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Estimation : -

Recall : - • X
, ,
Xi
,
. .

,
Xn i - lid. sample from an

unknown distribution and discussed

how to use this to estimate

some aspects of the distribution.

• Behaviour of these estimates as

n→ oo
.

[ asymptotic behaviour]

Here we will discuss specific methods to

estimate parameters of the distribution

from the sample .

Example : - Coin - assume probability to of Heads

To gather information about P : -

- Toss the coin too times
.

- View ;
X
,
,
Xz

,
. . . Xiao i.c. d. Bernoulli (f) .

Results

100

We observe ( say) that § Xi = 67
-0=1

- can we use His information to

estimate to ?

we will discuss two methods first

① Method of moments ② Maximum likelihood

Estimate

- Both of these methods will produce a

number as estimate for b.



Later : ③ Interval estimation

- Provide a range which will the contain

the true value of f with some

accuracy .

④ Next topic ( follow, Estimation ) - Hypothesis
testing .

Assumptions :

① Xi
, Xz, . .

,
X
,

are it:D . from X and

Discrete Random (p.m-f)
variable

f- c. s
×

Continuous Random (p . d.f.)
variable

② f- C.) - will depend on unknown

parameters ( P , ,k ,
. . , Pd ) C- *

&

,
d> 1

Notation : f- ( • I P , > Pa , . .

,
bae) .

abbreviate fc . I P )

D= ( P
,
,
Pa
, . . . ,

,
bd ) C- ☒

&
'

,
d>s

.

Example : . ✗ ~ Bernoulli (p) ✗ ~ Normal Cury

fcx / b) = {1511 -Pj
"

zedo.i3-fcxlu.se ) = e- ¥1T
⇒

,
REB

0 0 . U .



Notation : - • PERI t.CH ; - .ba ) C- P

Definition E- 1.1 : - X
,
,
Xi
, .

. - . ,Xn be it-d - X
.

✗ ~ fc . / b) . Suppose we are interested

in estimating Ocp )

0 :P→ *

let g : IB
"

→ B. Then g. ( X , , . .
. ,Xn )

is defined as a point estimator

of OCP) .

Its value from a particular realisation
of Xs

, . . ,
Xn is called an estimate

Example E- 1.2 : - •
✗ is random variable with

F- [ ×] = µ Varcx] = or

sample • ✗ - fc.IM
,
13

, . . Pa) d>I

mean
• ② ( µ , Pa

,
. . .
Pal = µ

- point estimator
. ×

, , . . ,×n it-0 ✗

for

µ
- tone o

g : Bn → B glass . - Mn ) =Éimean

seen before : F- [ guy . . , Xn)] = it
Var[gCXs . . > Xn) ] =L

Tn



E.2 Method of Moments

• Xi
,
Xz

,
. - .

>
Xn it .cl sample from ✗

• X ~ f- C. / b) j p= ( P, > Pu , . . . Pal C- Bd .

dzl

let Kai
,

Mk : B^ →B given by

MKCX) = In i§, aik

Note : -

MKCX , ;Xz
,
. . . ,Xn ) = In §=,Xif

(Ex .) - is the Kth moment of the Empirical
distribution based on sample Xi

, . . - >
Xn

.

refer to it as the Ktb moment of the sample

fun
= F- [ Xk ] = K'b- moment of the distribution

• 1- ✗ .

Ite : - ✗ ~ f- C. / Pa
,

. . .

,
Pd) j we may

view

else = function of ( P ) ; - -

> Pd)
= EH

= Mac P ,
,

. .
. -1Pa)



The Method of moments estimator for ( P . , . .

,
Pd)

is obtained by equating the first d

moments of the sarple to the corresponding
moments of the distribution

.

Specifically : .

⑦ - µk( Pi, . . ,Pd)=Mk( ✗ 1) °o° , Xn )
1<=1 , . . ,d

Note : -

- ⑦ - d equations in d unknown>

given a sample Xs
, # . - -

,
Xn

-

no guarantee of a unique solution

- no guarantee of computing it .

Denote the solution from ⑦

as Is
,
É
,

. .
.

,
Id

.
and they

will be written in terms of realised

MK (X , . . Xns 1<=1
,

. - - .

,
d



Example E. 2- 1 : .

Suppose we have Xi
, Xy . . -

,

✗
to

iii. d. from X and X - Binomial CN
,
b)

- Neither N
, P aee known .

Assume that the realised values are

8
, 7,

6
,

11
,
8
,
5
, 3,7 , 6, 9 .

111

¥
, iii. . . . ¥ ¥

, a.

• It is immediate to see : ( from sample )
to

Micki , . .

, %) = i§ =
7

Mz (Xs , - -

,
ko ) =

Éxf
5--2

= 53.4 .

• It is also well - known ( from Binomial )
Distribution

N -k

f- ( k / Nib = %) to
"

( L- P) 1<=0,5 . . N

µ ,
= F- [×] = Nfs

142 = E [X2] = Var [×) + F-☒
~

= Npltp) + (Np)~

Equate :

it , = Mick . -

>
Xn )

}
Method of

moments

Me = me CX
, . . Xo )



to obtain

Np = 7

Npltp) + (Np)
"

-_ 53.4
} ⑤

Use elementary algebra :

i - Ñ I 19 and To = 0.375

So from the sample : .

8
, 7,

6
,

11
,
8
,
5
, 3,7 , 6, 9 .

¥
, iii. . . . ÷ ¥ ¥

.

the Method of moments estimate

Ñ a 19 and To = 0.37s

Abstraction : - ✗ ~ Binomial CN ,
b)

Mi E NP = m ,
I M, CX , . . Xn )

Mz = Npa -pl + ⑥PJ = Me = milk . - Xo )

⇒
Ñ = Mi and

Mi - Cme-MT)

I --

m.cm?--m#.



