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Abstract

Combinatorial Design Theory is a branch of combinatorial mathematics which
underlines the study of existence, construction and properties of finite sets
whose arrangements satisfy some generalized concepts of balance and sym-
metry.We focus primarily on Balanced Incomplete Block Designs.

In this report, we deal with three chapters of which the first chapter
deals with introduction to block designs and we mainly see the definition and
properties of a particular kind of design, Balanced Incomplete Block Designs
or BIBD’s. Secondly, we shift our focus to explore a particular kind of BIBD,
called symmetric BIBD’s and we see the necessary and sufficient conditions
for the existence of the same using the results from number theory. Finally
we study the concept of difference sets and how it is related to symmetric
BIBD’s. We conclude the report with the proof of the multiplier theorem
which uses results from algebra.

Through these three chapters we get an idea of block designs and its
various properties. An interesting application of the same is construction
and properties of sudoku.
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Chapter 1

Balanced incomplete block
designs

1.1 Design theory

What is design theory and what are its applications? Combinatorial design
theory deals with questions about whether it is possible to arrange elements
of a finite set into subsets such that certain balance properties are satisfied.
There are different types of designs like balanced incomplete block designs
(BIBD), pairwise balanced designs, orthogonal Latin squares and so on. The
fundamental questions in this area are those of existence and construction of
certain kind of designs. Designs have many other applications in mathemat-
ical biology, scheduling lotteries, cryptography and so on.

Here we will explore a special kind of design called balanced incomplete block
design or BIBD.

1.2 Basic Definitions And Properties

Definition 1.2.1 Design

A design is a pair (X, .A) such that the following properties are satisfied:
1. X is a set of elements called points.

2. Ais a collection(i.e a multiset) of nonempty subsets of X called blocks.



If two blocks in a design are identical then it is called repeated blocks.
Hence A is ultiset of blocks rather than a set. To list the elements of
a multiset ,I]]@rtotation is used. If a design contains no repeated blocks, it
is called a simple design. Here all the elements of the multiset has mul-
tiplicity one and hence is a set. For example, [1,2,3,4] = {1,2,3,4} but
11,2,3,4,3] #{1,2,3,4,3} = {1,2,3,4}. Order of elements is irrelevant in a
multiset as with a set.

Now, we will see a particular kind of design which is called a balanced in-
complete block design which we will further study.

Definition 1.2.2 Balanced Incomplete Block Design(BIBD)

Let v, kand A be positive integers such that v > k > 2. A (v, k, A)-balanced
incomplete block design or (v, k, \)-BIBD is a design (X,.A) such that the
following properties are satisfied:

L | X|=v
2. Each block contains exactly k points.
3. Every pair of distinct points is contained in exactly A blocks.

The third property in the definition is called the "balance” property. It is
called incomplete block design since k < v and hence all blocks are incom-
plete. Thus a block design is not merely a collection of subsets of a set, but
is an array of objects and blocks with a relation telling which objects belong
to which blocks. A design may contain repeated blocks if A > 1.

Example @3 (7,3,1)-BIBD
X =1{1,2,3,4,5,6,7} , and
A = {123, 145,167, 246, 257,347, 356}
The blocks can be represented as six lines and a circle.
Exae 1.2.4 (9,3,1)-BIBD
X ={1,2,3,4,5,6,7,8,9}, and

A = {123,456, 789, 147,258, 369, 159, 267, 348, 168, 249, 357}
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The blocks of this BIBD can be represented as eight lines and four triangles.
The blocks can also be separated as four sets of three, where each of these
four sets covers all the points of BIBD.

Example E;)iﬁ
Let A con of all k-subsets of X. Then (X, A) is a (v, k, (}_2))-BIBD.

@ets now see two theorems which will give us more basic properties of BIBD.

Theorem 1.2.6 In a (v, k, \)-BIBD, every point occurs in exactly r = ’\(:T_ll)
blocks; where r s called the replication number of BIBD.

Proof: Let (X,A) be a (v, k, A\)-BIBD. Let € X and r, be the number of
blocks containing x. Define a set

I={(y,A):yeX,y#z,Ac A{z,y} CA

We compute |/] i@o ways.
There (v —1) to choose y # x € X, and for each y, there is exactly A
blockssuch that {z,y} C A. Hence,

=Av—1).

Secondly, there are r, blocks © € A. For each A, there are k — 1 ways to
choose y € A and y # x. Hence,

1] = (k= 1)

Combining these two equations of |I], we get

AMov—1)=r.(k—1).

Hence, 7, = %
We see that r, is independent of x and any element is contained in exactly r
number of blocks. O

Theorem 1.2.7 A (v, k, \)-BIBD has exactly

b_ﬁ_)\(zﬂ—v)
ok k2—k

blocks.
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Proof: Let (X, .A) be a (v, k, \)-BIBD and let b = | A|. Define a set
I={(z,A):xe X,Ac Az e A}

We compute |/] in two ways.
Firstly, there are v ways of choosing an element x € X. For each x, there
are exactly r blocks such that x € A. Hence,

\I| =vr

Secondly, there are b blocks A € A. For each block A, there are k ways to
choose = € A. Hence,
|I| = bk

Combining the two equations we have, bk = vr. Hence,

or
b= —
k

Substituting the value of r from the above theorem |,

or - Av? =)

as desired. O
To record all the five parameters we use the notation (v,b,r, k,A). Since
b and r are integers, these values will help us conclude that BIBD’s with
certain parameters do not exist.

Corollary 1.2.8 If a (v,k,\)-BIBD euists, then A(v —1) =0 (mod k — 1)
and (v —1) =0 (mod k(k —1)).

Proof: It is clear that b and r must be integers since they indicate the
number of blocks and the replication number respectively.
Since A(v — 1) =r(k—1), (v —1) =0 (mod k —1).

Similarly, since b = )‘5:22__’:), Av(v—1) =0 (mod k(k —1)). O

For example, a (8,3, 1)-BIBD does not exist, since A(v—1) =7 # 0 (mod 2).
Also a (19,4, 1)-BIBD does not exist since Av(v — 1) =342 # 0 (mod 12).



1.3 Incidence Matrices

Incidence matrices are a convenient way of expressing BIBD’s in a matrix

form.

Definition 1.3.1 Incidence Matrix

Let (X, A) be a design where X = {z1,...,2,} and A = {A;,..., A}. The

incidence matrix of (X, A) is the v x b 0-1 matrix M = (m, ;) defined as
(mis) = { 0 ifa; ¢ A

From the definition and properties of a BIBD, it is clear that the incidence
matrix M of a (v,b,r, k, \)-BIBD satisfies the following properties.

1. every column of M contain exactly k '1’s.

2. every row of M contain exactly r '1’s.

3. two distinct rows of M contain both '1’s in exactly A columns.
Example 1.3.2

The incidence matrix of the (9,3,1)-BIBD is a 9 x 12 matrix which is repre-
sented as follows:

1001001O0O01O0O0
10001001O0O0T1O0
100001O0O01O0O0T1
010100O0O01O0T10
M=1010010100001
010001010100
001100O01O0O0O0°T1
0010100O01T1O00O0
0010011O0O0O0T120

Let I,, denote the n x n identity matrix, J, denote an n X n matrix in
which every entry is 1 and let u,, denote a vector of length n in which every
coordinate is 1. For a matrix M = (m;;), we define transpose of M, denoted
by M7, to be the matrix whose (j,4) entry is m; ;.

Now we will see a property of incidence matrices of BIBD’s.



=

Theorem 1.3.3 Let M be av xb0—1 matrixz and let 2 < k <wv. Then M
is the incidence matriz of a (v,b,r,k, \)-BIBD if and only if

MM" = X\J, + (r — N1,
and u,M = ku,.

Proof: Let (X, .A) be a (v,b,r,k, )\@BD, where X = x1,...,2, and A =
Ay, ..., Ay. Let M be its incidence matrix. Then if M M7 = B, then the
element b;; of matrix B is the inner product of ith row of M with jth row of
M. Every element on the main diagonal , b; of B counts the number of 1’s
in the 7th row of M, which gives in how many blocks a particular element is
present, which is r. But if 7 # 4, then both the ith and jth rows have a 1 in
the same column if and only if both z; and z; belong to the same column.
And we have any pair of elements is present in exactly A\ blocks, so every off
diagonal entry of B is A\. Therefore,

roA ..
AT oA

MMT =1 . = A+(r= N (1.1)
A A ...r

u, M is a 1 x b matrix whose ith entry counts the number of 1’s in ith column,
which is k. Hence, u,M = ku,.

Conversely, suppose that M is a v x b 0 — 1 matrix such that M M7 =
Ay + (r — A1, and u,M = ku,. Let (X, .A) be a design whose incidence
matrix is M. Since M is a v x b matrix, |X| = v and |A| = b. From the
second condition, it follows that every block of A contains k points. From
the first condition, it follows that every point occurs in r blocks and every
pair of points occurs in A blocks. Hence (X, .A) is a (v, b,r, k, \)-BIBD. O

The above relation
MM = X\J, + (r — NI, (1.2)

can also be written as a relation on quadratic forms. Let xi,...,z, be the
points, and we associate the linear form L; to the blocks A;, and m; ; be the
incidence numbers; where

Lj:Zmijxi, 1§j§b
i=1
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Let us define x = (z1,...,7,) and we will multiply both sides of equation
(1.2) by  on the left and by z” on the right. We can see here that z is a
1 x v matrix and both sid{¢ Df equation (1.2) are v X v matrix.
We first see how LHS will result into after the above operation:

eMM" 2" = (xM)(xM)"

M = (xymql4+xomal+- - Hx,myl, ... xymib+romob+- - -+x,m,b) = (Lq,...,Ly) = L,say

Hence,

b
eMM"2" =LL" =Y " L%
j=1

Now, we see how RHS would look like:

r(Ny + (r = N 1)z" = AeJyo’ + (r — Nzat.

v

v
xJ, = (Z Tiyo o, Z x;) v coordinates and
i=1

=1

T
v v
T2
\eJyzt = )\(E x@-,...,g ) | .
i=1 i=1 :
Ty
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Hence equation (1.2) now transforms into

2

b v
SNL=XO )+ =N 2

j=1 i=1 i=1

which is the relation on quadratic forms. @
We will use this relation later on in the next chapter when we prove the
necessity and existence conditions.

We will now give the definition of a different kind of design known as
pairwise balanced design.

Definition 1.3.4 Pairwise Balanced Design

A pairwise balanced design or PBD is a design (X, .A) such that every pair
of distinct points occur in exactly A blocks, where X is a positive integer.
Further, (X,.A) is a regular pairwise balanced design if every point in X
occurs in exactly r blocks A € A, where r is a positive integer.

@ A PBD (X, A) is allowed to contains blocks of any size. If (X,.A) con-
sists only of blocks of size | X| (complete blocks), then it is said to be a trivial
pairwise balanced design. And if it contains no complete blocks,it is a proper
pairwise balanced design.

PBD’s are those designs whose incidence matrices satisfy just the first con-
dition of the above theorem , which we will restate here.

Theorem 1.3.5 Let M be a v x b 0 — 1 matriz. Then M 1is the incidence
matriz of a reqular pairwise balanced design having v points and b blocks if and
only if there exist positive integers r and \ such that MMT = X\J,+(r—\)1,.

Proof: ~ The proof follows from the proof of the above theorem, whose
proof does not require the size of each block. Since size of each block is not
constant, the second condition of the above theorem does not hold here. [

Example 1.3.6
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An example to illustrate the above example: Consider the 6 x 11 matrix:

101110000O010
10000111000
M- 100000O0O0T1T11
01 1001O00O01O00O0
01010010010
01 0010O01O0QO0T1

This matrix M is the incident matrix of the regular pairwise balanced design
X =1,2,3,4,5,6, and
A = {123,456, 14,15, 16, 24, 25, 26, 34, 35, 36 }

Here, v = 6,b = 11,7 = 4 and A = 1. The design is not a BIBD because
every block does not have the same size. Also it is easily verified that
MMT = J,+ 3L, = M\, + (r — NI, and ugM = (3,3,2,2,2,2,2,2,2,2,2)
and ugM # ku, for any integer k.

Now we will see what a dual design is and give its basic property.
Definition 1.3.7 Dual Design

Suppose (X, .A) be a design with |X| = v and |A = b| and let M be the v x b
incidence matrix of (X,.4). Then the design having M7 as its incidence
matrix is called the dual design of (X, .A).

