
Proc. Indian Acad. Sci. (Math. Sci.) Vol. 120, No. 3, June 2010, pp. 259–266.
© Indian Academy of Sciences

Zero-sum problems with subgroup weights
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Abstract. In this note, we generalize some theorems on zero-sums with weights from
[1], [4] and [5] in two directions. In particular, we consider Z

d
p for a general d and

subgroups of Z∗
p as weights.
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1. Davenport and Harborth constants for subgroup weights

For a finite abelian group G and any non-empty A ⊂ Z, the Davenport constant of G with
weight A, denoted by DA(G), is defined (see [2,3] and [5] for instance) to be the least
natural number k such that for any sequence (x1, . . . , xk) of k (not necessarily distinct)
elements in G, there exists a non-empty subsequence (xj1 , . . . , xjl

) and a1, . . . , al ∈ A

such that
∑l

i=1 aixji
= 0. Clearly, if G is of order n, one may consider A to be a non-

empty subset of {0, 1, . . . , n − 1} and we avoid the trivial case 0 ∈ A.
For natural numbers n and d , considering the additive group G = (Z/nZ)d , for a subset

A ⊂ Z/nZ\{0}, we shall use the symbol DA(n, d) to denote DA(G) in this case; for the
case d = 1, the notation DA(n) has been used (see [2], [4], [5], for instance) for DA(n, 1).

Similarly, for A ⊆ Z/nZ\{0}, the constant fA(n, d) is defined (see [1]) to be the
smallest positive integer k such that for any sequence (x1, . . . , xk) of k (not necessarily
distinct) elements of (Z/nZ)d , there exists a subsequence (xj1 , . . . , xjn) of length n and
a1, . . . , an ∈ A such that

n∑

i=1

aixji = 0,

where 0 is the zero element of the group (Z/nZ)d . When d = 1, this was denoted by
EA(n) in [2] and [4]. The conjectured relation EA(n) = DA(n) + n − 1, between the
constants EA(n) and DA(n), has been proved by Yuan and Zeng [14]; and the related
general conjecture for arbitrary abelian groups has also been established by Grynkiewicz,
Marchan and Ordaz [7] recently.

These constants are respectively the analogues of the Davenport constant (see [10] for
instance) and some constants considered by Harborth [8] and others [6], [9], [12], [13].
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We shall be mainly interested in the numbers DU(p, d) and fU(p, d), where n = p, with
p prime and U a subgroup of Z

∗
p. Here, and henceforth, for a positive integer n, we shall

write Zn and Z
∗
n in place of Z/nZ and {a ≤ n : (a, n) = 1}, respectively, for simplicity.

Unless explicitly stated otherwise, throughout the paper, U stands for a subgroup of Z
∗
n

and p denotes a prime.
We shall often use the following simple observation:
If U ≤ Z

∗
p is a subgroup, then

U = Ker(x �→ x|U |) = Im(x �→ x(p−1)/|U |).

PROPOSITION 1

(i) For any subgroup U ≤ Z
∗
p, we have d(DU(p, 1) − 1) < DU(p, d) ≤ d(p−1)

|U | + 1.
Equality holds on the right if U is Z

∗
p, the subgroup {1} or the set of quadratic residues.

Also, in general, DU(p, d) = d(p−1)
|U | + 1 if DU(p, 1) = p−1

|U | + 1.
(ii) For any subgroup U ≤ Z

∗
n, we have DU(n, d) ≥ d(l − 1) + 1, where l is the least

natural number for which there is a subsequence with terms from U having sum zero
and length l. In particular, if n = p, a prime, then DU(p, d) = d(p−1)

|U | +1 if l >
p−1
|U | .

(iii) If p is odd and U ≤ Z
∗
p is a subgroup containing 1, −1 (in particular, if |U | is even),

then DU(p, d) ≤ log2(p
d + 1).

