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The Prime Ordeal
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Numbers in their prime

for no reason or rhyme

show up at a rhythm

with probability 1/logarithm.

If this is a law they knew,

they also break quite a few

but that is not a crime!
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P r im e n u m b e r s h a v e fa s c in a t e d m a n k in d t h r o u g h

t h e a g e s . I n fa c t , o n e m a y t h in k t h a t w e k n o w a ll

a b o u t t h e m . H o w e v e r , t h is is n o t s o ! O n e d o e s

n o t k n o w t h e a n s w e r s t o m a n y b a s ic q u e s t io n s

o n p r im e s . W e s h a ll c o n c e n t r a t e h e r e m a in ly o n

q u e s t io n s a n d d is c o v e r ie s w h o s e s t a t e m e n t s a r e

e le m e n t a r y a n d a c c e s s ib le . R ig h t a t t h e e n d , w e

m e n t io n a r e s u lt w h o s e s t a t e m e n t is s im p le b u t

w h o s e p r o o f u s e s r a t h e r s o p h is t ic a t e d m a t h e m a t -

ic s . E v e n h e r e , w e d o n o t t r y t o b e e x h a u s t iv e .

T h e s u b je c t is t o o v a s t fo r t h a t t o b e p o s s ib le .

1 . I n t r o d u c t io n

W e sta rt w ith th e ¯ rst m a jo r d isc o v e ry a b o u t p rim es,
w h ich is th e p ro o f b y E u c lid 's sch o o l th a t th e re a re in ¯ -
n itely m a n y p rim e n u m b e rs. E u c lid 's p ro o f o f th e in ¯ n i-
tu d e o f p rim es w ill ete rn a lly re m a in b e a u tifu l n o m a tte r
w h a t a d v a n ce s m o d ern m a th em a tics m a k e s. In sp ite o f

its sim p lic ity , it still re ta in s q u ite a b it o f m y ste ry. F o r
in sta n c e , it is u n k n o w n a s y e t w h e th e r th e p ro d u c t o f th e
¯ rst few p rim e s a d d e d to 1 ta k e s a p rim e v a lu e in ¯ n ite ly
o fte n . It is e v e n u n k n o w n w h e th er it ta k es a c o m p o site
v a lu e in ¯ n itely o fte n ! D o y o u see th e m y ste ry ? W h a t

is th e ¯ rst tim e w e g et so m e c o m p o site n u m b er? D o e s
a n y o n e k n o w th e a n sw er a lrea d y ? A n y w a y , let m e te ll
y o u th a t 2 :3 :5 :7 :1 1 :1 3 + 1 is n o t a p rim e .

A c tu a lly, it is o fte n th e ca se th a t fo r a n y se q u e n ce o f n a t-
u ra l n u m b ers w h ich d o e s n o t o b v io u sly ta k e o n ly c o m -
p o site v a lu es, th e q u estio n a s to w h e th er it d o e s ta k e
in ¯ n ite ly m a n y p rim e v a lu e s rem a in s u n a n sw ere d . H ere
a re so m e e x a m p le s (th e p 1 ; p 2 ; : : : a re p rim e n u m b e rs):

(i) p 1 p 2 ¢ ¢ ¢ p n + 1 ,
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It was proved by a

contemporary

mathematician

Henryk Iwaniec in

1978 using some

advanced

mathematics that

infinitely many

numbers of the form

n2 + 1 can be

expressed as a

product of at most

2 primes.

Given a natural

number n, how does

one recognize

whether it is prime or

not? This is of crucial

importance in many

modern

cryptosystems where

the belief is that it is

comparatively much

easier

(computationally) to

answer this question

than to factorize a

given number.

(ii) p 1 p 2 ¢ ¢ ¢ p n ¡ 1 ,
(iii) n ! + 1 ,
(iv ) n ! ¡ 1 ,

(v ) 2 n ¡ 1 ,
(v i) 2 n + 1 ,
(v ii) n 2 + 1 ,
(v iii) f (n ) fo r a n y p o ly n o m ia l o f d eg ree ¸ 2 su ch th a t
th e re is n o k d iv id in g a ll th e v a lu es f (r ); r 2 Z .