If (Y, B) is the dual design of (X, .A),then |Y| =10, |B| = v.

Theorem 1.3.8 Suppose that (X, .A) is a (v,b, 7, k,\)-BIBD, and let (Y, B)
be the dual design of (X,.A). Then the following properties hold:

1. every block in B has size r
2. every point in'Y occurs in exactly k blocks, and
3. any two distinct blocks B;, Bj € B intersect in exactly \ points.

Proof: ~ Since M7 is the incidence matrix of (Y,B), 1 holds since every
column of M7 has r number of 1’s. 2 holds since every row of M7 has k

number of 1’s and 3 holds since every distinct pair of elements is contained
in A number of blocks. OJ



1.4 Isomorphisms And Automorphisms
Definition 1.4.1 Isomorphisms of Designs

Suppose (X, A) and (Y, B) are two designs with |X| = |Y]. (X,.A) and (Y, B)

are isomorphic if there exist a bijection o : X — Y such that

Ha(x):xz e A}A € Al = B.

If we rename every point x by a(z), then the collection of blocks A is trans-
formed into B. The bijection « is called an isomorphism.
We will now see how the incidence matrices of isomorphic designs are related.

Theorem 1.4.2 Suppose M = (m; ) and N = (n; ;) are both v x b incidence
matrices of designs. Then the two designs are isomorphic if and only if there
exist a permutation v of {1,2,...,v} and a permutation 5 of {1,2,..., b}
such that

M5 = Ty (3),8(7)

foralll<i<wv,1<j5<hb.

Proof:  Suppose that (X,.A) and (Y,B) are designs having v x b inci-
dences matrices M and N respectively. Suppose that X = {xq,...,2,},Y =
{n, .. ph A={A, ... A4}, B=DB,, ... B}

Suppose (X, A) and (Y, B) are isomorphic. Then 3 a bijection a : X — Y
such that [{a(z) : 2 € A}A € Al = B. For 1 <i <wv, define

v(2) = j if and only if a(z;) = ;.

Since « is a bijection of X and Y, v is a permutation of {1,...,v}.
Let {a(z) : v € A;} = Bgj). .. 3 a permutation § of {1,...,b} for 1 < j <b,
since « is an isomorphism of (X, .A4) and (Y, B).

Now,
my;,; = 1
— z, €4
= YyG4) € Bag)
< Ny(i),8(j)

1



Conversely, suppose we have permutations v and 3 such that m; ; = n) 5;) Vi, J.
Define o : X — Y such as a(x;) = z; if and only ify(i) = j. Then,

H{a(x):x€e A}Ac Al =B
for 1 < j <b. Hence « defines an isomorphism of (X, .A and (Y, B). O

A permutation matriz is a 0 — 1 matrix in which every row and every
column contain exactly one entry '1’.
We will use permutation matrix to give one more theorem relating incidence
matrices of isomorphic designs.

Corollary 1.4.3 Suppose M and N are incidence matrices of two (v, b, r, k, \)-
BIBDs. Then the two BIBDs are isomorphic if and only if there exists a v X v
permutation matrix, say P, and a b X b permutation matrix, say QQ, such that

M = PNQ.

Proof: Let P be the matrix whose (i, 7(i))th entry is 1 and rest entries are
all 0. And let R be the matrix whose (j, 3(j))th entry is 1 and rest entries are
all 0. And let RT = Q. Clearly P and ) are permutation matrices. PN is a
rearrangement of rows of N which correspond to the action of the bijection
on points. Post multiplying by @) gives a rearrangement of columns, but no
columns are changed and the structure is preserved. [0 After defining
isomorphic designs we define when designs are automorphic.

Definition 1.4.4 Automorphism Of Design

Suppose (X,.A) be a design. An automorphism of (X, .A) is an isomorphism
of this design with itself. Here « is a permutation of X such that

Ha(z):z e A} : Ae Al = A.

A permutation « on a set X can be represented as disjoint cycle represen-
tation. Each cycle has the form

(z,a(x), a(a(x)),...)

for some x € X. The cycles thus obtained are disjoint and they have lengths
that sum upto | X|. Order of the permutation « is the least common multiple
of the lengths of cycles in the disjoint cycle representation. A fized point of
a is the point = such that a(z) = x, which will correspond to those cycles
which have length 1.



The set of all automorphisms of a BIBD (X,.4) forms a group under the
operation of composition of permutations. This group is called the automor-
phism group of the BIBD and is denoted Aut(X,.A). Aut(X,.A) is a subgroup

of the symmetric group S)x.

1.4.1 Constructing BIBDs with specified automorphisms

Here we finally reach a theorem to show the existence or non existence of a
BIBD having specified automorphisms.
Let S, denote symmetric group on a V-set. For a positive integer j < v, let
()j() be the set of all (;})j subsets of X. For Y C X and for a permutation
b e S, let

BY) = {B(x) 12 € Y}

Suppose G is a subgroup of S,. For positive integer j < v, for A, B € (f),
define A ~; B if f(A) = B for some f € G.

1. Identity permutation fixes A, hence ~; is reflexive.

2. Let B(A) = B for some 8 € G, then 71(B) = A, since 37! € G.

Hence ~; is symmetric.

3. Let 51(A) = B and 5(B) = C for some 3, 52 € G. Hence Sy05,(A) =
B2(B) = C. Since G is a subgroup (3 o 51 € GG. Hence transitive.

.. ~j is an equivalence relation on ()]( ) The equivalence classes of this relation
are called j-orbits of X with respect to G. Hence 5(A) = B for some 5 € G
if and only if @ and B are in the same orbits of G and the j-orbits form a
partition of the set ();)

We state the following lemma without proof.

Lemma 1.4.5 (Cauchy-Frobenius-Burnside Lemma) The number of j-
orbits of X with respect to the group G is exactly

1
= D fix(B)
where for each B € G,

x(9) = |(a e (V) 5t - )



Let Oq,..., O, be the k-orbits and let Py, ..., P,, be the 2-orbits of X.
The n x m matrix Ao is defined as :For 1 < j < m, let Y; be a 2-subset.
Then for 1 < i <mn, (i, j)th entry of Aj.denoted by a;; is

Lemma 1.4.6 Suppose Oq,...,0, be the k-orbits and P, ..., P,, be the 2-
orbits of X with respect to the group G. Suppose that Y,Y' € P; for some j
and suppose 1 <1 <n. Then

{A€ O Y CAY={Ac O, Y C A}

Proof:  Since Y,Y' € P;,3p € G such that f(Y) = Y'. VA € O, such
that Y C A, B(Y) C B(A) = Y’ C B(A). Since f is a permutation
B(A) # B(B) if A # B.

. VA € O; such that Y C A, we have A" = $(A) € O, such that Y C A’
and the blocks 5(A) are all distinct. Hence,

HA€O,:Y CA} <|{A€O;:Y' C A}

Opposite inequality is attained by interchanging Y and Y’ and replacing
with 1. And the result is obtained by combining these two inequalities.
OJ

Through the above lemma it can be seen that a;; is independent of the orbit
representative Y; chosen.

Theorem 1.4.7 (Kramer-Mesner Theorem) There exists a (v, k,\)-BIBD
having G as the subgroup of its automorphism group if and only if there exist
a solution z € Z" to the matriz equation

ZAkg = )\um
where z h@n negative entries.

Proof: 'We provide an outline of the proof. Suppose that z = (21, 29, ..., 2,)
is a non negative integral solution to zAj 2 = Au,,. Define

1=1
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i.e A is formed by taking z; copies of every block in O; for 1 <7 < n. Hence
(X, A)isa (v, k, \)-BIBD having G as a subgroup of its automorphism group.
Conversely, suppose that (X, .A) is the desired BIBD. Then A must consist
of a multiset union of the orbits O;,1 < i < n. Let z; denote the number of
times each of the blocks of the orbit O; occurs in A; then z = (z1,...,2,) is
a non negative integral solution to the zAy o = Au,,. O

The BIBD is simple if and only if the vector z € {0, 1}".

1.5 New BIBD’s from Old

Here we state two methods of constructing new BIBD’s from old.

Theorem 1.5.1 (Sum Construction) Suppose there exists a (v, k, \;)-BIBD
and a (v, k,\y)-BIBD. Then there exists a (v, k, \; + \o)-BIBD.

Corollary 1.5.2 Suppose there exists a (v,k, \)-BIBD. Then there exists a
(v, k, sX\)-BIBD for all integers s > 1.

Theorem 1.5.3 (Block Complementation) Suppose there exists a (v,b,r, k, \)-
BIBD, where k < v—2. Then there also exists a (v,b,b—r,v—k, b—2r+\)-
BIBD.

Proof: Suppose (X, A)isa (v,b,r, k, A\)-BIBD. Then block complementation
is done by replacing every block A € A by X \ A. We will show that

(X, {X\A:A¢€ A})is aBIBD. Clearly this design has v points and and b
blocks, and every block has v — k > 2 points and every point occurs in b — r
blocks. We need to show that every pair of points occurs in exactly b—2r+ A
blocks.

Let z,y € X,z # y. Define

ap={AeA:z,ye A}
aa=H{AcA:xeAy¢ A}
az={AecA:x¢ Ayec A}
ar=H{AcA:x¢ Ay A}l

Now,
ap =Na+ay=r=a +as, a1 +ar+as+ags=>0



Solving these equations gives
ag=b—2r+ X\

which is the number of blocks every pair of points occur. 0

1 @ Fisher’s Inequality

Fishers’s inequality is yet another important property of a BIBD, which
inturn will help us to say BIBD’s certain parameters do not exist.

Theorem 1.6.1 (Fisher’s Inequality) In any (v,b,r, k,\)-BIBD , b > v.

Proof:  Let (X,A) be a (v,b,r,k,\)-BIBD,where X = {z1,...,2,} and
A= {A,...,Ay}.Let M be the incidence matrix of this BIBD and s; be
the jth row of M7T.It can be seen that s, ...,s; are all v dimensional vector
spaces in R". @

Define S = {s; : 1 <j < b} and S =span(s; : 1 < j <b). S is the subspace
of R” spanned by the vectors s;’s;

b
S:{ZaijZOél,...OébER}
(=)

S consists of all linear combination of vectors sy, ..., S.

For 1 <17 < v, let e; € RY be the vector with 1 in the ¢th coordinate
and 0 in all the other coordinates. The vectors eq,...,e, form a basis of
R", so every vector in RY can be expressed as a linear combination of these
v vectors. It is clear that every vector of S can be expressed as a linear
combination of the above v vectors. Hence S C R".

Now
b

Zsj:(r,...,r) -

j=1 j=1

s;=(1,...,1) (1.3)

For a particular value of 7,1 < i < v;

Z s;=(r—XNe + (A ..., (1.4)

{7xi€A;}
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Since A(v—1) = r(k—1) and v > k, it follows that » > X\ and hence r—\ # 0.
Combining equations (1.1) and (1.2), we get

1 A
e = Z S Zl msj (1.5)

. r
R

Equation (1.3) expresses e; as a linear combination of sy, ...,s;. Hence e; €
SvVvi<i<wv..R'CS

Hence S = RY; i.e the b vectors in S span the vector space R”. Since R"
has dimension v and is spanned by a set of b vectors, it must be that b > v;
which is the desired result.

Fisher’s inequality can also be proved in a different way by calculating
determinant of the matrix in equation (1.1).

r oA ... A

AT A
detB = det

A A oo

Subtracting column 1 from all the others from the above matrix, we get

rA—1r ... A—r1

A Tr—X ... 0
detB=det|A O ... 0

A 0 .o T = A

Now adding 2,3, ..., v-th row to the first row we get,

r+Av—=1) 0 0o ... 0

A r—A 0 0

detB = det A 0 r—Xx ... 0
A 0 r—A\

Now we can see that, the entries above the main diagonal are all 0. Hence
determinant is product of the main diagonal elements. Hence

detB = (r — \)""'(r 4+ v —X)



If r = A, each object occurs in r blocks , and each object paired with every

other object also occurs in r blocks and hence every block contains all the v
elements and the design is trivial.

, 7> Xand B is non singular. 7ris of rank atmost b while B is of rank v.

nd rank of the product matrix cannot be more than rank of either matrix

and hence b > v and hence r > k, which is the fisher’s inequality proved

using property of incidence matrices.@\’h O
We will now see how Fisher’s inequlaity holds for PBD’s.

Theorem 1.6.2 In any nontrivial reqular pairwise balanced design, b > v.

