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From Probability and Statistics with Examples Using R

1. Exercise 3.2.4
Solution: 1

(a) Range(X)={0,1,2}
Range(Y)={0,1,2}

Y/X [X=0]X=1]X=2]PY =y)
Y=0 1/12 0 3/12 4/12
Y=1 2/12 1/12 0 3/12
Y=2 3/12 1/12 1/12 5/12

P(X=x) | 6/12 2/12 4/12

Therefore, marginal distribution of X is:

6 2 4
P(X=0)=— ; PX=l)=— P(X=2)=—
And, marginal distribution of Y is:

4 3 5
P(Y=0)=— ; P(Y=1)=— P(Y=2)=—

(b) Conditional distribution of X given Y=2 is:
P(X=2NnY = 2)
P(X=x|Y=2)= ; x=0,1,2
Therefore,
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(c) Conditional distribution of Y given X=2 is:

P(Y =yNnX =2
POr=yx=2= "0 LTS o

Therefore,

Y12
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1
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(d) The random variables X and Y are independent if and only if
P X=znY =y)=P(X =x2)P(Y =vy) ; v € Range(X), y € Range(Y')

And,



[

£P(X=0NY =0)

Hence, X and Y are not independent random variables.

2. Exercise 3.2.5
Solution: 2
Range(X)={0,1}
1
P(X:O):§ and P(X=1)=
Range(Y)={0,1,2}

[SVIN )

P(Y:O):% , P(Y:l):% and P(Y=2)

3

Since, X and Y are independent random variables.
PX=znY=y)=PX=x)P(Y =y)
The joint distribution of X and Y is:

Y/X [X=0]|X=1]PY =y)

Y=0 1/15 2/15 1/5

Y=1 1/15 2/15 /5

Y=2 3/15 6/15 3/5
P(X=x) | 13 2/3

3. Exercise 3.2.9
Solution: 3

N= Number of earthquakes in a year
M= Number of earthquakes in a year with magnitude at least 5

N ~ Poisson(\)

—A\n
P(N=n)="
And,

— ; n=0,1,2,...,00
n!
(M|N = n) ~ Binomial(n,p)

P(M=m|N=n)="C,,p™ (1 —p)"™™ ; m=0,1,2,...,n

(a) The joint distribution of M and N is:
P(M=mnNN =n)=P(M=m|N =n)P(N =n)

S P(M=mnN=n)={ ml(n—m)

1

0

)\TL
n mpm(l_p>n—me—)\7
n!

n! m A"
. 1 p)Pme A
m!(n—m)!p (1=p)" e n!

1

— (n — m)' pm (1 _ p)nfmef)\An

'pm (1—p)" ™e A" ; for m = 0,1,2,...,n and n=m,m+1,...,00

; otherwise

(b) The marginal distribution of M is determined by:

P(M =m) = iP(M:mﬂN:n)

n

=m



= ml(n—m)
I oA
_ . m _o\n—m .
n=m
(¢) Put k=n-m
Ifn=m = k=n—m=0
and,ifn=00 = k=n—m=w
Hence,
1y NP X
P(M =m)= ¢ (AP)ij(l—p) ;m>0
k=0
(d) Using the infinite series equality e = Z e ve get:

k=0

P(M =m)= %e”‘()\p)me/\(lfp)

L a(1=(1=p))(y,ym
€ PV (Ap)

1
S P(M=m)= me_(’\p)()\p)m ;m >0

Hence, M ~ Poisson(Ap)

. Exercise 3.3.7
Solution: 4
Let X ~ Geometric(p) and Y ~ Geometric(p) be independent. Z=X+Y

(a) Range(X)={1,2,3,...}
Range(Y)={1,2,3,...}
— Range(Z2)={2,34,...}

(b)
P(Z=n)=P(X+Y =n)
— PUSHX =i Y =n—0)

n—1
= Z P(X =1i,Y =n—1i) (Mutually exclusive events)
i=1
n—1
= Z P(X =i)P(Y =n—1i) (XandY are independent random variables)
i=1
n—1 ' '
=> p(1—p) " xpl—p" !
i=1
n—1
= pPa-p"
i=1

n—1
=p*(1—p)" 2 1
i=1



(¢) For n=2,
P(Z=2)=(2-1)p*(1-p)*?
S P(Z =2)=p?
For n=3,
P(Z=3)=(3-1p*(1-p)>*?
- P(Z=3)=2p*(1 -p)
Now, we have to obtain the value of 'p’ such that:

P(Z=3)>P(Z=2)

2p*(1—p) > p’
p?(2-2p—1)>0

Since, p* > 0
— 2-2p—1>0

‘ 1

..p<§

Hence, for all p < 0.5, the P(Z=3) is larger than P(Z=2).