O f co u rse , in (v ), it is o b v io u sly n e c essa ry th a t n it-
se lf b e p rim e , a n d in (v i), a n e ce ssa ry co n d itio n is th a t
n is a p o w e r o f 2 . A s fo r (v ii), it w a s p ro v e d b y a co n -
te m p o ra ry m a th e m a tic ia n H e n ry k Iw a n iec in 1 9 7 8 u sin g

so m e a d v a n c ed m a th e m a tic s th a t in ¯ n ite ly m a n y n u m -
b e rs o f th e fo rm n 2 + 1 c a n b e e x p ressed a s a p ro d u c t
o f a t m o st 2 p rim e s. N o te th a t th e c o n d itio n in (v iii)
c a n n o t b e w e a k en e d ; fo r in sta n c e, if w e m e re ly sa y th a t
a ll th e c o e ± cie n ts o f f b e n o t d iv isib le b y a n y k , it is

n o t su ± c ie n t. In d e ed , f (x ) = x (x + 1 ) is a co u n tere x -
a m p le. T h a t th e se q u e n ce in th e la st ex a m p le ta k e s
in ¯ n ite ly m a n y p rim e v a lu e s w a s c o n je ctu re d b y V ik to r
B o u n ia k o w sk y in th e 1 9 th ce n tu ry . In c o n tra st to th e
la st ex a m p le, th e d e g re e o n e ca se is k n o w n to ta k e in ¯ -

n itely m a n y p rim e v a lu es { th is is th e fa m o u s th eo rem o f
L e je u n e D irich let o n p rim es in a rith m etic p ro g re ssio n s.
In cid e n ta lly, h e re is a little ex e rc ise : If w e m a k e th e (a p -
p a re n tly w e a k e r) c o n je ctu re th a t u n d er th e h y p o th e sis
o f e x a m p le (v iii), ev ery su ch f ta k es O N E p rim e v a lu e,
it is a ctu a lly e q u iv a le n t to a sse rtin g th a t e a ch su ch f

ta k es in ¯ n ite ly m a n y p rim e v a lu e s!

H e re is a n o th er issu e o f im p o rta n c e { in c ry p to g ra p h y,
fo r e x a m p le. G iv en a n a tu ra l n u m b er n , h o w d o es o n e

re co g n ize w h e th e r it is p rim e o r n o t ? T h is is o f c ru c ia l
im p o rta n c e in m a n y m o d ern c ry p to sy ste m s w h e re th e
b e lie f is th a t it is c o m p a ra tiv e ly m u ch e a sie r (c o m p u -
ta tio n a lly ) to a n sw e r th is q u e stio n th a n to fa c to riz e a
g iv e n n u m b e r. B a sic a lly, th e id e a w o u ld b e to u n e a rth

p ro p ertie s o f p rim e n u m b e rs w h ich te riz e th e m (th a t is,
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One website in

German translated

‘the little theorem of

Fermat’ as ‘the

small sentence of

Fermat’! It is even

funnier when we

recall that Fermat

was a judge who did

pass sentences at

times!

w o u ld n o t h o ld fo r e v e n a sin g le co m p o site n u m b e r).
O n e su ch fu n d a m e n ta l p ro p erty (w h ich is a n e a sy ex e r-
c ise ) is th a t a n a tu ra l n u m b e r n > 1 is p rim e if, a n d

o n ly if, n d iv id es (n ¡ 1 )!+ 1 . T h is is k n o w n a s W ilso n 's
c o n g ru en c e . A n o th er su ch p ro p erty is th a t a n y p rim e
p d iv id e s th e b in o m ia l c o e ± c ie n ts

³
p
r

´
fo r e a ch r in th e

ra n g e 0 < r < p . T h a t th is is u n tru e fo r e v e ry c o m p o site
n u m b e r is a g a in a n ice little e x e rc ise .

U sin g th e a b o v e p ro p e rty o f p rim es, o n e c a n p ro v e b y
in d u ctio n o n n th a t n p ¡ n is a m u ltip le o f p fo r ev ery
n . E q u iv a le n tly , if p d o e s n o t d iv id e n , th e n p d iv id e s
n p ¡ 1 ¡ 1 . T h is is k n o w n a s th e little th e o re m o f F erm a t.