Proof: From the above proof, the fact that all the blocks having the same
size is not used in the proof. Hence Fisher’s inequality can be applied to
regular pairwise balanced design in which » > A. And a regular PBD has
r > X if and only if it is not a trivial PBD. Therefore Fisher’s inequality is
valid for all regular nontrivial PBDs. 0

In this chapter we dealt with balanced incomplete block designs, its prop-
erties and incidence matrices. Also we saw when two designs are said to be
isomorphic and when BIBD with specified automorphisms exist. We will fur-
ther see what symmetric BIBD’s are and see some main results which deals
with necessary and sufficient conditions for the existence of BIBD’s.
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Chapter 2

Symmetric BIBD’s

In the previous chapter we saw what is a BIBD and its properties. In this
chapter we specialize what a symmetric BIBD is. The main section of this
chapter is the Bruck-Ryser-Chawla theorem which deals with the necessary
and sufficient conditions for the existence of a symmetric BIBD.

Let us first see what is a symmetric BIBD.

Definition 2.0.3 Symmetric BIBD

A BIBD in which b = v is called a symmetric BIBD.
Since bk = vr, and b = v for a symmetric BIBD, r = k. Also since A\(v—1) =
r(k —1) and r = k, for a symmetric BIBD it follows that A(v — 1) = k* — k.

2.1 Properties of Symmetric BIBD’s

After looking the definition of symmetric BIBD , now let us see some
fundamental properties of BIBD.

Theorem 2.1.1 Suppose (X,.A) @ symmetric (v, k,\)-BIBD, let A =

Proof: F@e proof of this theorem, we use the notations and equations
used in the fisher’s inequality. We fix a value h such that 1 < h < b = v.

20
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From equations (1.3) and (1.4), we calculate the sum below :

D> s = ) r=XNei+ (AN

{tw;€Ap} {jiwi€Aj} {i:w;€Ap}

= (T—A)Sh—i-k()\,---a)‘)

b
Ak
= (r=Nsut+ > S
j=1

from (1.4)

from (1.3)

We will now compute the above sum in a different way as done below :

S Y-y Y s

{izw;€Ap} {jimicAj} J=1 {i:z;€ A N Ay}

b
= D 1A ) Als;
j=1

Hence, we have from the above two sum calculations that

b

b
(r—N)sp + Z %sj = Z |An ﬂAj|sj
j=1

J=1

Since b = v and r = k in a symmetric BIBD, we have

(2

Mk
(T — )\)Sh + Z TS]' = Z |Ah ﬂA]|S]
j=1

J=1

In the proof of fisher’s inequlaity we showed that S = R",and since b = v, S'is
a basis of R". .- coefficients of any s; on the left and right must be the same.

Hence, |A, (A4, = AVj # h.Since h was chosen arbitrary, |[A( A’'| = A for

any two different blocks.

So we proved above that in a symmetric BIBD any two blocks have A objects
in common. In the following theorem we see how PBD’s are related to

symmetric BIBD.

Theorem 2.1.2 Let X, A) be a non trivial PBD with b = v. Then (X,.A)

is a symmetric (v, k, \)-BIBD.
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v
Proof: Here, we compute Z Z s; in two different ways. Firstly,
i=1 {ji;€A;}

v

Y s = D (r=Nei+ (AN

i=1 {jizi€A;} i=1
(r—=X(1,..., 1)+ Ao(l,...,1)
(r—=XA+)(1,...,1)

b
= M Zsj from (1.3)
j=1

Secondly,

v

SY s - Y s

b
= D l4ls
Jj=1

As similar to the .E' proof, using the fact that b = v and that Sis a basis
of R", we obtain fig—ne above two calculations that

|Aj|zw Vi<j<b=v

r

We see that number of elements in each block is the same. Hence (X, .A) is
a symmetric (v, k, \)-BIBD with &k = 2=+, O
Let us now see some more properties of symmetric BIBD’s along with their
incidence matrices.

Corollary 2.1.3 If M is the incidence matriz of a symmetric (v, k, \)-BIBD,
then MT is also the incidence matriz of a symmetric (v, k,\) — BIBD.

Proof:  From Theorem 1.3.8, which tells us the properties of dual design
and using the fact that in a symmetric BIBD, » = k | it is clear that dual
design is also a symmetric (v, k, A)-BIBD. O
We will now see a converse to Theorem 2.1.1.
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Corollary 2.1.4 Suppose that pu is a positive integer and (X, A) is a (v, b, 7, k, \)-
BIBD such that |ANA'| = u YA, A" € A. Then (X, A) is a symmetric BIBD
and p = M.

Proof:  From theorem 1.3.8, dual design of (X, .A) has the properties that
each block has r elements, each element appears in k& blocks, number of blocks
is v and the number of points are b and it is given that |A() A’| = pu. Hence
dual design of (X,A) is (b,v, k,r, u)-BIBD. Fisher’s inequality for (X,.4)
gives b > v and that for the dual design , it gives v > b. Hence we have
b = v, which makes (X, .A) a symmetric BIBD. And in a symmetric BIBD,
we have any two blocks have A objects in common , from which it follows
that u = A. [0 Let us now see another fundamental property of incidence
matrices of symmetric designs .

Theorem 2.1.5 If M is incidence matrix of a symmetric block design, then
M satisfies the following relations.

MMT =B = (k—\I+\J (2.1)
MM =B = (k—M\NI+\J (2.2)
MJ=kJ (2.3)
JM =kJ (2.4)

Proof: From equation (1.1) and using the fact that in a symmetric BIBD
r = k, we get equation (2.1).(2.3) tells us that every row of M has k 1’s,
his number being the replication number r = k and (2.4) tells us that each
column of M has k 1’s, which is the case since each block has k objects.
Hence it remains to show (2.2), which can be shown as a consequence of the
other equations. This will be proved in the following theorem.

Theorem 2.1.6 (Ryser Theorem) Let M be a non singular v X v matriz
which satisfies either (2.1) or (2.2) and also either (2.3) or (2.4). Then M
satisfies all the four equations. Further k* —k = \(v — 1)

Proof:  'We have detB = (k — \)""!(Av — A + k). Since M is non singular,
we have k — XA # 0 and (A\v — A+ k) # 0. Let us first assume (2.1) and (2.3)
holds.

MJ=k] = M *MJ)=M"kJ
= J=kM'J
— kA0 M Y=kl



MJ=k] = (MJH" = (k)T
= JTMT =kJ"
— MU =kJ(- I =)

We also observe that J? = v.J. Now we have

MY =M**MM" = MY (MMT)
(k=M1 +\J)

kJ=JM" = J(k=XNM"Y) +JAMT)
= (k=XNJM ™+ Xt

(k—Ak~1)
k—X

Therefore JM~1 = =26 D) 1) 7 where m is the constant

Y . Hence
J=mJM.

v = JP=(mJM)J

(mJ)(MJ) = (mJ)(kJ)

= mkJ*=mkvJ

— v=mkv = mk=1 = m=Fk"!

Now we have,
mk -\ =k - 1) = k' k—-)\) = (k- 1)

Multiplying by & gives k — A = k* — A\v = k* —k = A(v — 1) which is one
of the results. We now see that

IM=mJ=k"') = J=k"'JM = kJ=JM
Again, we have

MY = (k=AM 4 X = MM =(k—\NI+X'JM
— M™M= (k—NI+X\'kJ
= MM =(k-NI+)\J



Now we have proved equations (2.2) and (2.4) and the relation k? — k =
A(v—1)
Now let us assume (2.1) and (2.4) holds.

MM" = (k= XN+ \J J(MM?T) = (k= \)J + \J?

(JMYM" = (k= \)J + \vJ

kIMT = (k— \)J + MvJ

kJMT = (k— A+ \v)J =mJ

(kJ)(MTT) = m.J?

mJ? = (kJ)(JM)" = (kJ)(kJ)" = (kJ)* = k*J?
E=m=k— X+

B —k=Xv—1)

Frredill

kIMT =mJ =kJ = JM'=kJ
= MJ=M =k =kJ

We now have MJ =kJ = JM. Now,
MM = MY (MM"YM = (k—)\)I+AM1JM\:§1k—)\)I+)\M1MJ = (k=\)I+X\J

Now we have proved equations (2.2) and (2.3) and the relation. Now we need
to prove the theorem by assuming (2.2) and either of (2.3) and (2.4). This
can be done by replacing AT by A. And now we have proved all the parts of
the theorem. 0
There are some consequence of this theorem which we have already proved
before in this section. If M is the incidence matrix of a symmetric design,
(2.2) implies that any two distinct block have A objects in common. Also it
says that M7 is also incidence matrix of symmetric design, which is corollary
2.1.3.

We will now see two more different types of BIBD.

2.2 Residual And Derived BIBD’s

We saw from an above theorem that any two blocks of a symmetric BIBD
have A objects in common. Using this fact we construct new BIBD’s which
we will look upon in this section.
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Definition 2.2.1 Residual and Derived BIBD
Let (X,.A) be a symmetric (v, k, A\)-BIBD and let Ay € A. Define

Der(X, A, Apg) = (Ao, {ANAy: Ac A, A# Ap})
and define
Res(X, ./4., Ao) = (X \ Ao, {A \ AO A€ A,A 7& AQ})

as the derived BIBD and residual BIBD repectively.

Derived design is formed by taking a block Ay and then forming new blocks
such that they consist those points common to the old block and Ag and then
deleting Ag, while the residual design is constructed by deleting all points in
a block Aj.

Let us now look at some of the fundamental properties of residual and derived
BIBD’s.

Theorem 2.2.2 Suppose (X, .A) is symmetric (v, k, \)-BIBD and let Ay €
A. Then Der(X, A, Ay) is a (k,v — 1,k — 1, \,\ — 1)-BIBD provided X\ > 2,
and Res(X, A, Ag) is a (v—Fk,v—1,k,k—\, X\)-BIBD provided that k > \+2.

Proof: Let us first see the case of derived BIBD. Since we choose the points
from a particular block Ag we have the number of points as k. Since we delete
the block Ay, number of blocks is one block less than the previous number
b = v. Hence the number of blocks in a derived BIBD is v — 1. Each element
was contained in » = k number of blocks, since we delete the block A, , we
now have replication number £ — 1. Each new block has objects common to
itself and Ay. Hence , each block has A points. Again since we have deleted
one block, any two pair of object is contained in A — 1 number of blocks.
We have that in a BIBD the number of points in each block is less than the
the number of points. Hence in a derived BIBD with the stated parameters
gives k > A > 2. But we have (X, .A) is a symmetric BIBD, and we have
A(v —1) = k(k — 1) and we have v > k which already gives us k& > A, hence
this condition is redundant.

Now lets turn to residual BIBD. By its construction it is clear that number
of points is v — k since it is constructed by deleting all the points in a block
Ag and the number of blocks is v — 1. Each point is still present in r =



k blocks and every block has k& — A points since we delete those common
to Ap. Again every pair is present in A blocks. Hence Res(X,.A, A) is a
(v—Fk,v—1,k k— X\ \)-BIBD.

Again the stated parameters about the residual BIBD gives us that v — k >
k — XA > 2 by the similar arguments from above; i.e it v > 2k — A\. Now we
prove that in a symmetric BIBD this condition is already present and this
condition is superfluous. Suppose v < 2k — A, then

k(k—1) = A(v—1) < A(2k—A—1) = F(h—1)—A2k-A—1) <0 = (k—\)(k—A—1) <0

This holds if and only if £ = A or £ = A+ 1. But we have assumed that
k > A+2, and we reach a contradiction. Therefore v > 2k — X in a symmetric
BIBD and the condition is redundant. 0J

Let (v —k,v—1,k, k— X, \) residual BIBD be (v', 0,7, k', \')-BIBD, then
it can be seen that v’ = k' + X. A (v,b,r, k, \)-BIBD with r = k+ X is called
a quasiresidual BIBD, which can be constructed as the residual design of a
symmetric (v+r, 7, \)-BIBD, provided it exists. Similarly in a derived BIBD
K =XN+1. A ((v,b,r,k, \)-BIBD with £ = XA + 1 is called a quasiderived
BIBD, which can be constructed as derived design of a symmetric (b+ 1, r +
1, A+ 1)-BIBD if it exists.

2.3 Projective Planes And Geometries

In this section we see what projective planes are and then we see its relation
to symmetric BIBD’s. Let us start here with the definition of projective
planes.

Definition 2.3.1 Projective Planes

An (n? +n+ 1,n + 1,1)-BIBD with n > 2 is called a projective plane of
order n. Herel(n? +n) = (n + 1)(n), hence projective plane is a symmetric
BIBD. We will now see through the following theorem, for what values of n
the projective plane exists.