Example E. 2.2 : - ✗ ~ Normal ( µ
,

02)

Mi = F- [×] = il Xi
, . .

Xn foon ✗

E-id .
.

µz = EH] = pitot and sample moments

Mi I Mi CX , . . Xn )

Me = me CX , - - Xnl

i. we equate :

µ = Me

At -1oz me
} - to equation ,

obtained

solving :
/Ñ = mi = I

ñ=m-mi=fEs

i. Sample mean I and sanplevaeiar.ee#2
are the Method of moment estimate

for

it and or

from the sample Xi
, Xz

,
ooo

,
Xn



Recall : - Estimation point estimators

• ✗
i. Xz , . . . . Xn Eid from a population ✗ ~ f- ( o / p)

• Interest : - Estimating 0 (b) ER ; pEBd .

• g :B
"
→ B j compute gcx , , . . . ,X , ) - point
estimator for Ocp)

Method of Moments

start : X ,
,
Xz
,
ooo
,
Xn iii.d- f- C- / Pio . . . ,Pd)

n

1<=1
,
. . -

,
d compute MKCX , ,

- .
-

,
Xn ) = In §,

Xik

Sample moments

find in terms of p Malta , . . . .ba ) = Efxd]
True moments

Equate :

flu = Mk ( Xi , - - - . , Xn) k=s
,
. - ,
I

solve the d- equations in d- unknowns .

Remarks : -

- no solutions

- many solutions

- Solution may not make sense
.

Today : -

3 Maximum likelihood Estimate
.



let Xi ,Xz, . . . ,X, be i - i - d - X and ✗ ~ f- C- IP ,
,
. . . .ba)

[either p.m.f.orp.at .]
(A) Pz , . . - , Pd ) C- PERO .

Definition E. 3.1 : - The likelihood function for

the sample Xi
,
Xz
,
ooo

,
Xn is the functions

L :P ✗ Bn > ☒ given by

L(pjx.in#n):--iTfCXi/ b)
5=1

For a given HIM,# n) suppose To =Ñ(X , ,XyoHn)
is a point at which

L(pjxioxyo.tn ) attains its maximum as a

function of P .

Then I is called a maximum likelihood

estimator of b- ( or abbreviated as MLE otb)

given the sample ✗ sohu.tn .

Remarks : -

- a unique I may not exist j several

variable calculus machinery may be

required to solve the problem .

To it unique ÷ can be thought of as the

most likely value of the parameter b for the

given realisation of ✗ sohu.tn .



Example E. 3.2 : - ✗ ~ Normal ( §, 1) DEB

✗
1 ,
✗
yooo , Xn

be iii.I - X .

The likelihood function

L :P ✗ ☒ →R

n

et (Dik ,
✗
yooo , xn) = IT

- (Xi- PP
2

in fut

e-
i§c×i - pjz

2

T¥)
"

To find MIE : -

• Treat ✗
1 ,
Xz
,
-00

,
Xn As fixed .

• one needs to maximize LC ) as

a function of b.

Solution :
←
e-
a

observe : - •

> a

• (¥, )^ is a constant

To maximize LC pj X , ,
✗
zoo

. ,Xn ) as a function

of t is equivalent to

minimising g :B →* where

gcp ) = §cxi - PJ
F-i 2



Method 't : -

glp) = Écxi - pieI =\

= É [Hi -F) + Tx - $132
5=1

= EÉfxi-x5tntx - biAlgebra
Exercise

observe :

• §cxc -x-P s glp) f peps
i=i

- gcp> = II. cxi -x-P when b=I

⇒ MLE of p given ✗
i.
✗
yooo ,Xn

is Ñ = I
.

Method - i - g' (b) = - z É (Xi - P)
5=1

g'
'

(b) = +2

Set gyp)=o

=) EÉ(Xi- D) ⇒ p^=I is

⇒ p=Ñ the MLE

& as"fI ) > o ⇒ of p

given
p=I is a local minimum .

> global

⇐xercise) get - quadratic in maximum .
X
, ,%
,
. . .

,
✗ n

P
☐



Normal distribution :

✗ ~ Normal (µ ,
F) then ✗ has p-d.fr.

given by
-

Cause

f- ( x) = e 20'

jxER
Puts

y

PC key] = S fix> da
→

= s
"

e-
Cause
202 In

→

puts

L )

can't evaluate Normal Tables

integrals explicitly
R-pnoim.int

#÷É¥
,

/Mr -

11151"
M -36 µ-2r µ-or Mtr µ#r

'M -130
u

observations : -

• 68-95-99 rule
up

PC 1km120 ) = f tea > doe I 0.68
ee -r



Utter

PC IX -ul < 20 ) =/ tea > doe I 0.95
µ-20

Miss

Pl IX- ill 2 3-) = ) tea > doe = 0.99

d-3-

° Skewness & kurtosis : .

a

¥1 P E
.

1
"

kurtosis measures

if skewness ⇒ the peak of the
then the distribution distribution

is symmetric
Normal : kurtosis =-3

- if Data Cxi
,
. . . > and has skewness

far from 0 and kurtosis far from 3

then we conclude

Data is not Normal .



• Q - Q plot

consider data = Cx
, ,×u, - - . ,Xn )

•

order them : ✗
as

,

✗cc ), act ,
✗ Cn ) '

¥
,

- sample quartile

• For ✗ c- Coil ) find 22 Such That

PCXE 2) = 2

4th - quantile of Normal )

a-a plot : - ( 2¥
, ,

,
✗
cm )

Nota

If plot is straight line then

Data is most likely not normal .