In te re stin g ly , I fo u n d th a t o n e w eb site in G e rm a n tra n s-
la ted t̀h e little th e o re m o f F erm a t' a s t̀h e sm a ll se n -
te n ce o f F e rm a t' ! It is e v e n fu n n ie r w h en w e re c a ll th a t

F erm a t w a s a ju d g e w h o d id p a ss sen te n c es a t tim es!

A t th is p o in t, it is b e tter to sto p a n d p o in t o u t th e a n -
sw e r to a q u estio n w h ich w o u ld h a v e c ro ssed th e m in d s
o f m a n y p eo p le . Is th ere a f̀o rm u la ' fo r th e n -th p rim e?
In d ee d , th e re a re m a n y fo rm u la e fo r p rim e s! H o w ev er,
th e y a re a ll w o rth le ss in a p ra c tic a l se n se ; th a t is, o n e
c a n n o t h o p e to co m p u ta tio n a lly p ro d u c e p rim es b y su ch
fo rm u la e . H o w e v e r, la te r w e d o ta lk a b o u t a re ce n t a l-
g o rith m b y th re e In d ia n s w h ich tells u s in p o ly n o m ia l

tim e w h e th er a g iv e n n u m b e r is p rim e o r n o t. H ere is a
f̀o rm u la ' fo r p rim e s b a se d o n W ilso n 's c o n g ru en ce . P u t

f (x ; y ) = 1
2

f 1 + x ¡ y
jx ¡ y j

g if x 6= y , a n d f (x ; x ) = 0 . N o te

th a t f (x ; y ) is sim p ly 1 o r 0 a cc o rd in g a s to w h e th er x >

y o r x · y . P u t ¼ (n ) = 1 +
P n

i= 3 f (i ¡ 2 )! ¡ i[(i ¡ 2 )!= i]g
fo r n ¸ 3 a n d ¼ (1 ) = 0 ; ¼ (2 ) = 1 . T h is c o u n ts th e n u m -

b e r o f p rim e s u p to n . T h en , th e n -th p rim e p n is g iv e n
b y th e fo rm u la :

p n = 1 +
2 n

X

i= 1

f (n ; ¼ (i)):

A fte r so m e th o u g h t, w e see th a t th e fo rm u la , a lth o u g h
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The proof of the

infinitude of the

Carmichael numbers

(as recently as 1994)

also showed that

there are at least n2/7

such numbers  n

provided n is

sufficiently large.

p e rfe ctly v a lid , is o f n o p ra c tic a l u se in ¯ n d in g th e n -th
p rim e . A so m e w h a t b e tte r fo rm u la w a s g iv e n se v e ra l
y e a rs a g o b y a n In d ia n n a m e d J M G a n d h i.

2 . C a r m ic h a e l N u m b e r s : `C a r m 'p o s it e s in P r im e

C lo t h in g

S o m e a v a ta r o f F e rm a t's little th eo rem is u sed in m o st
p rim a lity te sts e v e n to d a y . B u t, u n fo rtu n a te ly F erm a t's
little th e o re m d o es n o t ch a ra cte rize p rim e s ! It d o e s
h a p p e n fo r so m e c o m p o site n th a t n d iv id es a n ¡ 1 ¡ 1
fo r so m e a c o -p rim e to n . In th e term in o lo g y o f c ry p -

to g ra p h y , o n e sa y s th a t n is a p seu d o -p rim e to th e b a se
a a n d th a t a is a stro n g lia r fo r n . W o rse h a p p e n s {
th e re a re, in d e ed , in ¯ n itely m a n y n u m b e rs (k n o w n a s
C a rm ich a e l n u m b e rs a fte r R o b ert C a rm ich a e l) n su ch
th a t n d iv id e s a n ¡ 1 ¡ 1 fo r e v e ry a c o -p rim e to n . T h e

sm a lle st su ch n u m b er is 5 6 1 . T h e p ro o f o f th e in ¯ n itu d e
o f th e C a rm ich a e l n u m b e rs (a s re c en tly a s 1 9 9 4 ) a lso
sh o w e d th a t th e re a re a t le a st n 2 = 7 su ch n u m b e rs · n