Theorem 2.3.2 For every prime power q > 2, there exists a symmetric
(> +q+1,q+1,1)-BIBD , i.e a projective plane of order q.
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Proof: ~ 'We prove here that a projective plane of order ¢ exists whenever
q is prime power. Suppose ¢ is a prime power. Let F, be the finite field of
order g and let V be the three dimensional subspace. Let V; consists of all

the one dimensional subspace of V and V), consists of all the two dimensional
subspaces of V . For each B € Vs, define a block

AB:{C'Evl:C’QB}

and define
A:{AB:BGVQ}.

We can see that number of elements in each one dimensional subspace is ¢ ,
hence |C| = ¢. and (0,0,0) € C'VC € V. Hence the sets C'\ {(0,0,0)} form
a partition of V'\ {(0,0,0)} whose cardinality is ¢*> — 1. Hence

¢ —1

V| =
vil=1=

= ¢+ q+1

Now let B € Vs, we have the cardinality of each two dimensional subspace
is ¢%, hence |B| = ¢?. The sets C'\ {(0,0,0)} such that C' € V; and C C B
from a partition of B\ {(0,0,0)}. Hence

2

—1
|AB|=q =q+1
qg—1

Finally there is unique two dimensional subspace B containing two distinct
one dimensional subspaces. This subspace determines the block Ag con-
taining the two distinct one dimensional subspace. Hence , there exists a
projective plane (V;, A) of order ¢, ie(¢*> + ¢ + 1,¢ + 1,1)-BIBD. O
We saw above that projective plane of order of a prime power ¢ exists, but
existence of projective planes of non prime power order is still an open ques-
tion. But we will see later that projective planes of certain non prime power
orders does not exist.

Definition 2.3.3 Affine Plane

Let n > 2. An (n?,n?+n,n+ 1,n,1)-BIBD is called an affine plane of order
n.

Theorem 2.3.4 For every prime q > 2, there exists an affine plane of order
qi.ca(q*q,1)-BIBD.



Proof: From theorem 2.3.2, 3 a (¢*>+q+1,¢+1,1)-BIBD and the residual
design from this is (¢%,¢* + ¢, ¢ + 1, ¢, 1)-BIBD(from theorem 2.2.2) which is
@Hﬁne plane or order q. OJ
Warning:The derived design of a projective plane has block size 1 and hence
is not a BIBD.

The projective palnes we have constructed above are regarded as projective
geometries and is denoted by PGs(q). VV@)W generalize theorem 2.3.2 to
higher dimensions and by taking V = (F,)d + 1. We now state this result as
a theorem (without proof).

Theorem 2.3.5 Suppose ¢ > 2 be a prime power and d > 2 be an integer.

Then there exists a symmetric (qdﬂl, qdjl, qdll) -BIBD.
q—1 q—1 q—1

The points and blocks of this BIBD would represent the points and hyper-
planes of d dimensional projective geometry PGy(q). Now we will see a
corollary to this theorem, which tells us the derived and residual BIBD’s
constructed from the above BIBD.

Corollary 2.3.6 Suppose q > 2 be a prime power and d > 2 be an integer.

Then there exists a (qd, ¢4, qdfll_l> -BIBD and a (qd__ll, qdf_ll_l, q(qd_21_1)> -
q q q q

BIBD.

d+1_1 qd—l qd—l_l

-BIBD.

Proof: From the above theorem there exists a (q —
q q q

Now from theorem 2.2.2 we can construct derived and residual BIBD from
this. The residual BIBD will have the first parameter
qd+1_1_qd+1 _ qd(q—l) :qd
q—1 qg—1
The second parameter is as follows:
qd —1— qd_l +1 . qd<1 - é) qd d—1

:—:q
qg—1 qg—1 q

And the third parameter is @11 Hence there exists a (qd7 g1, ‘1d_11>_

q—1 q—1
BIBD.
Now let us see how the derived BIBD would look like. It will be a

qd—]_ qdfl_]_qdfl_l
g—1" ¢g—1 " ¢g—1

— 1) — BIBD.
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Let us now examine the third parameter

e SR Sl ek S (C )
qg—1 qg—1 q—1
which is the desired result. O

We will now look at the most fundamental theorem on the existence of sym-
metric BIBD, which we will explore in the next section.

2.4 Bruck-Ryser-Chowla Theorem

Bruck-Ryser-Chowla theorem is the most fundamental theorem which talks
about the conditions for the existence of symmetric designs. This theorem
has two parts which will look upon one by one.

Theorem 2.4.1 (Bruck-Ryser-Chowla Theorem,v even) Suppose there
exists a symmetric (v, k, \)-BIBD. If v is even,then k — X is a perfect square.

Proof: Let M be the incidence matrix of symmetric (v, k, A)-BIBD. In a
symmetric design, we have b = v and r = k.Since M is a square matrix,
detM M7 = det(M)? = detB = (k — A\)" " (oA — A + k).

Since A(v — 1) = k(k — 1), we have vA — A+ k = k(k — 1) + k = k*. Hence
we have det(M)? = (k — \)""'k?. This implies that (k — \)*~! is a square ,
and since v is even, it must be the case that k — \ is also a square, which is
the desired result . O
Now we will see what happens when v is odd. Before stating the theore
we will need some results to prove it, which we will state here without th
proof.

Lemma 2.4.2 (Lagrange’s Theorem) FEvery positive integer ncan be rep-
resented as the sum of squares of four integers, i.e n = a3 + a3 + a3 + a3.

ao ai a2 as
—ap Gy —asz a2
—az a3 Gy —ai
—az —az ai Qo

Lemma 2.4.3 Suppose that C = and letn = a3+

a3 + a3 + a3.Then C~' = 1CT.

Now let us see the case when v is odd:
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Theorem 2.4.4 (Bruck-Ryser-Chowla Theorem,v odd) Suppose there
exists a symmetric (v, k, \)-BIBD with v odd. Then there exist integers x,y,

and z(not all 0) such that 2* = (k — \)y? + (=1)=

Proof:  First let us suppose v mod 4 and we denote v = 4w + 1.
Let M be the incidence matrix of 9v, k, A)-BIBD. In the previous chapter we
saw how relation (1.2) can be written as a relation on quadratic forms. Let
Z1,...,%, be the indeterminates, and for 1 < j < v, let L; be as defined
before. We have the relation

v

DL =AM w) (k=) (2.5)

1=1

We now transform variables zy,...x, to new variables y1,...,y, such that
each y; is an integral linear combination of z;’s. Since k — X is a positive
integer , from lagrange theorem , we can express k — A = a2 + a? + a3 + a2,
where ag, a1, as, ag are integers. Let C' be the matrix as defined above. Then
for 1 < h <w, let

(Yah—3, Yah—2, Yah—1, Yan) = (Tan—3, Tan—2, Tap—1, Tap)C

and let y, = x, . Finally, let yg =21 4+ - + x,.
ow for 1 < h < w, we have

Yah—3, Yah—2, Yah—1, y4h)(y4h—3ay4h—2ay4h—1>y4h)T
($4h 3, Lah—2, Tah— 1,$4h)c)(($4h—3,$4h—27$4h—1,$4h)0)T

Yah—3" + Yan—2" + Yan—1" + ya” (
(

= (9E4h 35 Lah—2; Toh— 17$4h)CC ($4h 35 Lah—2;5 Toh— 1,$4h)T
(
(

T
Tah—3, Lah—2, Taph— 175134/1)(16 )\)—74($4h 3y Lah—2, Tah— 17$4h)
k— )(1U4h—3 + Tapo® + Tap +l‘4h)
Since v = 4w + 1, we have

v—1 v—1

S yi=(k=X) a?

i=1 i=1

Therefore we now obtain,

ZLQ )\yO—l_Zyz
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We here observe that L;’s were deﬁn@s integral linear combination of z;’s.
We can now express x; as a rational linear combination of y,...,y, and
as a rational linear combination of yq,...,¥,. So, the equation we obtained
above can be seen as an identity in indeterminates yq,...,y, with rational
coefficients. We can breakdown this expression further by expressing any
of the indeterminate as a rational linear combination of the other indeter-
minates and the new expression will still be an identity in the remaining
indeterminates with rational coefficients.

Let Ly = ciy1 + -+ ¢y If ¢ =1, let y; = — L and if not let y; = Ly. By
this scheme we have expressed y; as a rational linear combination of s, ..., v,
such that L? = y2. And hence the above relation will now become,

Z L? = \ya + Z —1y? + (k — \)y2.
=2 =2

We proceed in this fashion eliminating the indeterminates s, ..., y, one at a
time by expressing each y; as rational linear combination of y;.1,...,y, such
that y? = L? Vi. So finally we will get

L2 =Xy + (k= Ay,

where L, and yo are rational multiples of y,. Hence let us suppose that
L, = sy, and yg = ty, where s,t € Q. Let y, = 1, and then the equation
becomes

s> =M+ (k—\)

. Now we write s = ™ and t = § where m,n,p,q € Z and n,q # 0. Now

incorporating these into the equation, it now becomes,
(mq)* = Anp)® + (k — \)(ng)®.

Let x = mq,y = nq,z = np. 1t is clear that z,y,2 € Z. Hence we have an
v—1
integral solution to the equation 22 = (k—\)y*+(—1)"2 Az2. Note that since

v—1

visodd and v = 4w+1,0—1 = 4w and %5+ is always even and (—1)"z = 1.
Now we need to look the case when v = 3 mod 4. W e denote v = 4w — 1.
Here we introduce a new indeterminate x,; and we add (k— \)z2, ;| to both

sides o equation (2.5). We now have

v v+1

Z L2+ (k= N2y = MO x)’ + (k= \) Zx2

=1
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For 1 < h <w, let

(y4h—3, Yah—2, Yah—1, y4h) = (fl‘4h—3, Tah—2, Tah—1, I4h)0-

and let yo = 1 + - - - + x, and we have

y4h—32 + ?/4h—22 + y4h—12 + y4h2 =(k— )\)(964h—32 + Tapo® + a1t + $4h2)-
And since v = 4w — 1, we have

v+1 v+1

dyi=(k=N>
i=1 i=1

Therefore our equation now becomes

v+1

ZLZ k /\ v—l—l_AyO—i_Zyz'

i=1

Now proceeding as in the above case , we obtain

(k — >\) Typ1 = )\y0+yv+1 = ?Jv+1 (k— >\) Tyt1 )\?/8

Hence we have obtained integral solution to the equation 2% = (k — \)y? +
(—=1)"z Az%. Here since v = 4w'+ 3,0 —1 = 4w’ +2 and ! = 2w’ +1 which
is odd. Hence (—1)"z = —1,which is the desired result. O

@S an application of this theorem we will show that a (43,7, 1)-BIBD does
not exist. @

If this BIBD exist , then there must exist integer solutions to the equation
2%+ 2% = 6y°. Let o +y+ 2 be as small as possible. This equation is possible
only when both z and z are both odd or both even. If both z and z are both
odd, then we have 22 =1 mod 8 and 22 =1 mod 8 and hence 22 + 2% = 2
mod 8. But if y is odd, = 6 mod 8 and if y is even 6y> = 0 mod 8.
Hence LHS and RHS does not satisfy each other and we discard the case.
Then , z and z are both even. Since 4 divides LHS, 4 should divide RHS as
well and hence y is also even. Then we can replace x, z and y by 2r, 2s and
2t. Hence the equation now becomes r? + s? = 6t2. Hence r, s,t satisfy the
same relation which implies they integer solutions of the same equation. But
r+s+t= % < x +y+ z , which is a contradicts our choice of x,y, z
Hence the equation has no integer solutions and therefore (43,7,1)-BIBD
does not exist.
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Next we analyze the conditions of the theorem in a projective plane of
arbitrary order n. Firstly, let n = 0,3 mod 4. Here v = n?> +n + 1k =
n+1,A=1 Whenn =4w,v =n>+n+1=16w>+4w+1,v -1 =
16w? + 4w, ”T’l is even. And when n = 4w +3,v = n?+n+1 = 16w?+ 28w +
13,v—1 = 16w?+ 28w + 12, ”T_l is even. Hence it should satisfy the equation
2% = ny? + 22, which always have a non trivial solution z = 1,y = 0,z = 1.
Hence when n = 0,3 mod 4, the theorem does not yield any non existent
results for (n? +n+1,n+1,1) — BIBD.

