


Recall-

Definition:Suppose (Y, Xi, 5I) baa

linear model and PER*

the linear parametric function pp is

said to be estimable it

7IE BY St.

E(eTY] =b.

si.e.

inother wordsete

theorem:let LY, X, wFn) be a linear

model. 2 PERP.

then pip isestimable (>bcf(XT)

(wbee f(x) =42:70
x+y =25)



IndependentParametric linear functions

·From the there (above:Feb at 2023 week)

it isclear thatthe number of linearly

independentestimable linear parametus functions

=dimension of 6(XT)

=rank (X)

=>BE BY (Ex), all components of I are

estimable EC rank (x) =m.

O X has full column rank Ex

XXis non-singular

In this case, Normal equations have a

unique solution, i.e.

B =(x+x)"xYy
I unque leastsquare estimate of P



Definition:CBLUE;Bestlinear Unbiased Estimatel

Alinear estimate aI is called BLUEfor

estinating an estimable linear parametul function

Ifit
(ic E[aY2) =I =R"

ii) Var (ay) <var(?) * lER"

Sit T3 isunbiased estimates of

1.

Theorem (Gauss-Marker thewen):Suppose

C2, &, oEnxn) be a linear model and

IIbe an estimable linear paraneticfunction.

then the leastsquare estimate of II,
written as 14 for some solution of the

normal equations (xX)* =xT1isthe

BLUEo I



Pof:-
Since 'pTisestimable there exists

beR (xTx)b =c C:P =f(xx))
-

:the leastsauce estimate for P

is T =bT (xx)

·S =bxYY
·

a
H-s.e-)

-

= E(p
+

5) =E(b x
+

2)

=E((kb)
T

2)

lineorExpectation I model *(Xb)* X B Insid
islinco

=bTx+x?

*=bT

Mus ITs unbiased

LetlETY be sit. Itisalso anunbiased

estimate of Y;
1. I =x1



Cor.C -b, PTE)

=Cor 12 - b*x2,b*x2)

=Con.e - (Xby, Xb)Y2)

=CorC(e"- xe))?,(xb)+2)

Ex)
ar( - xb)

+

xb
I

=a(exb -
b+x

+

xb)

=opb - pTb)

=O

Var ( e2) =va-(E) +vae(rs-p)

C:y =11 - p*4 +pTyt)

=>Var(lT2) , var(PE) (FRE
st=xe)

:we have show pTB:BLUE.
I



Variance of BLUE:

let IT &be estimable 1. Ief(XX)

= 7bE iR* st. (xx)b =P

8 =8 - be te BLUE of

var(0) =var()

=var(b*(x)5)

=var( bTxt2)

EbT(x) =wb

Recall from carier week:

Proposition:XPis estimable and atleast

square estimate isgiven by 1 where

Dx is
the orthogond projection into f(X)



be b(XT) =) =[ E B" st R =x*c

:=p =

c
+xy

:.va(8) =van( XB)

=aTva(xB) <

As XB =PxY .-= T var(x) =

Var(XP) ='Ox *

linear zero Estimators:

A lineal function of the data rectorssay

etcwhere IER" iscalled a

linear zew esticator If EC2) =0 F BEB*

et? isa lineal zew estimator

El eTX =0
*BeR

() x=0 E) l=Null(XT)
-D

11 (Ex)

f(x)
t



. ITis BLUEofestimable lineal

parameti function

wher P =
f(xT) =f(xx)

7 b =B*(xx)b
=4

CrC6, l2) =Cor( bxx , ey)

=Cr) bT xy,e)

· =Txt et -

It etyisa linear zew estimator then

=>CorC , l)o

=>Every BLOE isuncordated with ever

linear zero estimatio

thewem:- Suppose 8isestimable. A linear
-

unbiasal estimate it

is the BLUE() C(ATy,e) =0

FRER" St. ITYisthe

linear zero estimator.



Proof: - Above we showed the "only if"

E

letxybe another unbiased estimatedPE

=>(n - x)e is a lineal 250 estimate
(Ex)

CorC nty,4 -x)+2) =0

(Aumtiz) L

> Var(n2) =van(nTy-d + xx)

I var((n-x)Ts)+va (xn)
⑰

-var(12) =va (x2)

.. nTy s
BLUE.

B

Corollary:- For an estimable lincon paramaticfunction

BLUEis unique & isgiven be least

square estimate.



Assumption of Normality:

Suppose we assure

~Normal(XI, Inx)

(i.e. CI, 1, o"Exn) lineal model has an

extra assumption thaterrors all

E ~Normal), &"Inx)

Recall:the likehood function for , an

is given

(1,0(2) =xip)
-

iti
-xxx-x)

=1 exp) -II-x
(2π)Y an

than - also isgiven

man (Ball?) = wie lIY-x

BeBet Wired
M.L.E. J. I



Remarks:

① M.L.E. d&exists butmay notbe unique.

② Unique of rank (X) =m.

③ It EY Iis estimable the MCLE. d PIP

isunique; given by it see.

sie. ** for and solution of

normal equation(XTX)5 =x2)

④ I =Y&has a unique MEE

Y =xB =Px.

⑤ ~Normal (X&, 'Pxl