p ro v id e d n is su ± c ie n tly la rg e. T h e p ro o f u se d d e ep ,
m o d e rn -d a y m a th em a tic s. In th is a rtic le , I w ill c o n c e n -

tra te o n tw o co n je ctu re s (o n e m a d e in 1 9 5 0 a n d th e o th e r
m a d e in 1 9 9 0 ) w h ich a im to ch a ra c terize p rim e s. Iro n i-
c a lly , th e y h a v e tu rn e d o u t to b e e q u iv a le n t! A s th e co n -
jec tu re s in v o lv e C a rm ich a e l n u m b e rs a lso , w e ¯ rst p ro v e
a e le m en ta ry c rite rio n d u e to T h e o d o r K o rselt w h ich
ch a ra c terise s C a rm ich a e l n u m b e rs.

In w h a t fo llo w s, w e w ill b e u sin g th e fo llo w in g n o ta tio n s.
W e w ill sa y a ´ b m o d m w h e n a ¡ b is a m u ltip le o f
m . T h e se co n g ru e n c es h a v e a ca lc u lu s q u ite sim ila r to

e q u a lity. N a m e ly , if a ´ b m o d m a n d c ´ d m o d m

(sa m e m , o f c o u rse ), th en a + b ´ c + d a n d a b ´ c d m o d
m .

T h e o r e m . A co m po site n u m ber n is a C a rm ich a el n u m -
ber if, a n d o n ly if, n is squ a re-free a n d , fo r ea ch p rim e
d iviso r p o f n , th e n u m ber p ¡ 1 d ivid es n ¡ 1 .
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P roo f. W e sh a ll a ssu m e a n d u se th e fo llo w in g fa ct w h ich
w a s ¯ rst p ro v e d b y G a u ss. F o r a n y p rim e n u m b e r p ,
th e re ex ist p o sitiv e in teg e rs a < p a n d b < p 2 w h ich

h a v e ò rd e rs' p ¡ 1 a n d p (p ¡ 1 ) in th e fo llo w in g se n se :

W h e n a r ´ 1 m o d p , th e n p ¡ 1 d iv id e s r , a n d

w h e n b s ´ 1 m o d p 2 , th e n p (p ¡ 1 ) d iv id es s .

(It sh o u ld b e n o ted th a t n eith e r o f th ese sta te m en ts is
triv ia l to p ro v e a lth o u g h th e y a re a b o u t tw o h u n d re d

y e a rs o ld .)

N o w , ¯ rst let n = p 1 p 2 ¢ ¢ ¢ p r b e a sq u a re -fre e n u m b e r
su ch th a t fo r e a ch i · r , th e n u m b e r p i ¡ 1 d iv id e s
n ¡ 1 . E v id e n tly , fo r e v ery a c o -p rim e to n , a is co -p rim e
to e a ch p i. T h u s, o n e h a s b y F e rm a t's little th e o re m th a t
a p i¡ 1 ´ 1 m o d p i. S o , a n ¡ 1 = (a p i ¡ 1 )¤ ´ 1 m o d p i. In
o th e r w o rd s, p i d iv id e s a n ¡ 1 ¡ 1 fo r ea ch i · r . T h u s,
n = p 1 p 2 ¢ ¢ ¢ p r itse lf d iv id e s a n ¡ 1 ¡ 1 . T h is sh o w s th a t
n is a C a rm ich a el n u m b er.

C o n v ersely, let n b e a C a rm ich a el n u m b e r. If p is a
p rim e d iv id in g n , c o n sid e r a n a tu ra l n u m b e r a o f ò rd er'
p ¡ 1 m o d p . W e c la im th a t w e c a n a lw a y s ch o o se su ch

a n a w h ich is c o -p rim e to n .

