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98.03 Explicit solutions of ¢ (m) = k!
In [1] PeterShiu consideredhe equationsp (m) = k! ando (n) = k!.

He discussednterestingalgorithmsfor eachof theseequationsFor several
years(atleastsince1995),1 hadknowna way of gettinganexplicit solution
for the former which | have been sharing with  mathematicsolympiad
studentsThe paper[2] not only mentionsthis methodbut goeson to prove
thatthereareinfinitely manycommonvaluesof the ¢ andthe ¢ functions.
Since Shiu commentsin [1] that it is unknownwhetherthe rangesof the
totientfunctionandthe ‘sum of divisors’ function haveinfinite intersection,
| thoughtit would be a goodideato draw attentionto [2] andalsorecall my
simple explicit solution for the readers of {Bazette

We recall just one definition. For a positive integern > 1 with the
r

prime decompositiom = ,Hl p, theradical of n, denotedby rad(n), is the
| =

product,lL[1 p;; it is the largest square-free divisonnf
I=

Theorem Letn = ,lLll p% > 1 bea positiveinteger. If ¢ (rad(n)) divides
i=
n, theng (n) dividesn? and

nZ
¢(¢<n)) -

Further,&—i) is the uniquesolutionin this casewhich shareghe sameprime
divisors withn.

As we shall see,eachn = k! satisfiesthe hypothesisof the theorem;
thatis, we claim that ¢ (rad(k!)) divides k!, so thatwe havethe following
result.

Corollary: For any positive integes; ¢ (k!) divides(k!)?, and

(k!)z)
= k.
¢(¢(k!>

Further, the positive integer% is the unique solution which sharesthe

same prime divisors witk! .

Proof of the corollary: We claim that ¢ (rad(k!)) divides k!, so that the
theoremwill apply to yield the corollary. To provethe claim, first notethat
a prime number p divides k! if, and only if, p < k. So, if
p: < p2 <... < p aretheentiretyof prime numbersnot exceedingk, then
we may write

:
kI = pr’“.

*

Please clarify the meaning of this sentence.
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Also, the positive integer rad(k!) = ,lLllp. satisfies the property that
I=

¢ (rad(k!)) = _ﬁlg divides k! sinceeachp, — 1 occursasa distinct term
i=
ink! = k(k - 1)(k - 2)... 2 x 1.
This proves the claim. Hence the corollary follows from the theorem.

Proof of the theorem As ¢ (rad(n)) = ,lfIl(pl — 1) is assumedo divide
n= ,lL[1 P&, we may write
i=
r r

p(radm) = [T - 1) = JTo

i=1 i=1
with0 < b < a.
Then we have
n? ! p%ai _ lL[nai—bi+l

o i e -1 LY
which is an integer. Thus,(n) dividesn?.
Further, we have
n2
¢(¢(n)
Also, if ¢ (rad(n)) divides n, then evidently both ¢,“(—f1) andn havethe same
prime factorgy, ..., pr.

Converselyjf m = [Ii_, p® hasthesameprimefactorsasn (soc; > 0
for alli), then

r

=T =] (-1 =] =n
1 i=1 i=1

m L 1 n
g~ 11

% () 1-1/p o)
Hence, ifp (m) = n, then we haven = %=
This completes the proof.

Remark We commentvery briefly on the proof of the corollary. Note that,
if py, ..., pr are primesdividing a certainnumbern suchthateachp, — 1
dividesn aswell, then,in general,someconditionson n arerequiredif we

areto asserttruthfully that the productiljl (p - 1) dividesn. The special

nature of a numbaer of the formk! is what makes the proof work.

For example,look at n = 18!. The primes dividing 18! are all the
primes less than 18, that is, 2, 3, 5, 7, 11, 13, 17. Now, the product

2-D)BE-DGB-1)(7-1)(11-1)(13-1)(17-1)=1.24.6.10.12.16
divides 18! because each factor appears in
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18! = 1817.16.15.14.13.12.11.10.9.8.7.6.54.3.2.1.
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