Proof of (i). The inequality d(DU(p, 1)−1) < DU(p, d) is evident. For the other inequa-
lity, write D = d(p−1)

|U | + 1 for simplicity of notation. Let a1, . . . , aD ∈ (Z/pZ)d be
arbitrary. Write ai = (ai1, . . . , aid) for all i ≤ D. Consider the d polynomials

D∑

i=1

aijX
(p−1)/|U |
i , j ≤ d.

The sum of the degrees of these homogeneous polynomials is d(p − 1)/|U |, which is less
than D. By the Chevalley–Warning theorem, there is a solution Xi = xi ∈ Zp with not

all xi zero. Writing I = {i: xi 
= 0}, and ui = x
(p−1)/|U |
i for i ∈ I , we have ui ∈ U as

observed above. So, we have
∑

i∈I

uiai = 0 ∈ (Z/pZ)d ,

which means that D(U, p, d) ≤ D = d(p−1)
|U | + 1.

To prove the equalities asserted, use these inequalities and the following zero-
sum free sequences. The sequence (1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1) shows
DU(p, d) > d , when U = Z

∗
p. For the case U = {1}, we can consider the sequence

comprising each of

(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, . . . , 0, 1)

repeated p − 1 times. Finally, if U is the set of quadratic residues, we write Z
∗
p = U �αU .

Then, the sequence of 2d elements

(1, 0, . . . , 0), (−α, 0, . . . , 0), (0, 1, . . . , 0), (0, −α, 0, . . . , 0), . . . ,

(0, . . . , 0, 1), (0, . . . , 0, −α)

of (Z/pZ)d can have no zero-subsequence. Thus, DU(p, d) > 2d. This proves (i).
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Proof of (ii). Consider the sequence of length ld in (Z/nZ)d comprising each of

(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, . . . , 0, 1)

repeated l times. If it has a subsequence, say a1, . . . , ak, and elements u1, . . . , uk in U

such that
∑k

i=1 uiai = 0 ∈ (Z/pZ)d , then looking at each co-ordinate, we have min {l: U

has a zero-sequence of length l} ≤ l, a contradiction to the hypothesis. The particular case
n = p follows by noting l − 1 ≥ p−1

|U | and using part (i) of the upper bound. Thus (ii) is
proved.

Proof of (iii). Note firstly that if (p − 1)/|U | is odd, then 1, −1 ∈ U by the observation
in the beginning. Write D = �log2(p

d + 1) and consider any sequence a1, . . . , aD of
length D in (Z/pZ)d . For each of the 2D − 1 nonempty subsets J of {1, 2, . . . , D}, look
at the sum

∑
j∈J aj ∈ (Z/pZ)d . Note 2D − 1 ≥ pd . If these 2D − 1 sums are all distinct

elements of (Z/pZ)d , then they must be the various elements of this group and one of them
is zero. If these sums are not distinct, there exist two subsets J1 
= J2 of {1, 2, . . . , D}
such that

∑
j∈J1

aj = ∑
i∈J2

ai . Cancelling off all the terms corresponding to J1 ∩ J2, we

have a nonempty subset J0 and εj ∈ {1, −1} such that
∑

j∈J0
εj aj = 0 ∈ (Z/pZ)d . This

completes the proof.

Remarks.

(i) The bound DU(p, d) ≤ d(p−1)
|U | + 1 may not be tight in general. For example, if U is

a subgroup of Z
∗
p of index 3, for p = 7, 13, 19, we have DU(p, 1) < 4.

(ii) The value of DU(p, d) for the case U = {1} is well known. In fact, this case corres-
ponds to the classical Davenport constant and the value is known for all finite abelian
p-groups [10]. We shall be using the result in the particular case in the next proposition.

Recall that the floor and ceiling functions are defined as follows. For a real number x, �x
denotes the smallest integer ≥ x, and, is known as the ceiling of x. Similarly, �x� denotes
the greatest integer ≤ x, and, is known as the floor of x.