F irst, if a is c o -p rim e to n , th e n b y h y p o th esis, a n ¡ 1 ´ 1
m o d n , w h ich im p lie s a n ¡ 1 ´ 1 m o d p , a n d th u s p ¡ 1

d iv id e s n ¡ 1 . If (a ; n ) > 1 , th e n lo o k a t th e se t o f
p rim e s p = p 1 ; ¢ ¢ ¢ ; p k w h ich d iv id e n b u t n o t a . C o n sid e r
a + p 1 ¢ ¢ ¢ p k in p la c e o f a . E v id e n tly, a + p 1 ¢ ¢ ¢ p k is co -
p rim e to n . M o re o v e r, it is o f th e fo rm a + p d , a n d so ,
its ò rd e r' m o d p is th e sa m e a s th a t o f a .

N o w , let p 2 d iv id e n fo r so m e p rim e p , if p o ssib le. L e t
b b e o f o rd e r p (p ¡ 1 ) m o d p 2 . If b is c o -p rim e to n ,
th e n b n ¡ 1 ´ 1 m o d n w h ich g iv e s b n ¡ 1 ´ 1 m o d p 2

w h ich a g a in im p lie s th a t p (p ¡ 1 ) d iv id e s n ¡ 1 . T h u s
p d iv id e s (n ¡ 1 ), a n im p o ssib ility b ec a u se p d iv id e s n .
S o , n m u st b e sq u a re -free if b c a n b e ch o sen co -p rim e
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to n . B u t, if (b; n ) > 1 , th e n o n c e a g a in w e lo o k a t th e
se t o f p rim e s p = p 1 ; p 2 ; ¢ ¢ ¢ ; p k w h ich d iv id e n b u t n o t b.
T h e n b + p 2

1 p 2 ¢ ¢ ¢ p k is c o -p rim e to n a n d h a s th e sa m e

o rd e r m o d p 2 a s b h a s, n a m e ly , p (p ¡ 1 ).

T h e p ro o f is co m p le te.

W e e n d w ith a n e a sy e x erc ise:

S u p po se n = p 1 ¢ ¢ ¢ p r is a C a rm ich a el n u m ber a n d m ´
1 m od L w h ere L = L C M o f p 1 ¡ 1 ; ¢ ¢ ¢ ; p r ¡ 1 . If
q i = 1 + m (p i ¡ 1 ) a re a ll p rim es, th en N = q 1 ¢ ¢ ¢ q r is
a lso a C a rm ich a el n u m ber.

3 . `N a v a ' G iu g a a n d L o n g À g o h '

L e t u s sta rt w ith th e ¯ rst o f th e 2 c o n je c tu res w e w ish
to d isc u ss. If p is a p rim e , th e n c le a rly

1 p ¡ 1 + 2 p ¡ 1 + ¢ ¢ ¢ + (p ¡ 1 )p ¡ 1 ´ ¡ 1 m o d p :

G iu se p p e G iu g a c o n je ctu re d in 1 9 5 0 th a t th is ch a ra c -
te rise s p rim es; th a t is,

C o n je c t u r e ( G iu g a 1 9 5 0 ) :

P n ¡ 1
k = 1 k n ¡ 1 ´ ¡ 1 m od n ) n is p rim e.

A s h e sh o w e d , th e c o n je c tu re ca n b e re fo rm u la te d a s
fo llo w s:

T h e o r e m .
P n ¡ 1

k = 1 k n ¡ 1 ´ ¡ 1 m od n if, a n d o n ly if, fo r
ea ch p rim e d iviso r p o f n , bo th p a n d p ¡ 1 d ivid e n

p
¡ 1 .

E qu iva len tly, a co m po site n u m ber n sa tis¯ es
P n ¡ 1

k = 1 k n ¡ 1 ´
¡ 1 m od n if, a n d o n ly if, it is a C a rm ich a el n u m ber su ch
th a t

P
p jn

1
p

¡
Q

p jn
1
p

is a n a tu ra l n u m ber.

In th e a b o v e sta te m en t, th e su m a n d th e p ro d u c t ru n
o v e r p rim e s a n d p jn d e n o te s p̀ d iv id e s n '.

P roo f. N o te th a t fo r a n y p rim e p , w e h a v e
P p ¡ 1

k = 1 k r ´ ¡ 1
o r 0 m o d p a cc o rd in g a s w h eth e r p ¡ 1 d iv id e s r o r n o t.
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Giuga’s conjecture

amounts to the

assertion that

there is no Giuga

number which is

also a Carmichael

number.

