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98.03 Explicit solutions of φ (m) = k!
In [1] PeterShiu consideredtheequations and .

He discussesinterestingalgorithmsfor eachof theseequations.For several
years(at leastsince1995),I hadknowna way of gettinganexplicit solution
for the former which I have been sharing with mathematicsolympiad
students.The paper[2] not only mentionsthis methodbut goeson to prove
that thereare infinitely manycommonvaluesof the andthe functions.
SinceShiu commentsin [1] that it is unknownwhetherthe rangesof the
totient functionandthe ‘sum of divisors’ functionhaveinfinite intersection,
I thoughtit would bea goodideato drawattentionto [2] andalsorecallmy
simple explicit solution for the readers of the Gazette.

φ (m) = k! σ (n) = k!

φ σ

We recall just one definition. For a positive integer with the

primedecomposition , the radical of , denotedby , is the

product ; it is the largest square-free divisor of .

n > 1

n = ∏
r

i = 1
pai

i n rad(n)

∏
r

i = 1
pi n

Theorem: Let bea positiveinteger. If divides

, then  divides  and

n = ∏
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i > 1 φ (rad(n))
n φ (n) n2

φ ( n2

φ (n)) = n.

Further, is the uniquesolutionin this casewhich sharesthesameprime
divisors with .*

n2

φ(n)
n

As we shall see,each satisfiesthe hypothesisof the theorem;
that is, we claim that divides , so that we havethe following
result.

n = k!
φ (rad(k!)) k!

Corollary:  For any positive integer ,  divides , and k φ (k!) (k!)2

φ ( (k!)2

φ (k!)) = k! .

Further, the positive integer is the unique solution which sharesthe
same prime divisors with .

(k!)2
φ(k!)

k!

Proof of the corollary: We claim that divides , so that the
theoremwill apply to yield thecorollary.To provetheclaim, first notethat
a prime number divides if, and only if, . So, if

are theentiretyof prime numbersnot exceeding , then
we may write

φ (rad(k!)) k!

p k! p ≤ k
p1 < p2 <… < pr k

k! = ∏
r

i = 1

pai
i .

* Please clarify the meaning of this sentence.
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Also, the positive integer satisfies the property that

divides sinceeach occursas a distinct term

in .

rad(k!) = ∏
r

i = 1
pi

φ (rad(k!)) = ∏
r

i = 1
pi k! pi − 1

k! = k (k − 1) (k − 2)… 2 × 1
This proves the claim. Hence the corollary follows from the theorem.

Proof of the theorem: As is assumedto divide

, we may write

φ (rad(n)) = ∏
r
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with .0 ≤ bi ≤ ai

Then we have
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i ,

which is an integer. Thus,  divides .φ (n) n2

Further, we have

φ ( n2

φ (n)) = ∏
r

i = 1

φ (pai − bi + 1
i ) = ∏

r

i = 1

pai − bi (pi − 1) = ∏
r

i = 1

pai = n.

Also, if divides , thenevidentlyboth and havethe same
prime factors . 

φ (rad(n)) n n2

φ(n) n
p1, … , pr

Conversely,if hasthesameprimefactorsas (so
for all ), then

m = ∏r
i = 1 pci

i n ci > 0
i

m

φ (m)
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1 − 1/ pi
=

n

φ (n)
.

Hence, if , then we have .φ (m) = n m = n2

φ(n)

This completes the proof.

Remark: We commentvery briefly on theproof of thecorollary.Note that,
if are primesdividing a certainnumber suchthat each
divides aswell, then,in general,someconditionson arerequiredif we

areto asserttruthfully that the product divides . The special

nature of a number  of the form  is what makes the proof work.

p1, … , pr n pi − 1
n n

∏
r

i = 1
(pi − 1) n

n k!
For example,look at . The primes dividing 18! are all the

primes less than 18, that is, 2, 3, 5, 7, 11, 13, 17.  Now, the product
n = 18!

(2 − 1)(3− 1)(5− 1)(7 − 1)(11 − 1)(13− 1)(17− 1) = 1.2.4.6.10.12.16

divides 18! because each factor appears in
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18! = 18.17.16.15.14.13.12.11.10.9.8.7.6.5.4.3.2.1.

Acknowledgment: Theauthorwould like to thankananonymousrefereeand
the editor for their input which made the proofs more transparent;in
particular, they suggested including an example, as in the above remark.
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