ n ) {≥



= ( man [ Tj - mctj -Tn) ] ≥ e)

i≤i≤ n -①
a

⇒ ⑨

In the proof of ⑨ ; let Ñj = - Yj

and F ; = IT; i≤ij≤nj=i

Note : MC Jj ) = ml-4;) = - MCY;)

Using ⑨ for Tj we have

~

( man [ T-j-mc-j.IN) ] ≥ e) ≤ 2 ⑦ (Tn>
e)

I ≤ i ≤ n -②

② + ① =) ③ ☐

Theorem 1 ( Léuy 's Theorem ) let tin :n> it be a sequence of
independent random variables .

If Sn = Éxw
F-l

then Sn Converges as . ⇔ Sn converges in Probability.

Proof : - ⇒ is immediate from earlier result .

±
Let Sn Converge to S in probability as

⑤ .

n→o .

let ◦< e-< { be given .

For n .≥m≥l



.PL Isn - Snl >e) ≤ Rtsn - St >E) + PC Ism -sl >E)

.

From ⑦ 7 N :

PC I Sn - Snl >e) < E f n ≥m≥N

} -⑨
⇒

(observation) MC Sn - Sn ) ≤ E f n≥
m ≥N

i. Using④ , kzm ≥
N

Pf ma ✗ Isn - Sant > ze )
i man≤ K

= Pc man Isn - Sant > 2s ,
Max lmlsie - Sn ) / ≤e)
man ≤ a

man ≤ a

④ .

≤ PC man I Sn - Sn - mc.se- Sn
.

) / > É )
m≤n≤ a

Levis .

lemnal ≤ 2 IPC Isn - Sm I >E)
inequality

≤ 2C

⑨

⇒ IP ( sup Isn - Snl > 2s ) ≤ 2C

on ≤n
/

Proposition1
⇒ 7 a random variable S such that

Sn
a-

> S as n → - ☐



a