T h e re fo re, fo r a p rim e p d iv id in g n , w e h a v e

n ¡ 1X

k = 1

k n ¡ 1 ´
p ¡ 1X

k = 1

k n ¡ 1 +
2 p ¡ 1X

k = p + 1

k n ¡ 1 + ¢ ¢ ¢ +
n ¡ 1X

k = n ¡ p + 1

k n ¡ 1

´ ¡ n = p o r 0 m o d p a c co rd in g a s to w h e th e r p ¡ 1 d iv id e s
n ¡ 1 o r n o t.

T o p ro v e th e th e o re m , ¯ rst su p p o se
P n ¡ 1

k = 1 k n ¡ 1 ´ ¡ 1
m o d n . T h e n , fo r ev ery p rim e p jn , w e h a v e (p ¡ 1 )j(n ¡ 1 )
a n d n

p
´ 1 m o d p . N o te th a t (p ¡ 1 )j(n ¡ 1 ) im p lie s p ¡ 1

d iv id e s p ( n
p

¡ 1 ) = n ¡ p = (n ¡ 1 ) ¡ (p ¡ 1 ) a n d so (p ¡ 1 )

a lso d iv id es n
p

¡ 1 .

C o n v ersely, su p p o se p (p ¡ 1 ) d iv id e s n
p

¡ 1 fo r ea ch p rim e
d iv iso r p o f n . F irst o f a ll, th is fo rce s n to b e sq u a re -fre e.
N o w , fo r a n y p rim e p jn , w e a lso h a v e

P n ¡ 1
k = 1 k n ¡ 1 ´ ¡ n

p
´

¡ 1 m o d p . T h is p ro v e s th e ¯ rst sta te m e n t. T h e se co n d
a ssertio n is e a sy. If p (p ¡ 1 )j( n

p
¡ 1 ) fo r e a ch p rim e p jn ,

w e h a v e th a t n is a C a rm ich a el n u m b er (in p a rticu la r,
it is sq u a re -fre e). T h e n ,

X

p jn

1

p
¡

Y

p jn

1

p
=

X

p jn

1

p
¡

1

n
:

S o , m u ltip ly in g b y n , w e m u st sh o w th a t n d iv id e s
P

p jn
n
p

¡ 1 . T h u s, w e n ee d to sh o w th a t e a ch p rim e
d iv iso r o f n d iv id e s

P
p jn

n
p

¡ 1 . T h is fo llo w s b e c a u se

e a ch p rim e d iv iso r p o f n sa tis¯ e s p j( n
p

¡ 1 ) a n d p jn
q fo r

p 6= q .

R em a rks. A c o m p o site n u m b e r n su ch th a t p j( n
p

¡ 1 ) fo r

e a ch p rim e p jn , is c a lle d a G iu ga n u m ber. E q u iv a le n tly,
P

p jn
1
p

¡
Q

p jn
1
p

2 N . T h e n , G iu g a 's c o n jec tu re a m o u n ts
to th e a sse rtio n th a t th e re is n o G iu g a n u m b e r w h ich is

a lso a C a rm ich a e l n u m b e r. A s o f to d a y , o n ly 1 2 G iu g a
n u m b e rs a re k n o w n a n d a ll o f th e m h a v e su m m in u s
p ro d u c t (o f re c ip ro c a ls o f p rim e d iv iso rs) eq u a l to 1 . T h e
n u m b e rs 3 0 ; 8 5 8 ; 1 7 2 2 a re G iu g a n u m b e rs. U n til n o w ,
n o o d d G iu g a n u m b e rs h a v e b e e n fo u n d . A n y p o ssib le
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The smallest

Giuga sequence

where the sum

minus product is

>1, has 59

bfactors!

The sequence

2,3,7, 43, ... where

each term is 1

more than the

product of all the

previous terms

also proves the

inifinitude of

primes.

o d d G iu g a n u m b e r m u st h a v e a t le a st 1 0 p rim e fa cto rs
b e c a u se th e su m 1

3
+ 1

5
+ 1

7
+ 1

1 1
+ 1

1 3
+ 1

1 7
+ 1

2 3
+ 1

2 9
+ 1

3 1
< 1 .

