
¥
r
.

i.
?

Ew
i

&
y¥

±

oo
o
II

§
I

s
E

✗

→
r

•
b-

b-
-0¥

*
e
s

E
o•

¥±;ÉÉ÷÷
•
⇒

i,¥g§
✓

1
-
+

£
✗

&
a
§

¥
!

E

£
.

⇒
É

É
'

±
-ÉÉ

E.
§
É

o
E

e

E
e

'

se
'

§
is

.

*
*

¥
É¥

¥
÷

.

.
¥=¥

±É
is

a
-

'
+

.

a
-¥

.

v
0

É
o
d

g
E

.

•
¥
ÉIÉ

n
É
É

o
v
-

s
IEEE

I
o
r

§-
£
9

-
:

•
•Ej

•
.
:

É
o

o
r
É

v
e
s

s

s
0

•

÷É
.

.
É
e

EE
s

w
•
É
i
s
h

&* ÉÉ



Empirical Distribution

Let X1,X2, . . . ,Xn be i.i.d. random variables. The“empirical distribution”based on these is the discrete distribution with

probability mass function given by

f (t) =
1

n
|{Xi = t}| .

Descriptive statistics is inferences based on

Empirical distribution.
I

- can study Empirical distribution using tools of Probability

- Do not make any assumptions about the underlying
distribution

= In Ihi :
Xi=t

,
Kien} /

Remarks : -

Empirical distribution is a
random quantity

as n→•
,
intuitively we expect the

Empirical distribution to approach the

true / underlying distribution .

#
need

to make

rigorous .



Sample Mean

Let X1,X2, . . . ,Xn be i.i.d. random variables. The“sample mean”of these is

X̄ =
X1 + X2 + · · ·+ Xn

n
.

Result:

E [X̄ ] = µ and SD[X̄ ] =
�p
n
.

=
Tis an unbiased estimate of µ ,

i. e F- [I]=M

I is a consistent estimate 4m , ie
Varci ) -20

As n→ so
.

✗ 1 , Xy . . ,Xn are t.cl ✗ .

F- [xT=µ SDCXT =r then

linearity of Expectation

n

Ploof : - F- [IT = F- [ Xiexutn. .
. - c- Xn ] = In §=

,

F- [Xi]

X , . .
Xn are = In §=*M = ¥ = µ

i. t.cl ✗ &

Efx] __a c unbiased )
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Sample Variance

Let X1,X2, . . . ,Xn be i.i.d. random variables. The“sample variance”of these is

S2 =
(X1 � X̄ )2 + (X2 � X̄ )2 + · · ·+ (Xn � X̄ )2

n � 1
.

Result: S2 is an unbiased estimator of �2, i.e.

E [S2] = �2.

- normalisation by n-1 instead of n is artificial .

Proof : - Exercise ☐

Remark : - one can show that

vacs
' ) → o as n→w .



• Sample mean and valiance - key summary statistics

from sample

✗
1
,
- -

,
Xn it-I ✗

- Question of interest : - A - event of interest

to :=P( ✗ C-A) = ?

Answer : - I { i : Xi GA , Kien} )F. =

n

we will say th is an estimate

for Ip . ☐

Question 2 : How good of an estimate is

In too b ?

claim : -

unbiased estimate ofp

• consistent
- th

" "

• Effective range :(3b + b , b+fÑÉ)
of Tz



Sample Proportion

Let X1,X2, . . . ,Xn be an i.i.d. sample of random variables with the same distribution as a random variable X , and suppose

that we are interested in the value p = P(X 2 A) for an event A. Let

p̂ =
#{Xi 2 A}

n
.

Then, E (p̂) = P(X 2 A) and Var(p̂) ! 0 as n ! 1.

In =

Ili : Xi GA , Kien}
-l

n

n n

Proof : -
z ; = { 1

it * c- A

0 otherwise .

Easy to see : -
• lpczi =\ ) = b ti > I
• {Zi }iz, , are also independent



Zi ~ Bernoulli ( P) Isis

{Ziti
, ,

are independent -

£2 ; ~ Binomial Cn , b)
i=,

Ézi =/{ i : Xi c- A , Kien}
5=1

and II = EÉZ
Now ECII] = F- [ Ézi ]5=1

n

Lineariks = Inn F- ( EEZ )
of

Expectation

= ÷ nb
mean of
Binomial

= to

var CPI ) = var / £2:)[
÷

Varlall ) = ÷. Vax iÉa
)

= a2 Varfu )

= nb÷p)
variance of
Binomial

= H → o as n→o
☐



Weak Law of Large Numbers

Let X1,X2, . . . be a sequence of i.i.d. random variables. Assume that X1 has finite mean µ and finite variance �2. Then for

any ✏ > 0

lim
n!1

P(| X̄n � µ |> ✏) = 0, (1)

TscbebychcvProof :-
p [ II. -eel > E) inequality

I F- 151mn12
shown

EZ
F- [In]=M }

-

var CET = -

oh

ñeu

i. 0£ IP Clxi -ul > e) SEE ⇒
(1) ☐



Summarize

o (Wun) : In = close to m as

n→-

ie f E>o : PC☒ -us> E) →o
as n -so

• D= IPCXEA ) =
relative frequency

☐ A

= close to = to

[ Unbiased and consistent]

In C- effective range

fFi¥ + P
,
I> +FEI ')

Relative frequency
"→

> Probability
Close

Effective Range of ✗

Discrete

✗ - random variable and

µ = F- [X ] r= SDEX]

A-3- p, p
,

p
,

Mtk

( M
)

I
,
t
.

^
. . . In

( 30 Table 3-

>

Balance / Centre
"

"

P C X C- (µ -30 , µ -13s )) I 1



Strong Law of Large Numbers

Let X1,X2, . . . be a sequence of i.i.d. random variables. Assume that X1 has finite mean µ and E | X1 |< 1

A =

⇢
lim
n!1

X1 + X2 + . . .+ Xn

n
= µ

�
,

then

P(A) = 1.

Pl k÷•Ñ=u) = 1



Law of Large Numbers

> runningmean = function (x,N){

+ y = sample(x,N, replace=TRUE)

+ c = cumsum(y)

+ n = 1:N

+ c/n

+ }

> u = runningmean(c(0,1), 1000)

Y = (Yi , . - ,Yn)

sampling N points
with replacement
from N.

n

C = ( bi , Yityu , Yityztyz , - . . ,€gYi )

n = 4,2, . .

N )

( Ii , Xi , Is , . .

.

In)
with Probability 1-

✓

(I , ,xi , . . .
.

Too
. ) In→ Ican)

X , , Xy . .

✗
ooo

are it - d Bernoulli (K)
as n→ ,



Law of Large Numbers

> x=1:1000; plot(u~x, type="l");

>

0 200 400 600 800 1000

0.
0

0.
2

0.
4

0.
6

x

u

Base - R code



Law of Large Numbers

> x=1:1000; plot(u~x, type="l");

> replicate(10, lines(runningmean(c(0,1), 1000)~x, type="l", col=rgb(runif(3),runif(3),runif(3))))

0 200 400 600 800 1000

0.
0

0.
2

0.
4

0.
6

x

u

F-[In] =L
Var [In] = ¥

observe

variance

reduction

of

I



Law of Large Numbers

0 20 40 60 80
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-

"

proof bs Simulation
"




