
Bivariate data - Recall

- Exploratory data Analysis

Box plot
stacked

Histogram

Data : categorical vs Numeric

In general Bivariate data could be

categorical us categorical

Numeric .
us Numeric

- Setting we discussed last time

x - independent variable
Predictor or Explanatory
variable

b- dependent variable
Response variable

& -

- Story of least squares

Model : Y - are length

✗ - function of latitude

Y = mxtc
: Find m

,
c

from measurements 4,4 ) fink) . .

.
Knin)



Paired Data

• Bivariate Data that are coupled or matched together.

They are not independent.

Example:

• Height and Weight measurements of individuals.

• Response reading before and after treatment of

individuals.

Dependent data

(Xi, Yi ) = measurements from individual i



Paired Data

Example:

• Leonardo da Vinci’s Vitruvian Man.

• The outstretched arms and legs within circles and square.

• Ideal human proportions described by ancient Roman

architect Vitrivius: height is same as length of arm span.

-Drawing - 1490

- measurement of

male models

--



Paired Data

Key Tools to understand Data

• Plot to gauge relationship.

• Correlation between the variables.

• Trends

Examine a

dataset in R

- package
Using R

- fat :- Dataset

✓

physical
-

Can they be used to measurements of

predict the %fase.co/--C 252 males .

body fat ?



Paired Data

Consider fat dataset in UsingR package. The dataset

contains body dimensions of 250 males.

> require(UsingR)

> names(fat)

[1] "case" "body.fat" "body.fat.siri"

[4] "density" "age" "weight"

[7] "height" "BMI" "ffweight"

[10] "neck" "chest" "abdomen"

[13] "hip" "thigh" "knee"

[16] "ankle" "bicep" "forearm"

[19] "wrist"

B



Paired Data

• Suppose we are interested in relation between neck and

wrist.

We can first compare averages in two ways:

> z = mean(fat$neck)/mean(fat$wrist)

> z

[1] 2.084068

> y = mean(fat$neck/fat$wrist)

> y

[1] 2.084477

✗ = wrist

y = neck

y=zo
" Model "



Paired Data: fat dataset in UsingR

> plot(fat$wrist, fat$neck)
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• plot
neck vs wrist
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relationship
seems linear



Paired Data: fat dataset in UsingR

> par(mfrow=c(1,2))

> plot(neck~wrist, data=fat)

> plot(neck~wrist, data=fat, subset=20<=age &age <30)
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The variables seem related and also by a linear relationship

r



Paired Data: Correlation

• Assume Linear Relationship between the data

• Correlation is a measure of how close the relationship is.

Before defining the term let us try to understand the plot

better.



Data in four regions by means
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Data in four regions by means
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• Understand data by those above average values and those

below.

• If related then most of data should be in first and third

box.

Distorted
- )version of

Earlier

graph



Paired Data: fat dataset in UsingR

> plot(fat$wrist[100:175], fat$neck[100:175])

> abline(v=mean(fat$wrist[100:175]))

> abline(h=mean(fat$neck[100:175]))

> points(mean(fat$wrist[100:175]), mean(fat$neck[100:175]),

+ pch=16, col=rgb(.35,0,0))
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Paired Data: fat dataset in UsingR

> plot(fat$age[100:175], fat$ankle[100:175])

> abline(v=mean(fat$age[100:175]))

> abline(h=mean(fat$ankle[100:175]))

> points(mean(fat$age[100:175]), mean(fat$ankle[100:175]),

+ pch=16, col=rgb(.35,0,0))
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Covariance

Covariance measures the di↵erence between the two variables

in the four regions. Suppose we have a dataset

{(xi , yi) : 1  i  n} then

Cov(x , y) =
1

n � 1

nX

i=1

(xi � x̄)(yi � ȳ)

• Data with strong linear relationship (xi � x̄)(yi � ȳ) will

have the same sign. (i.e if data lies in first and third box

or in second and fourth box).

• In such cases covariance will be large in absolute value.

)



Pearson Correlation Coe�cient

Correlation is Covariance in standardised scale. Suppose we

have a dataset {(xi , yi) : 1  i  n} then

Cor(x , y) =
1

n � 1

nX

i=1

✓
(xi � x̄)

Sx

◆✓
(yi � ȳ)

Sy

◆

• Cor(x , y) is between �1 and 1.

• Cor(x , y) 2 {1,�1} indicates perfect linear relationship.

• Cor(x , y) = 0 indicates no linear relationship.



Paired Data: fat dataset in UsingR

> cor(fat$wrist, fat$neck)

[1] 0.7448264

> cor(fat$wrist, fat$height)

[1] 0.3220653

> cor(fat$age, fat$ankle)

[1] -0.1050581



Pearson Correlation Coe�cient

> require(MASS)

> plot(Animals$body,Animals$brain)
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Spearman Correlation Coe�cient

> require(MASS)

> cor(Animals$body,Animals$brain)

[1] -0.005341163

• One way is to exclude the outliers.