In a n a rticle in V o lu m e 1 0 3 o f th e A m erica n M a th em a ti-
ca l M o n th ly o f 1 9 9 6 , D a v id B o rw ein , J o n a th a n B o rw e in ,
P ete r B o rw e in a n d R o la n d G irg e n so h n p ro p o se th a t a
g o o d w a y to a p p ro a ch G iu g a 's c o n je ctu re is to stu d y
G iu g a n u m b ers in g e n e ra l. M o re g e n e ra lly , th ey d e ¯ n e

a G iu ga sequ en ce to b e a ¯ n ite se q u e n ce n 1 < n 2 < ¢ ¢ ¢ <

n r o f n a tu ra l n u m b ers su ch th a t
P r

i= 1
1

n i
¡

Q r
i= 1

1
n i

is a
n a tu ra l n u m b e r. T h u s, a G iu g a se q u e n c e co n sistin g o f
p rim e s g iv e s rise to a G iu g a n u m b er, v iz ., to th e p ro d -
u c t o f th o se p rim es. T h e sm a llest G iu g a se q u e n ce w h ere

th e su m m in u s p ro d u c t is > 1 , h a s 5 9 fa c to rs! H e re is
a n e a sy m e th o d to p ro d u c e a rb itra rily lo n g G iu g a se -
q u en ce s.

T h e o r e m . S u p po se n 1 < n 2 < ¢ ¢ ¢ < n r is a G iu ga
sequ en ce sa tisfy in g n r =

Q r ¡ 1
i= 1 n i ¡ 1 . T h en , th e sequ en ce

n 1 < n 2 < ¢ ¢ ¢ < ~n r ; ~n r + 1 is a G iu ga sequ en ce w h o se
su m m in u s p rod u ct is th e sa m e, w h ere ~n r =

Q r ¡ 1
i= 1 n i +

1 ; ~n r + 1 = ~n r
Q r ¡ 1

i= 1 n i ¡ 1 :

S ta rtin g w ith a se q u e n ce lik e 2 ; 3 ; 5 sa y , th is g iv es G iu g a
se q u en c e s o f a rb itra ry len g th s w h o se su m m in u s p ro d u c t
is 1 . T h e p ro o f is a sim p le e x erc ise o f m a n ip u la tio n . In
fa c t, o n e h a s th e fo llo w in g n ice re su lt:

P r o p o s it io n .

L oo k a t a sequ en ce n 1 < n 2 < ¢ ¢ ¢ < n r w h ich sa tis¯ es
P r

i= 1
1

n i
+

Q r
i= 1

1
n i

= 1 . F o r exa m p le, th e sequ en ce n 1 =
2 ; n k =

Q
i< k n i + 1 is su ch a sequ en ce. T h en , n 1 < n 2 <

¢ ¢ ¢ < n k < n k + 1 :=
Q k

i= 1 n i ¡ 1 is a G iu ga sequ en ce.

T h e p ro o f is stra ig h tfo rw a rd v e rī c a tio n .

In cid en ta lly, n o te th a t th e sequ en ce given a s a n exa m p le
a bo ve p ro ves th e in ¯ n itu d e o f p rim es beca u se th e pa ir-
w ise G C D (n i; n j ) = 1 fo r a ll i 6= j .
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Fermat’s last

theorem can be

proved for a prime p

(in an easy, natural

manner) provided p

does not divide the

numerators of B
2
, B

4
,

..., B
p–3

.

The von Staudt–

Clausen theorem

says that the

denominator of B
2k

is

precisely


(p–1)|2k

p;

T h e G iu g a c o n je ctu re in v o lv e d th e su m s
P n ¡ 1

k = 1 k n ¡ 1 . In
g e n e ra l, a su m o f th e fo rm

P r ¡ 1
k = 1 k n c a n b e è a sily ' e v a l-

u a te d in te rm s o f c erta in ra tio n a l n u m b e rs ca lle d th e

B e rn o u lli n u m b e rs. T h ese u b iq u ito u s n u m b ers tu rn u p
in su ch d iv erse situ a tio n s th a t it is im p o ssib le to m e n -
tio n m o st o f th e m h e re. S u ± c e it to sa y th a t F erm a t's
la st th eo rem c a n b e p ro v e d fo r a p rim e p (in a n e a sy,
n a tu ra l m a n n er) p ro v id ed p d o es n o t d iv id e th e n u m e r-

a to rs o f B 2 ; B 4 ; ¢ ¢ ¢ ; B p ¡ 3 . H o w a re th e B n 's d e ¯ n e d ?
O ften , th e y a re d e ¯ n e d b y m ea n s o f th e g en e ra tin g se -
rie s