Now let us analyse the case when n = 1,2 mod 4. When n=

nin _ 160412042 45 o qd . And when n = dw+2, Y51 = 2in — 10u? +220w+6 is
odd Hence, We need to get integer solutions for the equation z? + 22 = ny?.
We need to see the conditions when this equation have non zero integral
solutions. Though we dont give a proof here, it is shown that the equation
yield solutions if and only if 22 4+ 2% = n has integral solution (z, 2).

We use some results from number theory without proof to analyze when the

above equation yields solutions of the required type.

Theorem 2.4.5 A positive integer n can be expressed as the sum of two
integral squares if and only if there does not exist a prime p =3 mod 4 such
that the largest power of p that divides n is odd.

Using this theorem we obtain the following result.

Theorem 2.4.6 Suppose thatn = 1,2 mod 4, and there exist a primep = 3
mod 4 such that the largest power of p that divides n is odd, then a projective

plane of order n does n@xist.

Proof: Since there exit a prime p = 3 mod 4 such that the largest power
of p that divides n is odd, n cannot be expressed as the sum of two integral
squares, and by the above discussion a projective plane of order n does not
exist . 0
We now look at the case of arbitrary A to see when BIBD of certain values
does not exist. To analyze this we introduce the concept of quadratic residues
and we also use a theorem for the same.

Definition 2.4.7 Quadratic residue

Suppose m > 2 is an integer and a is any integer , then a is quadratic residue
modulo m, if 22 = a mod m has a solution z € Z,, \ {0}.
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Theorem 2.4.8 (Euler’s criterion) An integer a is quadratic residue mod-
ulo the odd prime p if and only if a*= =1 mod p.

Definition 2.4.9 Square-free integers

A positive integer is called square free if it is not divisible by j2 for any
integer 7 > 1. Any positive integer n can be written uniquely as n = A%n,,
where A is a positive integer and n; is square free. n; is called the square
free part of n.

We will now see the theorem which tells us the conditions when a BIBD does
not exist.

Theorem 2.4.10 Suppose that v, k, A are positive integers such that A(v —
1) = k(k — 1)where v > k > 2.Let Ay be the square free part of A\ and ny be
the square free part of k— \. Suppose that p is an odd prime such that ny =0
mod p, Ay Z 0 mod p and (—1)UT_1)\1 15 not a quadratic residue modulo p.
Then there does not exist a (v, k, \)-BIBD.

Proof:  To prove this we will show that the equation z* = (k — \)y* +
(—1)“z Az2 does not have integral solution (z,7, z) # (0,0,0). Let us assume
the equation have a non zero integral solution. We can replace k — \ by A%n;
and A by B2\;. Then the equation will be % = ny(Ay)? + (—1)"z A (Bz)2.
Letting y; = Ay, 21 = Bz, the equation will be

r? = nyy? + (—1)1%1)\1,2% (2.6)

And this will have non zero integral solution (x,y;,21). We can assume
without loss of generality that ged(x,y1,21) = 1(Since if gcd = d > 1, then
we can divide by d to get a solution whose ged = 1. )

Let z; =0 mod p. Since ny =0 mod p,xr =0 mod p. But if both 2; and =
are divisible by p, then 2% andz? are both divisible by p? and therefore n,y?
must be divisible by p?. Since n; is sqaure free, n, is not divisible by p?.
Hence p? divides y? and p divides y;. Therefore ged(z,yi,21) > p which is a
contradiction. Hence z £ 0 mod p. We consider (2.5), and going modulo p,
and since n;y =0 mod p,A\; Z0 mod p, we get

= (—1)v51)\12f mod p = (w2, ') = (—1)%1>\1 mod p.

This gives us (—1)UT_1)\1 is a quadratic residue modulo p, which is a contra-
diction. Hence (v, k, A)-BIBD does not exist. O

As an application of this theorem we derive theorem 2.4.6 as a corollary of
this theorem.



Example 2.4.11

Suppose that n = 1,2 mod 4 and there exist a prime p = 3 mod 4 such
that the largest power of p that divides n is odd. We need to show using
the above theorem that (n? +n+1,n+ 1,1)-BIBD does not exist. We have
AM=A=1#0 mod p,k — X =n. Since the largest power of p that divides
n, say « is odd,

n A%n A\ %n
R 1:<—/>—1:>n150 mod p.
P p p) p

Now the conditions of the theorem are satisfied. So according to the theorem
v—1

we need to show that (—1)“2" is not a quadratic residue modulo p. (—1)z =

(—1)L2+n = —1(-n=1,2 mod 4. If —1 is a quadratic residue modulo p,
then (—=1)" = 1 mod p. But (-1)"z = (=1)2*1 = —1 2 1 mod p(-.
p = 4w+ 3). Hence (—=1)"2 is not a quadrartic residue modulo p.Hence
projective plane of order n does not exist in the given conditions.

We have for a symmetric BIBD, MM7T = (k— \)I + AJ. And we saw that
in quadratic forms it is of the form, it takes the form

D4 L=k =N+ 422+ Ay + -+ 2,)° (2.7)

v

where L; = Zaijxl.

We saw aboxje 1that Bruck-Ryser-Chowla theorem gives necessary conditions
for the existence of matrix M satisfying incidence equation, or for the exis-
tence of rational linear forms L; satisfying equation (2.7) . We will see that
these conditions are infact sufficient for the rational solution of incidence
equation and equation (2.7). This require Hasse-Minkowski theorem for its
proof which we will see in the next section.But some cases can be proved
directly which we will see here .

Firstly, if £k — X is a square, then we need to prove that there exist
a matrix M with rational entries such that MM = (k — X\)I + \J. Let
M = pI + qJ. If there should exist such a matrix then it should satisfy the
above incidence equation. Note that MT = p JT = pl+qJ = M. Hence

MM?T = M? = (pI+qJ)* = p*I+¢*vJ+2pq] = p*I+(Pv+2pq)J = (k—N)I+\J.


bsury
Sticky Note
break line


And we obtain
P=k-\ = p=vk-X\
Also,

@ —2p + /4p? + 4vA . q_—p—i-\/pz—i—v)\
20 B v '

qzv+2pq =\ = vq2+2pq—)\ =0 = ¢q=

PPruod=k—-A+or=k+Av—-1)=k+k*— k=K%
—(VE=)

Hence q = - % Hence the matrix M takes the form
—(VEk—=XA)+Ek
M=vk—- X+ ( )+ J.
v
Also we have L; = a;;z; = Vk — Axy + —(k=A)+k kv_’\)Jrk(xl + -t xy,).

This proves the sufficiency of first condition of Bruck Ryser-Chowla theo-
rem, when v is even. Also it includes the cases when v is odd and k — A
happens to be a square. To prove the sufficiency of second condition of
Bruck-Ryser-Chowla theorem for rational solution of (2.7) we need Hasse-
Minkowski theorem which we will look upon in the next section.

O

2.5 Statement Of Hasse-Minkowski And Ap-
plications

We will first see some definitions and state some theorems from number
theory which we will use to state Hasse-Minkowski theorem and also to prove
the rational converse.

In the previous section we saw what are quadratic residues. Let p be an
odd prime. The integers a # 0 mod p can be divided to quadratic residues
and quadratic non residues if 22 = ¢ mod p have or does not have a solution
x mod p. This can be expressed by Legendre Symbol which is described
below.

(2) =1 if a is a quadratic residue modulo p
p

a
(—) =—1 if a is not a quadratic residue modulo p
p

We now state some theorems of quadratic residues and non residues.
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Theorem 2.5.1 If p is an odd prime , then

a=b modp = (%) - (g) (2.8)

a'r = (;%) mod p (2.9)

2)-6)0)

(__1> — (—1)% (2.11)

p

In the next theorem, we will see the deeper relations concerning two odd
primes. This theorem along with the previous one makes the evaluation of
legendre symbol easier.

Theorem 2.5.2 (Law of quadratic reciprocity) If p and q are two odd

primes, then
2 p2=
(_> = (-1 (2.12)

E)-coen

We will now look at theorem which deals with congruence modulo powers of
a prime p.

Theorem 2.5.3 Let p be a prime and let b = p®by, where p does not divide
bi. Then for arbitrary high powers of p , the congruence > = b mod p" if

and only if a is even, % =1, forp odd and by =1 mod 8 if p = 2.
Let us now see a definition and a theorem from which we will lead to the
main theorem in this section, the Hasse-Minkowski theorem.

Defir=—=jon 2.5.4 Hilbert Norm Residue symbol

The hilbert norm residue symbol, denoted by (b,c), takes the value +1 or
—1 accordingly as bx? + cy?> = 2% mod p™ does or does not have integer
solutions x,y, z , not all multiples of p for arbitrarily high powers of p. The
case when p = oo is decided accordingly as bx? 4 cy? = 2% does or does not
have real solj(Dns x,y, 2z not all zero. Hence (b, ¢)o, = 1 unless both b and ¢
are negative.
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Theorem 2.5.5 The equation bx?+cy? = 2% has solutions in integers x,, 2
not all zero if and only if (b,c), =1 for all primes p including p = oco.

Hasse-Minkowski theorem gives us the conditions for rational equiva-
lenc@ any two rational quadratic forms which are expressible in terms of
the hasse symbol ¢,(f) defined for a quadratic form

f= Z bijxixj; bij = bji

ij=1
and primes p including p = co. We define for r = 1,...,m,the r'" leading
principal minor of B = (b;;), as
Dr:det(bij) Z',jzl,...,T‘.
Here, we shall suppose that 0's are all integers and Dy, ..., D,, are all different

from 0. Now we will define ¢,(f) for those f which takes the form above and

all primes p, as
m—1

Cp(f) = (_17 Dm)p H (Dz7 _Di+1)p-
i=1
Having stated all the requirements, we will now see the major Hasse-Minkowski
theorem.

Theorem 2.5.6 (Hasse-Minkowski Theorem) If f; and fy are integral
quadratic forms in m variables, none of whose leading principal minors van-
ishes, then a necessary and a sufficient condition that f; and fs are rationally
equivalent is that c,(f1) = ¢,(f2) for all odd primes and p = oc.

The following theorem makes the computation of hilert norm residue symbol
easier.

Theorem 2.5.7 Hilbert norm residue symbol has the following properties:

o0

IT ®op=1 (2.14)

Vprimes
(b,c)p = ( (2.15)
(b1, b2, ¢)p = ( ( )
(bd?, ce?), = (b, ), (2.17)
(b, =b)p =1 (2.18)
)p =1 (2.19)

(bQ’C P

hS]
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If p 1s an odd prime,

(b, c)p, =1, if b and ¢ are prime to p. (2.20)
(b,b), = (2), if b# o mod p. (2.21)
(P, p)p = (=1,p)p (2.22)
(b1, ¢)p = (b2, €)p, if by =by 20 mod p. (2.23)

We have excluded p = 2 in the Hasse-Minkowski theorem whose reason we
will see now. We have

00 -1

[Le(h = TTC1 Dy [T(Dn=Disa)y

p=2 p=2

3

-
Il
A
—

3

8

(Di7 _Di—i-l)p

m)p

Il
L
i
S

ki
[\
.
Il
—
-
Il
_

8
3
L

.
8

= H(_

p=2

) m)p (Dzy _Di-‘rl)p

~
I
-
<.
I
_

00 m—1 oo
=TI IT 1]t from (2.14)
p=2 i=1 i=1

=1

If ¢,(f1) = ¢,(f2) for all primes starting from 3, then Hcp(fl) = Hcp(fQ).
p=>3 p=>3
Also we have [[Z, c,(f) = 1.from these we get

[Toh) =1l = c()][af) =clf) [[alr) = calf)=cf).

p=2 p=2 p>3 p>3

Hence we can exclude p = 2 from consideration in Hasse-Minkowski theorem.

Having stated the Hasse-Minkowski theorem, we will now see the rational
converse of the second condition of Bruck-Ryser-Chowla theorem. We saw
above that the incidence equation (1.2) is equivalent to equation (2.5). Thus
the existence of a rational matrix M satisfying (1.2) is equivalent to the
existence of a rational transformation taking the form z% + - -- + 22 to the



form (k — \)(2? + -+ 22) + Mz + - - - + 2,)>. Now we have to show that
the rational solution of (2.5), when v is odd is equivalent to the existence of
integers x, y, 2z not all zero satisfying the equation (k—A)x2+(—1)%Ay2 = 22
Here the rational forms are

fi= k=Nt +-+al), fo=af+-- +ai.