• Another method is to transform the dataset by placing

data in order and assigning a rank. Use rank.

> require(MASS)

> cor(rank(Animals$body), rank(Animals$brain))

[1] 0.7162994

or

> require(MASS)

> cor(Animals$body, Animals$brain, method="spearman")

[1] 0.7162994
1



Spearman Correlation Coefficient

( Xi
,
Yi ) i= 1,2, - -in Dataset

convert to rank of each data point

(Rcxit , RCYI) )

vs = Spearman Correlation Coefficient

Corr C RCXI, RCYD

Example: X z
2
,
3
,
5
, 7 ,

11

Rank ofa Rex) I 1,2, 3> 415

b- I 5, 5,2 , 7,5

Rank of b. Rly) =-3, -3,1 , 5,3

cties have average
.

lank)

Vs = Conc Rex)
, Ray)

I 0.925



Spearman Correlation Coe�cient

Suppose we have a dataset {(xi , yi) : 1  i  n} then first

rank them to get .{(rxi , ryi ) : 1  i  n}

Spearman Correlation(x , y) = Cor(rx , ry )

• measurement of relationship of monotonic data.

• not restricted to linear.
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Correlation may NOT be casual



Chocolates and Noble Prizes



Chocolates and Noble Prizes

Noticed: Countries with more per capita chocolate

consumption have more per capita Nobel laureates.

Conclude: Chocolate consumption cause better scientific

research !



Chocolates and Noble Prizes



Chocolates and Noble Prizes

• Spurious: Facebook Users and Marks of users

• Causality: Smoking and lung cancer, Wine and heart risk.



Correlation

• Non-linear relationship

• 0 correlation



Correlation

• Pearson correlation coe�cient is a measure of the

linearity of the (possible) relationship between two

variables X and Y .

• Even if correlation coe�cient is high, it does not mean

there is causal relationship between X and Y . Does not

tell you cause and e↵ect ?

• Care to be taken when used for predictive purposes.

• Causality: Domain Knowledge, design a good control

experiment.



Basic Model [ Simple linear Regression]

- Given data set cxi.li/i-- 1
, ,

- .
-

,
n

- Is there a relationship ?
(linear)

Goal : - Model should provide an accurate

low dimension summary.

Two parts : - - Define a family of models
-

express a precise relationship
Fitted model

is between Y and ✗"

best
"

among family - Generate a tilted model

of models - closest model from the family
-

"

NOT TRUTH
"

of models for the dataset

1'
"

• All models are wrong but some are useful

- part of a larger text

PV = RT - model for ideal gases
- rarely observed in nature



Simple linear Regression
- Given data set cxi.li/i-- 1

, ,
- .

. ,n
- Is there a linear relationship ?

"

Yi = pot B. Xi
"

for some

Bo, B , c-B

Error
Model : Y = B. + B:X + E

F- [E) =o
>

Varsce) =r '

E 1- ✗

⇒ F- [Y|X=a]= foot fax to

For data
⇒ Yi = Bot B. Ice 5=1, - in
set

Questions : - ① Is the relationship lineae ?

② How to estimate Bo, P , ?

③ Can we provide confidence

interval, for Bo
,
R ?

E =D Nco, 04



D= B. + Pin
a

¥ÉÉso+p,x) = Normal Co, -4

*

Bo

Bo '

= ER / X=o]
>

Bi = slope of the
line

or -_ Vasey /X=a)

Method of least squares

let di = Csi - Bo - Biri)
- Find Bo , B , that minimize

É did = Residual sum of
i=i squares

- calculus or last class method

to conclude

B. = 5 - G. ñ
n

2

Sacs
§ ,
= E.Gli-a) cyi-5)

ska
iÉki -aye



Simple Linear Regression: Relationship in Bivariate

Data

• Key: conditional mean of response variable given the

predictor cariable is a linear function.

• Model: For data points (xi , yi) with 1  i  n,

yi = �0 + �1xi + "i ,

where "i assumed to be mean 0 and variance �2 Normal

random variables.

• Observe only (xi , yi) for 1  i  n.

•



Simple Linear Regression: Relationship in Bivariate

Data

• Find �0, �1 such that
nX

i=1

(yi � �0 � �1xi)
2

is minimized.

• Can be solved: Calculus and Linear Algebra

�̂1 =

Pn
i=1(xi � x̄)(yi � ȳ)Pn

i=1(xi � x̄)2
= correlation(x , y)

S2
x

S2
y

�̂0 = ȳ � �̂1x̄

Observations:

• Slope of line is function of Correlation in standarised scale.

• Line passes through (x̄ , ȳ)

• Roles of y and x are not interchangeable.



Simple Linear Regression

[1] 0.7448264
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