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Conditional Probability

Consider the experiment of tossing a fair coin three times with
sample space S = {hhh, hht, hth, htt, thh, tht, tth, ttt}.

Let A be the event that there are two or more heads. As all
outcomes are equally likely

hhh, hht, hth, thh
P(A) — |{ U ? U }|

Let B be the event that there is a head in the first toss. As above,

|{hhh, hht, hth, htt}|
P(B) = 5
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Conditional Probability

Let S be a sample space with probability P. Let A and B be two
events with P(B) > 0. Then the conditional probability of A given
B written as P(A|B) and is defined by

P(ANB)

PIAIB) = 5 5y
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Independence

Suppose we toss a coin three times. Then the sample space
S = {hhh, hht, hth, htt, thh, tht, tth, ttt}.
Let A= {Ent koo o Yeadd and €z d Sewsad nsy »hwal
A = {hhh, hht, hth, htt} and B = {hhh, hht, thh, tht}.
- iqu\tx“j \f‘CL\D ouk Coct <’(P‘d"‘("k~

o P(A)= L P(B) = JL

o P(AIB)= L PABY) = & C See below)
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Independence

Definition of Independence of Events :- :

e Two events A and B are independent if
3 one 5
P(ANB) = P(A)P(B).  —J Eanslisn

e A finite collection of events A1, Az, ..., A, is mutually
independent if

w»— PENEN---NE,)=P(E)P(E)... P(E,). —gei:.(hb,.,

whenever E; is either A; or Aj‘?.
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Independence

Definition of Independence for Random Variables:- :

e Two random variables X and Y are independent if (X € A)
and (Y € B) are independent for every event A in the range
of X and every event B in the range of Y

e A finite collection of random variables X1, X5,..., X, is
mutually independent if the sets (X; € A;) are mutually
independent for all events A; in the ranges of the
corresponding X;.

e An arbitrary collection of random variables X; where t € | for
some index set / is mutually independent if every finite

sub-collection is mutually independent.



Dependent Random Variables

Let X ~ Uniform({1,2}) and let Y be the number of heads in X
tosses of a fair coin.
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Dependent Random Variables

If X =2 then Y is the number of heads in two flips of a fair coin

then
y SO
O e PYSOX=2) = Y%
4 \\e;%mwb = Py —ix=2) - Y,
g_\\efd’;m”‘t//v&:mx =2) = Yy
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Dependent Random Variables

Range(X) = {1,2} and Range(Y) = {0,1,2}.

To find the joint distribution of X and Y we must calculate the
probabilities of each possibility. In this case the values may be
obtained using the definition of conditional probability. For
instance,

PX=1Y=0=PY=0X=1)PX=1)= L. L =Y
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Dependent Random Variables

The entire joint distribution P(X = a, Y = b) is described by the
following chart.

P0x=x, Y=v) X=1 X =2
Y =0 1/4 1/8
Y=1 1/4 1/4
Y =2 0 1/8




Dependent Random Variables

P&=y v=-)
[P (Ye=o)

There will be three dffferent conditional distributions depending on

whether Y =0, Y £ 1, or Y:Z/Gmoo) Thesvee
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Dependent Random Variables

Tonk d,\'é“c;‘ov\‘{'iaq ek Y aqdY

X=1 X =2 Sum
y=0 1/4 1/8 3/
y=1 1/4 1/4 v
y=2 0 1/8 Vg
Sum v, v

P (x=)) P (x=2)

P(X=1,Y=0)= Y while
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Joint Distribution

If X and Y are discrete random variables, the “joint distribution” of
X and Y is the probability Q on pairs of values in the ranges of X
and Y defined by

Q((a,b)) =P(X =a, Y =b).

The definition may be expanded to a finite collection of discrete
random variables Xi, Xa, ..., X, for which the joint distribution of
all n variables is the probability defined by

Q((a1,a2,...,an)) = P(X1 = a1, X2 = a2,..., Xy, = an).



Conditional Distribution

Let X be a random variable on a sample space S and let A C S be
an event such that P(A) > 0. Then the probability Q described by

Q(B) = P(X € B|A)

is called the “conditional distribution” of X given the event A.

Examolt - Ao AX=(F foo e Y
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Conditional Expectation and Conditional Variance

Let X : S — T be a discrete random variable and let A C S be an
event for which P(A) > 0.

The “conditional expected value” of X given A is

EIX|Al =Dt P(X =t|A),
teT

and the “conditional variance” of X given A is

Var[X|A] = E[(X — E[X|A])?|A].
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