PROPOSITION 2

Let A = {1, 2, . . . , r}, where r is an integer such that 1 < r < p. We have

(i) DA(p, d) ≤ ⌈ d(p−1)+1
r

⌉
.

(ii) We have

DA(p, d) >
⌊p

r

⌋
d.

Proof of (i). Write D = ⌈ d(p−1)+1
r

⌉
. Let S = a1, . . . , aD ∈ (Z/pZ)d be arbitrary.

Considering the sequence

S′ = (

r times
︷ ︸︸ ︷
a1, a1, . . . , a1,

r times
︷ ︸︸ ︷
a2, a2, . . . , a2, . . . ,

r times
︷ ︸︸ ︷
aD, aD, . . . , aD),

obtained from S by repeating each element r times, and observing that the length of this
sequence is at least d(p − 1) + 1 and thus, from Part (i) of Proposition 1, DU(p, d) =
d(p − 1) + 1 when U is the subgroup {1}, the result follows.
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Proof of (ii). Considering the sequence comprising each of

(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, . . . , 0, 1)

repeated
⌊p

r

⌋
times, let (t1, t2, . . . , td ) be a sum of some of the elements of this sequence

with weights ai from the set A = {1, 2, . . . , r}. If (0, . . . , 0, 1, 0, . . . , 0) with 1 at the i-th
place is involved in the sum, then we have 0 < ti ≤ �p

r
�r < p, and the result follows.

Remarks.

(i) If r divides (p − 1), then from Part (i) we have

DA(p, d) ≤
⌈

d(p − 1) + 1

r

⌉

= (p − 1)d

r
+ 1.

On the other hand, from Part (ii) we have

DA(p, d) >
⌊p

r

⌋
d = (p − 1)d

r
,

thus obtaining the exact value of DA(p, d) in this case.
(ii) Since the value of the classical Davenport constant is known for all finite abelian

p-groups [10] and for all finite abelian groups of rank 2 [11], it is clear that results

similar to the above proposition can be obtained for groups of the form (Z/pk
Z)

d
and

(Z/nZ)2, for positive integers k and n.

The following proposition generalizes some results in [5] and [4].

PROPOSITION 3

(i) For U = Z
∗
p, fU (p, d) = p + d, if d < p. In particular, fU(p, p − 1) = 2p − 1.

(ii) fU(p, d) ≤ d(p−1)
|U | + p if d <

p|U |
p−1 . In particular, fU(p, |U |) ≤ 2p − 1. Moreover,

if U is the group of quadratic residues, then for d ≤ (p − 1)/2, we have fU(p, d) =
p + 2d.

(iii) fU(p, 1) ≥ p − 1 + DU(p, 1) for any subgroup U of Z∗
p. Furthermore, the equality

fU(p, 1) = p − 1 + DU(p, 1) holds when DU(p, 1) = 1 + p−1
|U | .

Proof of (i). Let a1, . . . , ap+d ∈ (Z/pZ)d be arbitrary. Write ai = (ai1, . . . , aid) for all
i ≤ p + d. Considering the d + 1 polynomials

p+d∑

i=1

aijXi, j ≤ d

and

p+d∑

i=1

X
p−1
i ,
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it follows by the Chevalley–Warning theorem that there is a nontrivial solution Xi = xi ∈
Zp because the sum of the degrees is d + p − 1 < p + d. If I = {i: xi 
= 0}, we have
|I | = p because p + d < 2p. Therefore,

∑

i∈I

xiai = 0 ∈ (Z/pZ)d .

The fact that fU(p, d) > p + d − 1 follows by considering the following p-zero sum-free
sequence of length d + p − 1:

(0, . . . , 0), . . . , (0, . . . , 0)
︸ ︷︷ ︸

p−1 times

, (1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1).