5. Exercise 3.3.11
Solution: 5
X1, X2, X3 and Xy are i.i.d Bernoulli(p)
Y = X + Xy ~ Binomial(2,p)
Y = X3+ X4 ~ Binomial(2,p)

(a)
PY=yNZ=2)=PX1+Xo=yNXs+X4=2)

= Z Z P(X1:xlﬂXg:y—l‘lﬁX3:$3ﬂX4:Z—£L'3)
z1E€Range(X1) zz€Range(X3)
= > > P(Xi=3)P(Xy=y—21)P(X3 = 23)P(X4 =z — x3)

z1€Range(X1) rs€Range(X3)
Because, X1,X9, X3, X4 are independent random variables
LPY=ynZ=z= Y  PXi=x)P(Xa=y-mz1) »  P(X3=u13)P(Xy=2—13)
21 €Range(X1) z3€Range(X3)
=P(Y =21+ 22)P(Z = x5+ x4)
— P(Y = y)P(Z = 2)

Hence, Y and Z are independent random variables. Now, the joint distribution of Y
and 7 is:
PY=yNZ==z)=PY =y)P(Z ==2)
— ZCypy(l _p)2—y % QCsz(l _ p)Z—z
_ ZCyZCZpy+Z(1 _ p)4f(y+z)



Y/Z| Z=0 7 -1 7=
Y=0| (1-p)?* | 2p(1 —p)® | p*(1 —p)®
Y=1 | 2p(1—p)® | 4p°(1 —p)? | 2p°(1 — p)
Y=2 | p?(1 —p)? | 2p3(1—p) p?

(b) Y and Z are independent if and only if
PY=ynNnZ=2)=P(Y =y)P(Z=2);y€ Range(Y) and z € Range(Z)
For y=0 and z=0:

P(Y =0)P(Z = 0) = 2Cop°(1 — p)? x *Cop(1 — p)*

=(1-p*
S P(Y=0P(Z=0)=P(Y =0NnZ=0)

Similarly, for other values of Y and Z, it can be shown that:
PY=ynNnZ=z)=PY =y)P(Z =2z2).

(¢) The theorem 3.3.6 states that:
Let n > 1 be a positive integer. For each j € {1,2,...,n} define a positive inte-
ger m; and suppose X;; is an array of mutually independent random variables for
j€{1,2,...,n} and i € {1,2,...,m;}. Let f; be functions such that the quantity

Y = fi( X1, X2, s Ximj)

is defined for the outputs of the X; ; variables. Then the resulting variables Y1, Y5, ...Y,,
are mutually independent.

Here,

Yi=Y=X7+ X

Yo=7=X3+ X4

.Y and Z are independent random variables.

6. Exercise 3.3.15
Solution: 6
X ~ Geometric(p)
Y ~ Geometric(q)
X and Y are independent random variables. (given)
Z=min(X,Y)
METHOD I:

(a) Let us define the events:
A={X=n and Y=n}
B={X=n and Y>n}
C={X>n and Y=n}
Event {Z=n} occurs if either A or B or C occurs.
Also, the events A, B and C disjoint events as:
{AnB}=¢ ; {ANC}=¢ ; {BNC}=¢and {ANBNC}=2¢
Therefore, the event {Z=n} can be written as disjoint union:
{Z=n}={X=nY=n}U{X=nY >ntu{X >nY =n}

(b) P(Z=n)=PX=nY=n)+P(X=nY >n)+P(X >nY =n)
Because, disjoint union



Since, X and Y are independent random variables.

E
N
I

n)=PX =n)PY =n)+ P(X =n)P(Y >n)+ P(X >n)P(Y =n)
=(pA-p)" N x@l-g)" N+ EA-p)" ) x1-q)"+1-p)" x (g1 —q)"")
[(1—p)(1 = q)]" pg+p(1 —q) + (1 - p)q)

P(Z=n)=[1-p)(1—9" "(pa+p(1—q)+(1—p))
=[(1-p(A -] "1 -1 -p)(1-q)
=(1-r)""tr

Therefore, Z ~ Geometric(r) where, r=1-(1-p)(1-q)

METHOD I1:

Aj ~ Bernoulli(p) ; j=1,2,...

