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1. Show that for any random vector with finite second moments, its 
covariance matrix Σ is symmetric and positive semi definite? 

[10] 
 

2. Explain the Cholesky decomposition. Perform the Cholesky 
decomposition on the 3 x 3 symmetric positive definite matrix A:  

𝐴 = [
4.1. 2.2 2.3
2.2 3.5 1.8
2.3 1.8 3.9

] 

[15] 
 

3. Suppose 𝑥 is a multivariate normally distributed random vector with 
mean vector 𝜇 and covariance matrix Σ. Show that the maximum 
likelihood estimator of 𝜇  is the sample mean vector 𝑥̅ and that the 
maximum likelihood estimator of Σ is sample covariance matrix  ? 

[10] 
 

4.  
a. Let 𝑥1, 𝑥2, −  −  −, 𝑥𝑛 be i.i.d multivariate normally distributed 

random vectors with mean vector 𝜇 and covariance matrix Σ. 
Show that the sample mean vector  

𝑥̅ =
1

𝑛
∑ 𝑥𝑖

𝑛

𝑖=1

 

is also multivariate normally distributed with mean vector 𝜇 and 

covariance matrix  
1

𝑛
Σ ? 

 
b. Suppose 𝑥 ~ 𝑁𝑝(𝜇, Σ). Show that Mahalanobis distance  

 
                𝐷2 = (𝑥 − 𝜇)𝑇Σ−1(𝑥 − 𝜇) 
 
is 𝜒2 distributed with 𝑝 degrees of freedom? 

[10] 
 
 
 
 
 