Proof of (ii). This has a similar proof. Let a1, . . . , at ∈ (Z/pZ)d be arbitrary, where
t = d(p−1)

|U | + p. Let d <
p|U |
p−1 . Write ai = (ai1, . . . , aid) for i = 1, 2, . . . , t . Considering

the d + 1 polynomials

t∑

i=1

aijX
(p−1)/|U |
i , j ≤ d

and

t∑

i=1

X
p−1
i ,

the proof follows as before.
To see that fU(p, d) > p + 2d − 1 when U is the group of quadratic residues

and d ≤ (p − 1)/2, consider the sequence (0, . . . , 0) repeated p − 1 times, along
with the d elements (1, 0, . . . , 0), (0, 1, . . . , 0), . . . (0, 0, . . . , 1) and the d elements
(−t, 0, . . . , 0), (0, −t, . . . , 0), . . . (0, 0, . . . ,−t) where Z∗

p = U � tU . Clearly, it has no
zero-sum of length p with weights from U .

Proof of (iii). Clearly, a sequence of length DU(p, 1) − 1 which has no zero-sum sub-
sequence with weights in U can be augmented with the sequence (0, . . . , 0) repeated
p − 1 times and the combined sequence cannot contain a zero-sum subsequence of
length p. This proves the inequality fU(p, 1) ≥ p − 1 + DU(p, 1). Since the inequality
fU(p, 1) ≤ p + p−1

|U | was proved in (ii) above, one has equality in fU(p, 1) ≤ p + p−1
|U |

whenever DU(p, 1) = 1 + p−1
|U | .

Remarks. Similar to what we observed in the case of DU(p, d), one has that equality may
not hold in (ii) of the above proposition, in general. For instance, fU(7, 2) < 13 when U

is the subgroup of cubic residues.
Another method which is often useful in deducing results on zero-sums is to use the

Cauchy–Davenport theorem which states:
If A1, . . . , Ah are non-empty subsets of Zp, then

|A1 + · · · + Ah| ≥ min

(

p,

h∑

i=1

|Ai | − h + 1

)

.
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Using this, one has, for a1, . . . , ar ∈ Z∗
p and for a subset A of Zp, that

|a1A + · · · + arA| ≥ min(p, r|A| − r + 1).

In [4], it was shown that when n = p1p2 · · · pk is square-free and coprime to 6, then
fU(n, 1) = n + 2k. For prime n, this is a consequence of (ii) of Proposition 3 above —
in fact, an inductive argument can be used to deduce this result for general square-free n.
Now, we prove a generalization of Proposition 11 from [4] where subgroups more general
than the subgroup of squares are treated. This is the following:

PROPOSITION 4

(i) Let n = p1p2 · · · pk be odd and square-free and let Ui ≤ Z∗
pi

be nontrivial subgroups
for i = 1, . . . , k. Consider the subgroup U ≤ Z∗

n mapping isomorphically onto
U1 ×U2 · · ·×Uk under the isomorphism Z∗

n → Z∗
p1

×· · ·×Z∗
pk

given by the Chinese

remainder theorem. Suppose r ≥ max
{ pi−1

|Ui |−1 : i ≤ k
}
. Furthermore, let m ≥ rk

and let a1, . . . , am+(r−1)k be a sequence in Zn. Then, there exists a subsequence
ai1 , . . . , aim and elements u1, . . . , um ∈ U such that

∑m
j=1 ujaij = 0 ∈ Zn.

(ii) With n and U as above, fU(n, 1) ≤ n + k(maxi bi − 1), where bi = ⌈ pi−1
|Ui |−1

⌉
.

Proof. For the first part we proceed by induction on the number k of prime factors of n.
If k = 1, write n = p. If there are less than r terms among a1, . . . , am+r−1 which are

non-zero in Zp, then at least m of them are zero. Hence, taking m such ai’s and arbitrary
units u1, . . . , um the corresponding sum is zero. If, on the other hand, at least r among the
ai’s (say, a1, . . . , ar ) are in Z∗

p, then the above observation based on the Cauchy–Davenport
theorem shows that

|a1U + · · · + arU | ≥ min(p, r|U | − r + 1).

Now, p ≤ r|U | − r + 1 since it is given that r ≥ p−1
|U |−1 .