For fi, for r =1,...,v, (letk — A = n), we have from the definitions above,
n+Ax A e A
A n+A A
D, = det . . i
A A . n+A

=n+A=N)"TrA=A+n+ )

=n""1(k+ (r —1))\) from the calculation used in the previous chapter

Hence we have D; = n'~!(k + (i — 1))\). Since all the D’s are positive and
since (b, ¢)o = 1 unless both b and ¢ are negative we have ¢ (f1) = —1.
For fy, forr=1,... v, D, = detl, = 1.

v—1
Coo(f2) = (=1, —1) 1—[(1,—1)C>Q = —1.1 = —1. Hence we have c,(f1) =
i=1

COO(f2)'
Now,
G(f) = (L1, [0,
CCl-1)1 from (2.18)
=1 from (2.20)

So for f; and fy; to be rationally equivalent we need to further show that
¢y(f1) =1 for all odd primes . Let us now evaluate c,(f1). We have ¢,(f1) =

v—1

(=1, D), H(Du —Dit1)p.

=1
Let E; = k+ (1 — 1)\ Vi=1,...,v.. Wehave £, =k+ (v—1)\A =
k+ k(k —1) = k%. And since v is odd, n*~! is a square. Hence we h

(=1,—D,), = (=1,—n""'%k?), = (1.1, = 1.n" " 'k?), = (-1, —1), = 1from (2.17,2.20).
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v—1
&p(f1) = H(Di> —Dis1)p
i=1
v—1
= [[(n "B, —n'Eiya),
v:1
= H(nl_1> —nz)p(nz_17 Eip1)p(Ei,n')p(Ei, —Eiv)y from (2.16)
i=1
When i is even, (n'~!, —n’), = (n"?n,—1.n"), = (n,—1),. and if i is odd ,
v—1
(n"=1, —n"), = (1,—n), = 1, from (2.19). Hence H(ni_l, —n'), = (n,—1),% .
i=1
v—1 v—1
H(nz_17 Ei1)p = H(”Zﬂz_la Eiv1)p
1=1 i=1
v—1
= [, Einv)y
i=1
= (n", Ev)p H(nj7 Ej)p
=2
v v—1
= (n""'n,k )p H(nj7 Ej)p = (n,1), | | (0, Ej)yp
7=2 7=2
v—1 v—1



Therefore, we now have

v—1 v—1 v—1
Cp(f1> = (na _1)1?T H(nl’ Ei)p<E17 n)p (Ei7 ni>p (Eiv _EiJrl)p
=2 =2 =1
v—1 v—1 v—1
= (na _1)1?2 (Eb n);D (nz7 Ei)p (nlv EZ);D (EH Eerl)p
1=2 1=2 =1
v—1 v—1
v—1
= (TL, _1)172 (E1> n)p ((nz7 Ei)p)2 H(Eza _Ez—f—l)p
1=2 =1
v—1 v—1
v—1
- (nv _1)172 (k7 n)p H(n%v El)p H(Elv EH—l)p
=2 i=1
v—1
v—1
- (nv _1)172 (k7 n)pl H(Elv _EH—I)P
i=1
v—1
v—1
= (n7 _1)102 <k7 n)p (E’M _Ei-‘rl)p
i=1

Now we need to evaluate [[_] (Ei, —FE;11), = P, say.

Let p® be the highest power of p dividing both k and A so that k = p®k; and
A =p*Arand p 1 (ki,A). We have k1 + (v — 1)A; = k1 + (v — 1)p™*\ =
ki + ]{Z(]{Z — 1)p_a =k + /ﬁpa<k'1pa — 1)])_“ =k + k‘l(klpa — 1) = k%pa.

We also have E; = (k + (i — 1)\) = p®(k1 + (¢ — 1)\;. Therefore we get

S
|
—

P

(P (k1 + (1 = 1)A1), —p* (k1 + A1),

IS
[l
—_ =

(%, =p")p(P*, k1 + iA1)p (k1 + (1 — DA, p)p(k1 + (2 — DAy, — (k1 +iM1)),
1

.
I



We have from (2.18) that (p*,p~*), = 1. Computing the second term will
yield

v—1 v—2
LT k4 id), = T ]0% ke + id)p (0% K + (0 = DAy),
=1 =1

-1

= (" k1 +(w=DX\), | | k1 + (i — 1)),

e

s
[|
— N

<
|

=% k1 + (v—=1)A\), | (k1 + (i — 1)A1, %),

-
[|
I\

Hence substituting these in the compuatation of P, we have

v—1
P=(p" ky+ (0 =D\, [J(k1 + (i = A1, p"),
=2

v—1 v—1
LTk + = D)X, p™)p (e, 0™, [ + (6= DA = (R + i),
=2 =1

— (k) " pakzpﬁ bt = DA T+ G = DAn— (- iA0),

1

1=2

-
I

CE N | (CRA CENY
= (0, [[ 01 + G = DAL —(ha + 200),

1

-
Il

We will take two cases and show that in both the cases P has the same value.
Let us first suppose p|A;. Now we have k(k—1) = AMv—1) = ki (k1p*—1) =
Mo—1) = k(kip—1)=ANv—-1)=klk—1) = kp*=k = a=
0,k1 = k. Hence p t k and p|A. Also we have p t k — A\,p t k + i\ Vi.
Hence we have ki + (i — 1)A; and —(k; +4A;) are coprime to p. So we obtain
v—1 v—1

H(k1 + (i — DA, — (k1 +1i)\1)) H 1 = 1. Therefore in this case we have

i—1 =1

zp = (khpa)P(pa?pa)P = (kv 1)?(17 1)}7 =L



Also using the fact that k2 — k =0 mod p, we get

(ky k= XN)p(A k=) =1(A\ k= \),(from (2.20))
= (A, k),(from (2.23)
= (A (A )+ k)p
=\ k%), =

Hence we have P = (k,k — \),(\,k — ), in this case.

Let us take the next case when p t A\;. Then atmost one of k1 + (i — 1)\, or
k141X, is divisible by p. If neither is, then (ky + (i —1)Ay, — (k1 +iXy)), = 1
Let 0 <r <wv—1suchthat k1 +7rA\1 =0 modp. If 1 <r < v — 2, then
there are exactly two terms in the product P containing k1 + rA; and the
product will look like ,

(k’l + (’I" — 1))\1, —(kfl + T)\l))p(kl + T’/\l, —(kl + (7" + 1))‘1>)p

= (=A1, — (k1 + 7 1)) p(kL + 721, = A1),
= (=1, — (k1 +7X1))p(— A1, (k1 +7X1)),
= (=M, — (k1 +701)%),
=(=A,—1),=1

Therefore we have P = (ky,p®),(p®, p*), unless one or both of k; or k; +
(v — 1)\; is divisible by p (the cases when » = 0 and r = v — 1). When
a=0,k =k, ki +(v—1)\; = k* and p divides neither of these. In this case,
P =1 and since p{ k and p{ A, we have (k,k — \),(A\, k=), = 1.1 =1,if
ptk—A

If plk — X, we get (k,k — A)p(A\ k= A)p, = (k,k — A\)2 = 1, since both k and
A are coprime to p. Hence when a = 0, we conclude P = (k,k—\),(A, k—)\),.

We now need to see the case when a > 0, then ky + (v — 1)A\; = ky +
ki(kip® —1) = kip® If p|(ki+ (v —1)A1), (ki + (v =2)A1, —=(k1+ (v =1)\1)), =
(=A1, =k, = (=21, 0")p = (=1, 07)p (A1, p%)p = (0%, 0")p (A1, Py

I ptki, weget P = (ki,p*)p(p® p)p(p®, 0*)p(AM) (0")p = (K1, 0%)p(A1, 0)p-

If p|k1, we have to include the term (k;, —k; — A1), in P which will now take
the form P = (k1,p%),(A1, p*)p(k1, —k1 — A1)p.



Now

(ks k= N)p(A k= A)p = (01, " (k1 — A1))p(p"Ar, p™ (k1 — A1)y
(P2 Fidi,p (kl - Al))p

= (k1A p" (k1 — A1)y

= (k1 A1, p")p(R1 e, (b1 — A1)y

= (

kv, p™)p (A, 0)p(Fr kr — Ar)p( A, K — M)y

pr’kl, then ()\1, kl_)\l)p = 1. Hence P = (kl,pCL)p()\l,pa)p(kl, kl_)‘1>p which
is the same as above calculation. And when p 1 ky,ifp 1t ki—M1, (k1, k1i—M), =
(A1, k1 — A1), = 1 and hence P = (k1,p%),(A1,p%)p; else plky — A1, (K1, by —
Al)p = ()\1, kl — )\1);,,. Hence P = (kl,pa)p()\l,pa)p.

Hence we have P = (k1,p%),(A1,p%), in every case. Substituting this in
¢p(f1), we have

(1) = (k= A —15F (ko k — A (k. k — A)y (A & — A)
= (k=X —1)7 (k k= N2\ k=),
k= A\—1)F (ME—A),
= (k=X (=1)"7 )\,

1

)pA)p = 1 for all finite odd
primes . Since k — A is posiive, (k — A\, (—=1) 2 ),\)oo = 1. By using (2.14),
we obtain (k—\, (—1)2 1)p)\)2 = 1. Thus by theorem 2.5.5, we conclude that
the rational equivalence of f; and f5 is equivalent to the existence of integers
.y, 2 not all zero satisfying (k — )22 + (—1)" Ay? = z2. Therefore this
becomes not only a necessary but also a sufficient condition for the rational
solution of (2.7). Hence we have proved the Bruck -Ryser-Chowla theorem
and its rational converse. 0J

Hence we proved that c,(f1) = (k — A, (=1)7>

v—1

In this chapter we have dealt with symmetric BIBD’s in a great detail.
We saw its properties and also the necessary and sufficient conditions for the
existence of symmetriD’s, the Bruck-Ryser-Chowla theorem, one of the
main results in this concept.
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Chapter 3

Difference Sets

Having learnt about symmetric designs and necessary condition for th
existence of symmetric designs, we will now look at an important construction
method for symmetric BIBD’s.

3.1 Difference Sets and Automorphisms

Definition 3.1.1 Difference Set

Suppose (G,+) is a finite group of of order v in which identity element is
denoted by 0. Let k and A\ be positive integers such that 2 < k£ < v. A
(v, k, A)-difference set in (G, +) is a subset D C G that satisfies

1. [D| =k

2. the multiset [x —y : z,y € D,z # y| contains every element in G \ {0}
exactly A\ times.

From (ii), A(v — 1) = k(k — 1) if a (v, k, \)- difference set exists.
Example 3.1.2
A (21,5, 1)-difference set in (Z21,+) where D = {0, 1,6,8,18} :

Computing differences of distinct elements modulo 21, we get from each pair

of distinct elements:
0-1 =20 1-0=1 6-0=6 8-1=8 18-0=18

0-6=15 1-6=16 6-1=5 8-1=7 18-1=17
0-8=13 1-8=14 6-8=19 8-6=2  18-6=12
0-18=3 1-18=4 6-18=11 &-18=11 18-8=10

47
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So we get every element of Z,1 \ {0} exactly once as a difference of two ele-
ments in D.

Difference sets can be used to construct symmetric BIBD’s.To go into this
we will first see some definitions which we will require for the same.

Definition 3.1.3 Translate of D

Let D be a (v, k, A)-difference set in a group (G, +). For any g € G,define
D+ g={x+g|lr € D}. Any set D + g is called translate of D.

Definition 3.1.4 Development of D

The collection of all v translates of D is called the development of D, denoted
by Dev(D).
Let us now see the relation between symmetric BIBD and difference sets.

Theorem 3.1.5 Let D be a (v, k, \)-difference set in an abelian group (G, +).
Then (G, Dev(D)) is a symmetric (v, k, \)-BIBD.

Proof: Suppose z,y € G,z # y. Since in a symmetric BIBD every pair of
points is contained in A blocks,we first prove that there are exactly A elements
g € G such that {z,y} C D+ g.

Let us frist denote x — y = d. By the definition of difference set there are
exactly A ordered pairs (2/,y') such that 2’y € D, 2’ # ¢/, 2’ —y = d. We
denote these ordered pairs by (z;,4;),1 < i < A. V1 < i < A, we define
9i = —z;i +x. Then g1 = —y1 +y and {z,y} = {z; + g;,%: + g} € D + gi.
g;’s are distinct since z;’s are distinct hence there are atleast A values of ¢
such that {z,y} C D +g.