By, ~ Bernoulli(q) ; k=1,2,...

Also, A; and By, variables collectively are mutually independent.
X=Number of first A; that produces a result of 1

Y=Number of first By that produces a result of 1

(a)

o - 1 ;if either A; =1 or B; =1 or both
7710 5 A4;=0=B;

Now,

P(Cj=1)=P(A; =1,B; =0) + P(A4; = 0,B; = 1) + P(A; =1, B, = 1)
=P(A; =1)P(B; =0)+ P(A; =0)P(B; =1)+ P(4; =1)P(B; =1)
=p(1—q) + (1 —p)g+pq

S PCi=1)=1-(1-p)(1-9q)

And,
P(C; =0)=P(A; =0,B; =0)
=P(A; =0)P(B; =0)
P(C;=0)=(1-p)(1-q)
Hence,

1—(1-— 1— - f "
P(Cj=¢) = (1-p)(1—gq) ;forC,
Therefore, Cj ~ Bernoulli(r) where, r=1-(1-p)(1-q)

(b) Since, A; and By, variables collectively are mutually independent and C; depends on
Aj and Bj only.
Hence, the sequence C, Cs,... are mutually independent random variables.



(c) The random variable Z represents the number of first C; that results in a 1.
The random variable C; = 1 if either A; =1 or B; = 1 or both.
Also, X=Number of first A; that produces a result of 1, and Y=Number of first By,
that produces a result of 1.
Hence, {Z =n} ={X =n,Y =n}U{X =nY >n}U{X >nY =n}
= Z=min{X,Y}

(d) P(Z=n)=PX=nY=n)+PX=nY>n)+PX >nY =n)
Because, disjoint union
Since, X and Y are independent random variables.

P(Z=n)=P(X=n)P(Y =n)+P(X =n)P(Y >n)+ P(X >n)P(Y =n)

=@pA-p)" ) x(@l-—g" )+ EL-—p)" N x 1= "+ (1—p)" x (q(1—¢q)" ")
=[(1=p)(1 =" "(pg+p(l—q) + (1-p)q)
=[(1-p)1—q)]" "(pg+p(1—q) + (1 —p)q)
=[1-p)A—g)" 1= (1-p)(1—9q)
P(Z=n)=0Q—-r)""1r

Therefore, Z ~ Geometric(r) where, r=1-(1-p)(1-q)

7. Exercise 4.4.3
Solution: 7
Let X be the random variable representing the return on investment and let A B, and C
represent the events that the economy will be stronger, the same, and weaker in the next
quarter, respectively.
We are given that:
B(X|A)=3 ; B(X|B)=1 ; E(X|C)=-
P(A)=0.1 ; P(B)=04 ; P(C)=5
S.D(XJ|A)=3 ; S.D(X|B)=2 ; S.D(X|C)=3
Therefore,
V(X[|A)=9 ; V(X|B)=4 ; V(X|C)=
Now,
E(X)=FE(X|A)P(A)+ E(X|B)P(B) + E(X|C)P(C)
=(3x0.1)+(1x04) 4+ ((—1) x0.5)
L E(X)=02

V(X) =(V(X|A) + (B(X|A4))*)P(A) + (V(X|B) + (E(X|B))*)P(B) + (V(X|C)+
(E(X]C)*)P(C) - (E(X))?
=(9+3%) x 0.1+ (4+1%) x 04+ (9+ (—1)?) x 0.5 — (0.2)?
=18+2+5—0.04
S V(X) =8.76

8. Exercise 4.4.4
Solution: 8



Let A be the event that a standard light bulb is selected from the box and B be the event
that a Super D-Lux light bulb is selected from the box.

P(A)=09 ; P(B)=0.1

Let, X be the random variable that represent the lifetime of a bulb.

E(X|A)=4 ; S.D(X|A)=1 = Var(X|A)=1

E(X|B)=8 ; S.D(X|B)=3 — Var(X|B)=9

Now,
E(X)=E(X|A)P(A)+ E(X|B)P(B)

= (4x0.9)+ (8 x0.1)
s B(X) = 4.4

V(X) = (V(X|A) + (B(X]|A))*)P(A) + (V(X|B) + (E(X|B))*)P(B) — (E(X))
= (144%) x 0.9+ (9+8%) x 0.1 — (4.4)
=15.3+ 7.3 —19.36
V(X)) =324

Hence,

S.D(X)=+/Var(X)
v3.24
1.8

. 8.D(X)



