
Recall:
Linear model

Data) (D,4,. ... 3.) - a observations

(B,p,...,Br) - parameters
yi

i =1
- E(Yi) ="aijBj

o yi = "zci,by915in-uncorrelated

- va.(yi) =5

:Sign, are uncorrelated row.

E[t] =0 and Var((i) =5

y =(u,...,y(T,8 =(p,...., Belt

·] =(xii),zizn a =(6,2,,...,E)
1 =i[M

?
=
18 +9

linear
/

EX
=

B,cInx)
modd : 3 3 Variance

Data Cordiana

IF[?] matrix



Examples:

①one way classification model

Yi=M +Mi +5i))=j(pi
i =i <k

② Nested Classification node

Biju =M +Mi +Sii + Sijk
1 =k =nii

1 =5 =mc

1 <i[k

③ Two was classification model

3ijk =

m +hi +Bi +vii
+Sijk

14k =hij

11i =5

12 i 1I

Ex:Express 0,2, as

(2,5- 8,5-I,xx)



LeastSquare astication:

suppose (3, EB, 5hInxn) be a linear model.

Definition:A (randon) vector E M" is called

a leastsquareestimateof it

() (12 - 581
z

=min 111-18lIn
PE/R*

Recall:3tMthan 118112=0.3% in11.

distance

Remark:(x) require thatIt isclosest

to ?aoons all possible choices of

XP with PCRr

· Paranetic estimate:lineal parametre

function, a leastsquare estimate

is pTB.

Theorem:Consider a lineal model (1, XB,v"I)
Then any leastsquare estimate is of

satisfies
(xix)=x, ... I



Remark: ① iscalled Normal equation.

Lecture 2:
X X

X

x

x
·

"In- function in"

Recall X
R

-
*

· distance function

3 to find

bestline

Ex.Try to find the relationship of

above with leastsquare estimate

ProofofTheorem:

R3 =mio 111- X81P
&BM

We will show R5=11- xpli where

Isolve (xiX)y =xy

[Remarks:- .
solution satwas notbe unique

· atexistsisall thatwill be
show]

Firstofall:xTycf(XT) Exf(x+x)

=> 7v(R"s.t(x+x) =x
+

y



&C
RY

[Stl"; 13112 = E,Si]
((X- X81P
=11X - x3 +xy - xp1?

=11Y - xp +x(p - p)l=

Fact: i=1

[->
113 +w() = E(5i+wi)=5 +10 +25e

I3,00cRU
=11817 +1101): +2<8,07

where < z,0) = 35w

=11Y- xp(( +1X(p - p)/z +2(X- xp,X(B -p)7
Lo

lets understand;<4-X*, X(B-p)7

-
(Y- yp,X(B -p)) =(Y -xp)

T

x(p - B)

=(j -p)
T

xT(y - xy)
One can <S
take transpose
since ita scalar =(p -p)

T

(X+y - xixy)

= 0 (By choice of

⑰



From ⑦a

((X - X8(( = - 14 - xp1 +1X(p -p

>(1Y -Xpl

and further =(17-x51" ift =p

:R= =11Y - Xplzis

Lecture 3

Rall:(1, XB, 5"Fnxel - linear model

PEMO, the linean paranatue function

Itissaid
to be estimable it

7bf(RY stE(l
+

y) =p
* St Be.

sunbiased estimate

farl2)

theorem:let(3, EP, slnxu) be a lineal

model and PC Re.

↑ isestimable isleastsquare

estimate (i.ep1) is

unique.



Proof: -
suppose Iis estimable

=> => 1G8(x+X) [Recall earlie Theover
Feba:(cf(XT)I

=>7bER :xy b =k - H
twosolutions of

suppon %and I are any n NormalaquationEI

1⑦=> Ppi =E(x
+

x)
+

B
-

=

2x
+

y-,
#

= bxy

⑦IbT(xx ya)

=(bT(x+x))P2
=pv

:The leastsquare estimate of Pi

Usique.



E. Suppose PC is at theleast

square estimate ofITisunique.

· then for any two solutions , and I of
Ie Normal equation (XTXB =x

+

y)

IF=p
+

B

* 1i st x
+

x 1 =0

· Ex: then 1 X =0

=> I isautogonal to Δ

=1 Dis orthogonal to NC XTX)

=) PCRowspace (xTX)

ES. PGColancspaa (xTX) is

lecture 4:

Proposition:XIis estimable and toleast

square estimate isgivenby 81 whe

OiHe orthogonal projection into 6(X)



Proof:- XB =(pi) is onex=(p)at
1.2 Picf(XT)11iy

=>XP isestimable

(EX.)

Suppose if isa solution to Normal equation

R2 =((7 - XF/F =mi (14-5p1P
PERM

and moreover XYC G((I)

=> R.=RI
114 - 7/

n(f(X)

(EX) 117-PXY/z whea

&x is the orthogonal projection onto column

space of X.

=) XF =0xY.
T

linear Algebra fact

Review Spot
G(X)



12 Axi = [2 =l] Rooseaue(A)

column space (A)

Null space (A) =N(A)

&(A)
X

... Azxix 1

->

r.- i.

w(A) f(A)

-

j > ·j, >

↓ N(AT)

N(A) =4x7M:An=0 RIA) =SPanG [].],[I

[ =Sc(?,]:<<R3-xtH:2](Y,1]
=0

#=> 2x, - 2z =0

e.g.
((=1, x=2

G(t) =4b2x)7xR:Ax =b5 N(AT) =(.3,x):Az=0
=(bzx(7x1

- b =x,A+, +(Ax)

[I,E7(y] =0Solve:
(2 + b] vow reduce

4 -L

() -y, -2yu =0
Rz+R.-wR 7 2 +by I

00bz -2b,
Y. = 123n

btf(A)()bz - 2b =0

b =2b, egb, =1,bu=2



Null its (A) =dim (Nel (A)) Anxi
o # #

Rank (AS = dien (Rowspace (A))

n

· R(A) N(A)

· x(N(A) =AX =

0

=>ATAx =0

=>x7N(A
+ A)

XENAATA) =ATAN =0

=>(TATAx =0

=><AX,Ax) =0

=>(Ax1, =0

=) AX =0

=>x(w(A]

:N(A) =w(ATA)

GIFT CG(ATA)
in recording mentioned[ Ainstead of AT

I



Rank mullits theoren => GATA) =G(*)