Conversely suppose that there are exactly [ values of g such that {z,y} C
D + g. let us denote g = hy, ..., h;. We have shown above that [ > \. Note
that (z—h;)+(hi—y) = (xr—y) = d V1 < i < [. Therefore {x;—h;, hi—vy;} C
D V1 < i < [. The h;’s are distinct ,so we have found [ ordered pairs

(«’,y") € D such that 2’ — 3y’ = d.By definition there are exactly A such
ordered pairs. Hence [ < A\. And so we get [ = A\. Hence each ordered pair
is contained in A number of D + g. Since |G| = v we have v points . The
number of blocks is |Dev(D)| = v. Since |D| = k,|D + g| = k for all g. So
the collection of v blocks D + ¢,g € G is a symmetric (v, k, A\)-BIBD. O
Let us now see a corollary of this theorem.
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Corollary 3.1.6 Suppose D is a (v, k,\) difference set in an abelian group
(G,+). Then Dev(D) contains v distinct blocks.

Proof: Suppose that D+ g, = D+ go such that g; # go. Then the symmet-

ric BIBD will contain 2 blocks that intersect in £ points. But in a symmetric
BIBD any two blocks intersect in A points which is a contradiction. Hence
Dev(D) consists of v distinct blocks. O
The next result establishes the existence of non trivial automorphism of sym-
metric BIBD’s constructed from difference sets.

Theorem 3.1.7 Suppose (G, Dev(D)) is the symmetric BIBD constructed
from a (v, k, \)-difference set D in a group (G,+). Then Aut(G, Dev(D))

contains a subgroup G ~ G.

Proof: For every g € G, define §: G — G such that §(z) =z +g = € G.
§(11) =§(x3) <= v1+g=22+9 <= 71 =12

Hence § is one-one. Also for every y € G, there exist an ' € G such that
g(z') = 2"+ g =y € G. Hence § is onto. And so § is a permutation of
G. Define G = {jlg € G}. G is a permutation group and is known as the
permutation representation of G.

We will now prove that

1. (G,+) ~ (G, 0), where o represent the composition of permutations.
2. (G, 0) is a subgroup of Aut(G, Dev(D)).

To prove the first item, we Ileed to exhibit an isomorphism between (G, +)
and (G, 0). Define a : G — G such that a(g) = § Vg € G.



holds for all g,h € G. Hence « is a group homomorphism. Clearly « is
surjective. Also, @

~ ~

alg)=alh) <= j=h < j(zr)=h(z) r€ G < g+ox =h+taVr € G

hence « is injective .So we get the desired result that « is a bijection and
hence there exists an isomorphism between (G, +) and (G, 0).
Now we need to prove the second assertion.We observe that |

§(D+h) ={g(z)|zr € D+ h}
={r+glr € D+h}
={z+ g+ hlz € D}

D+g+h

Hence for any permutation g € G, and for any block D + h € Dev(D), it
holds that D 4+ h € Dev(D). That is, every g € G is an automorphism of
(G, Dev(D)). Since G is a group we get (G, 0) is a subgroup of Aut(G, Dev(D))
which is the desired result . OJ

The converse of the above theorem holds under suitable conditions.We will
prove a special case of this type for difference sets in cyclic groups.WE will
require some results which we will see now.

@ Suppose that (X, .A) is a symmetric (v, k, \)-BIBD. Let o € Aut(X, A).
a is a permutation of X and therefore it consists of a union of disjoint cycles
whose lengths sum to v. Cycle type of « is the collection of sizes of cycles
in the disjoint cycle representation of a. Fixed point of « is a point « is a
point x such that a(z) = x.

For example, consider permutation « of {0, ..., 8} defined as a = (0, 3)(4, 5)(2)(6, 8)(7).

Then the cycle type of « is [1,1,2,2, 3] and the fixed points are 2 and 7.
An automorphism « of (X,.A) will permute the blocks in set A. We can
also write the cycle type of this permutation of A induced by «a. Fixed
point of this permutation is a block A € A that is fixed setwise by « , i.e
{a(z)|z € A} = A, which we call as fixed blocks.

We will now prove a useful result which we will require later.

Lemma 3.1.8 Suppose (X, A) be a symmetric (v, k,\)-BIBD and suppose
that o € Aut(X,.A) has exactly f points. Then « fizes exactly f blocks in A.


bsury
Sticky Note
break line

bsury
Sticky Note
no indent

bsury
Sticky Note
display alpha


Proof: Suppose that « fixes exactly F' blocks. Define
I={(v,A)|lr € X, A€ A {r,a(r)} C A}

We compute || in two ways. Firstly,

1= HA € Al{z, a(z) C A}

zeX

= Y {AcAfra@ A+ D [{AcAlfr,alx) C A}

{zeX|a(z)=2} {zeX|a(z)#£x}
=fk+(v—f)A

Secondly we compute |I| as follows.

1= l{z € X|{z,a(z) C A}

AeA
= Y HeeX{za@ AR+ Y, [{zreX|{z,alz) C A}
{AcAja(A)=A} {AcAla(A)#A}
If a(A) = Aa(zx) € AVe € X = {z € X|{z,a(zx) C A}} = A

If a(A) # A {z,a(z)} C A <= 1z € ANna'(A). Since a '(A) #

AJAN a1 (A)] = Al

Hence , |I| = Fk+ (v — F)\.

Therefore we get,

fk+(w—f HA=Fk+(v—F)N = (f-F)k+AXv—f—-v+F)=0
=(f-Fk—-ANf-F)=0 = (f-F)(k=X) =0

We have k # X\ Jhence f = F', which is the desired result. O
We will define one m@tool required later .

Definition 3.1.9 Mobius Function

Mobius function, denoted as p,for positive integers is defined as

1 n=1
pn) =< (=1)F n=p; x - x ppwhere P;’s are distinct primes
0 if n is divisib@-y p? for some prime p
Now we will state an important theorem of mobius function(without proof).
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Theorem 3.1.10 (Mobius Inversion Formula) Suppose that f,g: Z" —
R are functions and suppose that f(j) = Zg(z) holds for every positive in-

ilj

=)
9(0) = S n(- 1),

il

eteger j,then for every positive integer i,

| =

<

Having stated the result we will see a theorem which uses the above facts.

Theorem 3.1.11 Suppose that (X,A) is a symmetric (v, k,\)-BIBD and
a € Aut(X, A).Then the cycle type of permuatation of X induced by « is the
same as cycle type of permutation of A induced by «.

Proof: ~ Suppose a permutation « of a finite set S has exactly ¢; cycles
of length 4,1 < ¢ < |S]|. Let f; denote the number of fixed points of the
permutation o/. A point x € S is fixed by permutation o if and only if
lies in a cycle whose length divides j (i|j) in . This gives us that f; = Z ic;.

ilj
Set g(i) = ic;. Applying mobius inversion formula we get

=S uG = =5 LG

Jli Jli

Let us now suppose that « is a permutation of symmetric (v, k, A)-BIBD
(X, A). Foe every j greater than or equal to 1, o’ is an automorphism of
(X, A). Hence by the above lemma, the permutation of X and A induced
by o/ have the same number of fixed points . Hence from the formula of ¢;,
both permutations induced by a have the same cycle type. [
We will now prove a converse to theorem 3.1.5 where the symmetric BIBD
has an automorphism which is a single cycle of length v.

Theorem 3.1.12 Suppose that (X, A) is asymmetric (v, k, \)-BIBD having
an automorphism « that permutes the points in X in a single cycle of length
v. Then there is a (v, k, \)-difference set in (Z,,+).

Proof: By relabelling the points if necessary , we can assume, without loss of
generality, X = {zo,..., 2, 1} and a(z;) = ;117 mod v for0 <i <wv—1. We
get o = (g, ..., xy_1). We choose any block A € A. We define Ag = A and
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for each integer j > 0, define A; = {a/(z)|z € Ao} = {x;31 mod v|z; € Ap}.
Every block A; € A" af € Aut(X, A). From the above theorem, o permutes
the block in A in a single cycle of length v. Hence Ay,..., A, 1 are all
distinct and A = {4;]0 < 7 < v — 1} and a permutes the blocks in A as
o = (A07 PN 7Av—1)-

Now, we define D = {i|z; € Ay} and we move on to show that D is the
desired difference set. Let g € Z,, g # 0. The pair {z¢, x,} occurs in exactly
A blocks in A, say A;,, ..., A;,. For each occurence of this pair in A;;, we have
a pair in difference set D, (9—i;) —(—i;) = ¢ mod v, and {—i; mod v, g—i;
mod v} C D. These A pairs in D are distinct. Thus the difference g occurs
A times in the set D for all nonzero g € Z,. All occurences of g are included
by this method. Hence D is the desired difference set. O
We will see a generalisation to the above theorem in the case for arbitrary
finite groups for which we will first see a definition.

Definition 3.1.13 Sharply transitive

Let G C Sy, is a permutation group acting on a set v-set X. G is sharply
transitive if for all z, 2’ € X, there exists a unique permutation g € G such
that g(x) = 2’. Also |G| = v if G is sharply transitive.

Now we state the theorem which can be proved in a similar procedure of
previous theorem.

Theorem 3.1.14 Suppose (X, A) is a symmetric (v, k,\)-BIBD such that
G is a sharply transitive subgroup of Aut(X,A). Then there exists a (v, k, \)-
difference set in the group (G, o).

3.2 Quadratic Residue Difference Sets

We will now see the concept of quadratic residues in a finite field IF,, where
q is an odd prime power. The quadratic residues of F, are the elements in
the set QR(q) = {z*|z € F,,z # 0}. The quadratic non residues of F, is
QNR(q) = F \ (QR(q) U{0}).

We now characterize the quadratic residues and non residues. We use the fact
that the multiplicative group(F,\ {0}, .) is a cyclic group. A generator of this
group ,say w, is called the primitive element of the field F,. And therefore
w is a primitive element if and only if {w'|0 < i < ¢ —2} =F,\ {0}. It is
clear that the set {w?|0 < i < 32} is a subset of QR(g). We can see that



the cardinality of the above set is 42 + 1 = =1 = |QR(q)|. Hence we have
proven the following result that

Lemma 3.2.1 Suppose q is an odd prime power and w is a primitive element
in Fy. Then QR(q) = {w?|0 <i < 42},

Now we will see a corollary of this lemma.

Corollary 3.2.2 Suppose q is an odd prime power. Then —1 € QR(q) <~
g=1 mod 4.

Proof: Let w € F, be primitive element and let v = w =R # 1. Hence

v =w"!t =1 So ’yf;é 1,72 = 1. Hence we get v = w's = —1. Now
—1€QR()<:>U)2—Z2<:> L_92k <= q—-1=4k <= ¢=1
mod 4. OJ

Now we will see a result which provides an infinite class of difference sets.

Theorem 3.2.3 (Quadratic Residue Difference Sets) Suppose ¢ = 3

mod 4 is a prime power. Then QR(q) is a (q, ﬂ, ﬂ)—dz’ﬁerence set in (Fy, +).
Proof:  Let QR(q) = D. We have |D| = ‘12—1. Hence, we only need to

show that every non zero element of IF, occurs qT times as a difference of 2

elements in D.

For any d € F, \ {0}, define a4 = |{(z,y)|z,y € D,z —y = d}|.

Now, gr — gy = g(x — y) Vg,x,y. So the number of times any difference d

occurs in D is same as the number of times difference gd occurs in gD =

{gz|x € D}. Suppose g € QR(q). Since product of two quadratic residues is

also a quadratic residue, we have gD = D. And we get aq = agq Vg € QR(q).

Hence there exists a constant A such that a; = A\ Vd € QR(q).

Let d € QNR(q),e = —d. WE have —1 € QNR(q). And —1 xd = ¢ €

QR(q). ag = a. since x —y = d <= y—x = e. Hence it follows that

= A Vd € F,\ {0}. Hence D is a (g, 21,)\) difference set. We have
g—1g-—3

Av —1) = k(k — 1), which gives A = 2= = 92, Hence we get QR(q) is

a (¢, 45+, ©2)-difference set in (Fy, +). 0

Now we w1ll see construction of difference sets in a different class of elements.

Definition 3.2.4 Quartic residues

For prime power ¢ =1 mod 4, quartic residue in F, are the elements of the
set {z*|z € F,, z # 0}.Equivalently, we can also say that quartic residue is
the set {w*[0 < i < ©2}; where w is the primitive element.

Now we will state a theorem without proof which involves quartic residues.