Hence, a1U + · · · + arU = Zp. So, there are u1, . . . , ur ∈ U such that

a1u1 + · · · + arur = −(ar+1 + · · · + am).

Thus, the choice ur+1 = · · · = um = 1 gives
∑m

i=1 uiai = 0. Thus, the case k = 1
follows.

Assume that k ≥ 2 and the result holds for smaller k.
Consider any sequence a1, . . . , am+(r−1)k in Zn.
Suppose first that, for each i ≤ k, at least r among the aj ’s are units modulo pi . Then

there is t ≤ rk ≤ m such that among a1, . . . , at there are at least r units in Zpi
for each

i ≤ k. So we have solutions of
∑m

j=1 aju
(i)
j ≡ 0 mod pi for i = 1, . . . , k and u

(i)
j ∈ Ui for

each j ≤ m. As U is a subgroup of Z∗
n corresponding to the product U1 × U2 × · · · × Uk

by the Chinese remainder theorem, the group U contains elements u1, . . . , um such that
uj ≡ u

(i)
j mod pi for i = 1, . . . , k. Therefore,

∑m
j=1 ujaj ≡ 0 mod n. We are done in

this case.
Now, consider the case when the sequence of ai’s contain less than r units mod

pi for some pi , say p1. Removing them, we have a sequence of m + (r − 1)k −
(r − 1) = m+ (r − 1)(k − 1) elements which are all congruent to 0 mod p1. By induction
hypothesis, the case k − 1 implies that there is a subsequence as1 , . . . , asm of this and
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elements u
(i)
1 , . . . , u

(i)
m ∈ Ui for each i ≥ 2 such that

∑m
j=1 u

(i)
j asj ≡ 0 mod pi for every

i ≥ 2. Since asj ’s are all 0 mod p1, it follows that
∑m

j=1 asj ≡ 0 mod p1. Choosing ele-
ments u1, . . . , um ∈ U by the Chinese remainder theorem, we have

∑m
j=1 ujasj ≡ 0 mod

pi for all i ≥ 1. Thus, we have
∑m

j=1 ujasj ≡ 0 mod n = p1p2 · · · pk . This completes
the proof.

Taking m = n, (ii) follows from (i); one simply uses the observation that n ≥ kr .

Remarks. As has been remarked following Proposition 3, the upper bounds in the above
proposition may not be tight. In fact, it can be checked that fU(13, 1) ≤ 15, where U is
the subgroup consisting of cubes.

Finally, we partially generalize the result f{1,−1}(n, 2) = 2n−1 proved in [1] for odd n.
The following proposition treats the problem for more general subgroups and for general d.
We obtain only an upper bound.

PROPOSITION 5

Let U be a subset of Z
∗
n closed under multiplication. Suppose that for each prime p

dividing n, the set {u mod p: u ∈ U} is a subgroup of Z
∗
p of order at least d. Then,

fU(n, d) ≤ 2n − 1.

Furthermore, equality holds when U = {1, −1}, d = 2 and n is odd.

Proof. This will be proved by induction on the number of prime factors of n (counted with
multiplicity). The prime case is covered by Proposition 3. Write n = ∏k

i=1 p
li
i . Start with

a sequence a1, . . . , a2n−1 of length 2n−1 in Z
d
n. Look at the subsequence a1, . . . , a2p1−1.

Since {u mod p: u ∈ U} is a subgroup of Z
∗
p of order at least d, Proposition 3(ii) gives a

p1-subsequence, say a1, . . . , ap1 and elements u′
1, . . . , u

′
p1

∈ {u mod p1: u ∈ U} such that
∑p1

i=1 aiu
′
i = 0 in (Zp1)

d . This means that
∑p1

i=1 aiui = p1b1 for some tuple b1. Keeping
away this p1-subsequence and working with the rest, we get another p1-sequence. We may,
in this manner, choose 2m − 1 such subsequences (where n = mp1) and corresponding
elements in U such that

(j+1)p1∑

i=jp1+1

aiui = pbj+1 for all 0 ≤ j ≤ 2m − 2.

