
Linear Model / Estimation / Least square Estimation
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Questions : -

(it . Can we estimate µ ? It yes then

what is the estimate
. of µ?

yi ) can we estimate µ -1M . ? It yes then

what is the estimate
. of u -1mi ?



Ciii) Can we estimate Mi -µ
.

; ? It yes then

what is the estimate
. of Mi - Mi ?

I ≤ i=j≤ to

within group variation

- Variance of group i can be estimated by

ith sample ÷ 1- & ( Yij _ Ii . )}
} unbiasedgroup. Variance ni - I j=c
estimate
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observations :
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Parameter vector :

K -11

f. = (Mid , µu , . . ,µu)EB

Design Matin : .
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so "

yij = µ + Mi t Eij
"

Y= Xp + EModel
_
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What is the rank of × ?

Ex : rank (X ) = K.

- How many parameters are Here ?

A : 1<+1 parameters



Question : Can we estimate all of them ?

Answ 1¥ !
"

Yij = Mt Mi t Eij I≤ i ≤ le

Mod :
i ≤ i ≤ni

let . Ñij = Ñ + Ñi + Eij

Codec : Ñ=µ+c I≤ i ≤a

l≤ i ≤ni
Ñi = Mi- c

Alas : Iii, = Yij i. Models are sane !

Problem : The parameters are not identifiable .

Towards solving / understanding the Problem :

(1) Is Here a parameter in the motel that is

identifiable ?

A : te ! E : - Viz = Me -Mz

Ang :
'

.

- Yu - Yz , - is an ' unbiased

estimate .

( as F- [Yi, -4,51 = µ, -Mit



Is d- optimal ?
What is an optimal Estimate?

K

(2) Suppose we assure Elli =o
in

⇒ Yay ! then all parameters are identifiable .

What is an optimal Estimate ?

Note : In either (1) / (2) Here are K - parameters

( or their combinations ) are identifiable .
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k ? : Because of rank CX)=k ?

Theory of linear Models
:

◦ Suppose we have n observations {bi > Yz , . . ,Yn}-

which are realizations of random variables
.

. let Cfs ,
,
Ba , . . , pm ) be the parameters on

which the distribution of the data depends .

Consider the following model :

Yi = Hit 13 , -1 Kidz - - -12in Bm + Ei

1≤i≤ n

where (E
, ,
Ez

,
- . .

,
Em ) are uncorrelated eww

random variables . such that F- ( Ei ) =o lie ≤ n

Var ceil = oh



& fxij) are known constants.

Such a model is called a
'

Linear Model
.

Remark
:(is the model also can be described

M

F- [%) = Erxij Pj l≤i≤ n
- j=i

& {Yi} all uncorrelated random

i≤i≤n

variables with variance
=
T?

c- is It is called lineal as 150 expected

value is linear in the parameters

Example :

- One was classification

Yij = pet Mi + Eij I ≤ i ≤k

I ≤ i ≤ ni

◦ Nested classification

Yiju = Mt Mit Sis't Eiju I ≤* ≤ nij

I ≤ i ≤ ni

/ ≤ i ≤
le

- Three way classification Model



Dijk = µ -1 Lit B 's tri's + Eiju

l≤k≤ ni;

I ≤ j ≤
J

i≤ i ≤ I
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B- = ( Pi
,
Pc , . . ,

Pm )T

✗ = ( Kii ) , ≤ i≤nisi≤m

E- = ( Ei , Ez , _ . ,
En )T

Then

Y= Xp + E
{ { }
Ynxi Xnxm Pnxi

Enxl

E- variance - Covariance matrix Inxs
.

Model : (Y
,
Xp , 5- Inxn )

{ ↳ variance - Covariance

F- [Y ] matrix of the
observation data .



The Problem of Estimation of the Parameters

suppose CY
,
Xp

,
TI ) be a linear model .

The parameters are Bmx , and I

i. e. ?⃝ is Bm ✗B+

linear functions of the parameters

For any PERM , a linear combination

Pip , -113kt - -
-

+ pmpm := top

of the parameter vector is called a

linear parametric function .

No - In a Linear model we will be interested

only in linear parametric functions.

Definition : Suppose CY
, Xp ,
MI ) be a

linear model and PEB?

The linear parametric function top is

said to be estimable it
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C- [éY ] = tip .

Cire . in other words 7 LEFT s -t
.

ITY is unbiased estimated PTP
)

theorem : let LY
, Xp, s2In ) be a linear

model & PERM .

Then ptp is estimable ⇔ to c- fcxt )

( where fcxt ) = { 2 : 7s XTy=z7 )

Proof : ptp is estimable
- -

⇔ 7 tear s.t.EC?Y] = ftp.V-pc-B
"

-
-

⇔ 7 he ☒ s.tl?XIs--pTEv-pc-R
"

C linearity of expectation ]

⇔ 7 lean xtl =p
( F-× : linear Algebra)

⇔ foe bcxt
)
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