Theorem 3.2.5 Suppose that p = 4t*> + 1 is prime and t is an odd in-
teger. Then quartic residues in Z, form a (4t* + 1,t%, %)—dzﬁemce set in
(Zy,+), and the quartic residues in Z, U {0} form (4t* + 9,t* + 4, tQT+3)—

difference set in (Zy, +).

Let us now explore some more properties related to difference sets.

3.3 The Multiplier Theorem

3.4 Multipliers of difference sets

We focus on abelian groups in this section and now we define a concept from
which we further move on.

Definition 3.4.1 Multiplier

Let D be a (v, k, \)-difference set in an abelian group (G, +) of order v. For
an integer m, define mD = {mz|x € D}, where mx is the sum of m copies
of x .Then m is called the multiplier of D if mD = D + g for some g € G.
D is fixed by the multiplier m if mD = D.

We will now see some basic results regarding multipliers.

Lemma 3.4.2 Suppose that m is a multiplier of a (v, k, \)-difference set in
D in an abelian group (G,+) of order v. Then gcd(m,v) = 1.

Proof:  Suppose that ged(m,v) > 1. Let p be a prime divisor of m and v.
Let d € G have order p. There exists x,y € D suh that © —y = d. Then
mz —my = m(z —y) = md = kpd = k(pd) = 0. So mD contains repeated
elements. Hence we get that mD # D + g for any g and m is not a multiplier
of D.Hence it must be the case that gcd(m,v) = 1. O

Lemma 3.4.3 Suppose that m is a multiplier of a (v, k, \)-difference set in
D in an abelian group (G,+) of order v. Define o : G — G by a(xr) = mzx.
Then a € Aut(G, Dev(D)).

Proof: We have mD = D+ g for some g € G. We apply « to arbitrary block
of (G,Dev(D)). We have a(D+h) =m(D+h) =mD+mh = D+g+mh €
Dev(D). Hence a maps any arbitrary block to another block. And we get
the desired result. OJ



Now we will see an important result known as the multiplier theorem which
establishes the existence of multipliers in difference sets, whose parameters
satisfy certain conditions.

Theorem 3.4.4 (Multiplier Theorem) Suppose there exists a (v, k,\)-
difference set in an abelian group (G,+) of order v. Suppose that the condi-
tions given are satisfied :

1. p is prime
2. ged(p,v) =1
3. k—=A=0 modp
4. p>A
Then p 1s a multiplier of D.
Applying the multiplier theorem is made easier by the result we will see now.

Theorem 3.4.5 Suppose that m is a multiplier of a (v, k, \)-difference set
in D in an abelian group (G,+) of order v. Then there exist a translate of
D that is fixed by m.

Proof: Define a(x) = mx for every x € G. Then we have a € Aut(G, Dev(D)).
We can easily see that a(0) = m0 = 0 and therefore « fixes atleast one point.
Then by lemma 3.1.8 « fixes atleast one block og Dev(D). This means that
« fixes atleast one translate of D. a(D + h) = m(D + h) = d + h. Hence
there exists a translate of D that is fixed by m. O
Let us now see a more general result in the case when ged(v, k) = 1.

Theorem 3.4.6 Suppose there exists a (v, k, \)-difference set in an abelian
group (G,4) of order v. Then there exists a translate of D that is fixed by
every multiplier m.

Proof: Let us denote s = Z x. Then we get Z = Z x+|D|g = s+kg.
xzeD r€D+g zeD

If s+kg=s+kh;g,h€G,g+#h. Then k(g9 —h)=0. And we get order of

g — h divides k. However in a finite group, order of any element divides the

order of group. Hence order of g — h divides v. Since ged(v, k) = 1, order of

g—h=1=— g—h=0 = g = h which is a contradiction.

Hence we have now shown that the map g — s + kg is one-one. Since this



map is from G into G and G is finite, G is surjective. Hence there exists a
unique g € GG such that s+ kg =0 = Z x=0.

ze€D+g
Let m be any multiplier of D. Then m is also multiplier of the translate

D + g and we have
Z r=m Z x=0.

zem(D+g) z€D+g

Since it is for a unique g, D + g is the unique translate of D whose elements
sum to 0. Hence m(D + g) = D + g and the translate D + g is fixed by any
multiplier m. O

A difference set or a translate of a difference set is said to be normalized if its
elements sum to 0. Hence we showed above that for any (v, k, A)-difference
set D in an abelian group (G, +) of order v where ged(v, k) = 1, there is a
unique normalized translate and this translate is fixed by every multiplier of

D.

Before proceeding to the proof of the multiplier theorem, need to see
some requirements which we need for the proof. Let us take a look at these
Now.

3.4.1 Group Ring

The proof of the multiplier theorem uses an algebraic structure called the
group ring. We will see the definition and some properties of the same.

Definition 3.4.7 Group Ring

Let (G,+) be an abelian group.The group ring, Z[G], consists of all formal

sums of the form Zagzg ;ag € Z, where z is the indeterminate. It is easy

geG
to see that an element of Z[G] is a polynomial in the indeterminate x having

integer coefficients and the exponents are the elements of the group G.
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Let us see some of its properties. Let a(z) = Z agz?, b(z) = Z byx?, then

geG geG
(a+b)(z) = Z(ag + by)a?
geG
(@) = 3 3 (b )
g€G heG

a(z) =b(x) mod pifa, =b, mod p

These are the operations carried out.We may also make use of the group
ring Z,|G] which is defined as the same way as above, except that here the
coefficients are in Z,.We will now define some more notations.

For any a(x) = Z a,x?, define

geG

a(z™) = Z agz™

geG
a(z™h) = Z agr™?
geG
a(l) = Zagl = Zag
geG geG

Finally, let G(z) = >~ .2 and for a difference set D in G, define D(z) =
> gen T

Now let us see some results regarding difference sets and group ring.

Lemma 3.4.8 Suppose D is a (v, k, \)-difference set in an abelian group G.
Then D(z)D(z™) = AG(z) + (K — \)a®.

Proof: 'We have D(z) = Z r¢and D(z7 ') = Z ™" Sowe get,D(z)D(z7!) =
geD heD
Z 297" Let g — h = d and define ag = |{(g,h)|g,h € D,g — h = d}|. So
g,heD
we get D(z)D(z™!) = Z agr®. Clearly, we have
dec

N d+0
Y=k oif d=0



Therefore we get, D(z)D(x™') = AG(z) + (k — \)2°. O
Now if ged(m,v) = 1, where m is a positive integer, then we state theTesult
similar to above in this case.

Lemma 3.4.9 If D is a (v, k, \) difference set in an abelian group G. Sup-
pose m is a positive integer such that ged(m,v) =1, then

D(x™)D(z™™) = AG(x) + (k — \)a".
Lemma 3.4.10 Suppose a(x) € Z|G]. Then a(x)G(z) = a(1)G(x).
Proof: We have

a(z)G(x) = Z agrd "

g,heG

_Z<Zag>xeg+h_1

i€eG gelG
= Z a(l)z
i€G

=a(1)G(z)
as required. O]

Lemma 3.4.11 Suppose p is a prime and a(x) € Z[G|. Then a(x)? = a(xP)
mod p.

Proof: 'We prove this result by induction on the number of non zero coeffi-
cients in a(x). Suppose that a(x) has no nonzero coefficients, then a(x) =0
and the result holds trivially. If a(z) has one non zero coefficient, then
a(z) = ayx? for some a, # 0. Then computing in Z,[z], we have

a(z)? = (ag2?)?
= apz?

— Pg
= Q4T

Now let us assume the result holds when a(x) has atmost i nonzero coefficients
for some i > 1. Let a(z) have i + 1 nonzero coefficients. Then a(z) =
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a;(z) + ayx9; where a;(x) has i nonzero coeflicients and a, # 0. Then we get,

—~\J
= a;(x)? + (aza?)? (?)EO mod p Vi<j<p-1
= a;(z)" + aga??
= CL({L‘p>

by induction. Hence the result holds for all a(x) € Z[G]. O

Now using all these results let us see the proof of the multiplier theorem.

3.5 Proof of the Multiplier Theorem

In this section we see the result of theorem 3.4.4. @0'0]‘: We begin the
proof by computing the product D(z?)D(z~1).

D(2")D(z™) = D(x)?D(x™) by lemma 3.4.11
= D(2)P'D(z)D(z™")
= D(z)" ' (\G(x) + (k — \)2°) by lemma 3.4.8
= AD(2)P'G(z) + (k — A\)D(x)P*
= AD(1)*'G(x) + (kK — \)D(z)"! by lemma 3.4.10
= MP'G(z) + (k — \)D(x)P~ o D(1) =k
= \P1G(x) k—A=0 modp
= NG(x) k=X modp
= \G(z) AP =X mod p

Now we define S(x) = D(2?)D(z™1) — AG(x). Hence we have S(z) = 0

mod p. So all coefficients of S are divisible by p. Since all coefficients of

D(2P)D(2~') are non negative it follows that all coefficients of S(z) are

greater than or equal to —\. Since we have p > A, all coefficients of S(z) are

also non negative.

Note that G(x™!) = Z x~ 9. Since every element has a unique inverse, pair
geG
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them up and we get G(z~! = G(x).

ig’:(g—-‘w we compute S(z)S(z!)
)S(x™") = (D(a")D(z™") = AG(2))(D(z ") D(z) — AG(z™))
(@))(

= D(z?)D(z7?)D(z" ") D(z) + N*G(x)* — AD(2")D(z~ 1) G(x) — MG (2)D(z~?)D(z)
= D(2")D(x?)D(z~ ") D(x) + N2G(2)? — AG(2)(D(2?)D(z™*) + D(z7P)D(x))
Now
D(2”)D(z?)D(x~")D(z) = (AG(z) + (k — \)z°)(A\G(z) + (k — \)2°)
= (AG(z) + (k — \)a%)?
= NG(2)* + (k — A\)? + 2\ (k — M) G(2)

Now G(z)? = G(r)G(x) = G(1)G(z) = vG(x). Hence we get D(xP)D(z~?)D(z~1)D(z) =
NoG(z) + (k= N)? + 20k — N)G(x).

We also have that

—\G(z)(D(2?)D(x~")+D(x7?)D(x)) + \*G(z)?

AG(z)D(2)D(z™ 1) — AG(x)D (27 ?)D(x) + \vG(z)
~AD(1)G(x)D(z ') — AD(1)G(x)D(x) + \*vG(z)
—AD(1)*G(x) — AD(1)2G(z) + \vG(x)

—2M2G(7) + NG ()

Therefore, we get

S(x)S(z7) = NG (2)* + (k — A2 + 20k — MG (z) — 20E*G(2) + N vG(z)
= (A0 42Xk — ) — 20k* + A20)G(2) + (B — )2
=2 A\ +k — A= k)G (x) + (k — \)?
=2\ A(v — 1) + k — E*)G(z) + (k — \)?
=2Xk(k —1) — k(k — 1))G(z) + (k — \)?
= (k=)
= (k—\)%2°

Now let S(z) = ngxg. We have shown above that s, > 0V g € G.

geG
Suppose that there exists g,h € G,g # h such that s, > 0,s, > 0. Then
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the coefficient of 297" in S(z)S(x!) is atleast s,s; > 0, which is a contra-

diction. Hence S(x) = s,x9 for some g € G. Then we get S(z)S(z™') =

(5¢79)(54279) = (s54)°2°. And we get s> = (k — X)*. Since 5, > 0, we get

sg =k —Xand S(x) = (k— A)z?9 for some g € G.

Substltutlng this in the equation S(z) = D(z?)D(z~!) — AG(z), we see that
@(ajp)D(x D = (k — X\)z9 + AG(z). Multiplying both sides by D(z), we get

D(a")D(z)D(z~") = D(x)((k — Az’ + \G(x))

D(a")(AG(x) + (k = N)a®) = D(w)(k = Az’ + \G(x)

D(a")AG(x) + D(a”)(k — \)z" :D( )(k — \)a? + AD(2)G(z)
AD(1)G(x )+D(x”)(k—)\) D(z)(k — \)z? + AD(1)G(x)
D(a")(k — A" D(x)(k—A)

D(a?) = D(z)z

MMHM

xP

Therefore we proved that pD = D + g for some g € G. Hence we proved that
p is a multiplier of D. O

In this chapter we explored difference sets and how symmetric BIBD’s can
be constructed from difference sets. An important theorem in this chapter
was the multiplier theorem , which establishes the existence of multipliers in
difference sets, which we dealt with a great detail.
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