Then, by induction hypothesis, one has elements v1, . . . , vm in U and a m-subsequence,
say b1, . . . , bm, so that

∑m
j=1 bjvj = mb0 for some d-tuple b0. Since U is closed under

multiplication modulo n, we will then have a pm-subsequence of the original sequence
and elements of U such that the sum is 0 mod n. The equality fU(n, 2) = 2n − 1 when
U = {1, −1} and n is odd is clear from considering the sequence (1, 0) repeated n − 1
times along with the sequence (0, 1) repeated n − 1 times as well.

Remarks.

(i) There are many examples of U satisfying the hypothesis of the above theorem apart
from U = {1, −1}, which was considered in [1]. For instance, the whole of Z

∗
n is

one such. More generally, if n = p1p2 · · · pr is square-free, then for any subgroups
Ui ≤ Z

∗
pi

, the Chinese remainder theorem gives us a subgroup U of Z
∗
n isomorphic to

the product of the Ui’s.
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(ii) Using the above method, one can also prove the following result about the Davenport
constant. If n = ∏k

i=1 p
li
i is the prime factorization of n, then

DU(n,r)(n, d) ≤
k∏

i=1

DU(pi,r)(pi, d)li ≤
k∏

i=1

(
d(pi − 1)

(pi − 1, r)
+ 1

)li

.

Here, we have denoted by Z
∗
n, the group of units of Z/nZ and, for r ≥ 1, write

U(n, r) = {ur : u ∈ Z
∗
n}. Note that |U(pi, r)| = pi−1

(pi−1,r)
.

Acknowledgement

We are indebted to the referees for pointing out a small gap in the earlier version of
Proposition 1(iii). The corresponding author is particularly appreciative of the referee’s
meticulous comments which helped them correct some mathematical typos as well as
several punctuation errors.

References

[1] Adhikari S D, Balasubramanian R, Pappalardi F and Rath P, Some zero-sum constants
with weights, Proc. Indian Acad. Sci. (Math. Sci.) 118(2) (2008) 183–188

[2] Adhikari S D and Chen Y G, Davenport constant with weights and some related ques-
tions II, J. Combin. Theory A115(1) (2008) 178–184

[3] Adhikari S D, Chen Y G, Friedlander J B, Konyagin S V and Pappalardi F, Contributions
to zero–sum problems, Discrete Math. 306 (2006) 1–10

[4] Adhikari S D, David C and Urroz J J, Generalizations of some zero-sum theorems,
Integers, Electronic J. Combinatorial Number Theory 8 (2008) A52

[5] Adhikari Sukumar Das and Rath Purusottam, Davenport constant with weights and some
related questions, Integers 6 (2006) A30

[6] Alon N and Dubiner M, A lattice point problem and additive number theory, Combina-
torica 15 (1995) 301–309

[7] Grynkiewicz D J, Marchan L E and Ordaz O, A weighted generalization of two theorems
of Gao, Preprint

[8] Harborth H, Ein Extremalproblem für Gitterpunkte, J. Reine Angew. Math. 262/263
(1973) 356–360

[9] Kemnitz A, On a lattice point problem, Ars Combin. 16b (1983) 151–160
[10] Olson J E, A combinatorial problem in finite abelian groups, I, J. Number Theory 1 (1969)

8–10
[11] Olson J E, A combinatorial problem in finite abelian groups, II, J. Number Theory 1

(1969) 195–199
[12] Reiher Christian, On Kemnitz’s conjecture concerning lattice-points in the plane,

Ramanujan J. 13(1–3) (2007) 333–337
[13] Rónyai L, On a conjecture of Kemnitz, Combinatorica 20(4) (2000) 569–573
[14] Yuan Pingzhi and Zeng Xiangneng, Davenport constant with weights, European J. Com-

bin. 31(3) (2010) 677–680



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