P 1
n = 0 B n

z n

n ! = z
e z ¡ 1 . T h e eq u a lity c a n b e sim p lī e d to

g iv e th e rec u rsio n
P n

r = 0

³
n + 1

r

´
B r = 0 a n d u sin g B 0 = 1 ,

o n e c a n d ete rm in e th e m . It tu rn s o u t th a t B 1 = ¡ 1
2 a n d

B r = 0 fo r a ll o d d r > 1 . M o re g en era lly, th e B e rn o u lli
p o ly n o m ia ls a re d e¯ n ed a s B n (x ) =

P n
k = 0

³
n
k

´
B k x n ¡ k ; it

is o f d eg ree n . N o te th a t B n (0 ) = B n .

It is a n elem e n ta ry ex e rc ise to sh o w th a t

r ¡ 1X

k = 1

k n =
1

n + 1
(B n + 1 (r ) ¡ B n + 1 ):

In th is m a n n er, th e su m s o f p o w e rs c a n b e e x p re ssed in
te rm s o f B ern o u lli n u m b e rs.

T h e v o n S ta u d t{ C la u sen th e o re m sa y s th a t th e d e n o m -
in a to r o f B 2 k is p re cise ly

Q
(p ¡ 1 )j2 k p ; n o te th is is sq u a re -

free . In p a rticu la r, it m a k e s se n se to ta lk a b o u t (2 k +
1 )B 2 k m o d 2 k + 1 ; n o te th a t fo r (a ; b) = 1 , o n e ta lk s o f
1
a m o d b { it is th e u n iq u e c m o d b fo r w h ich a c ´ 1 m o d

b .

F o r e x a m p le , 1 5 B 1 4 = 1 5 £ 7
6 = 3 5

2
´ 3 5 £ 8 ´ ¡ 5 m o d

1 5 .

1 3 B 1 2 = 1 3 £ ¡ 6 9 1
2 :3 :5 :7 :1 3

´ ¡ 1 m o d 1 3 .

L o o k in g a t su ch d a ta , T a k a sh i A g o h c o n je c tu red in 1 9 9 0
(c o n je ctu re d b y À g o h ' n o t lo n g à g o '!):

n B n ¡ 1 ´ ¡ 1 m od n if, a n d o n ly if, n is p rim e.
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A fe w y ea rs la te r (in 1 9 9 4 ) h e u se d th e v o n S ta u d t{
C la u se n th eo rem a n d sh o w e d th a t h is c o n je c tu re is a c -
tu a lly eq u iv a len t to G iu g a 's co n jec tu re . T h e n , in S e p -

te m b e r 2 0 0 4 , B e rn d K e lln e r g a v e a n e w p ro o f o f th e
e q u iv a le n ce o f th e tw o co n jec tu re s (w h ich g iv es a n o th e r
p ro o f o f th e v o n S ta u d t{ C la u se n th e o re m ) b a se d o n th e
fo llo w in g resu lt :

T h e o r e m ( K e lln e r ) . If m > 1 , a n d n is even , th en

m ¡ 1X

k = 1

k n ´ ¡
X

p jm ;(p ¡ 1 )jn

m

p
´ m B n m o d m :

T h e p ro o f is e le m en ta ry b u t ra th e r in v o lv e d a n d w e d o

n o t d isc u ss it h e re. T h is th eo rem a llo w s fo r a fu rth e r
re fo rm u la tio n o f th e G iu g a a n d A g o h c o n je ctu re s, a n d
m a y n o w b e ca lled :

C o n je c t u r e ( A g o h { G iu g a { K e lln e r ) :

A n in teger n ¸ 2 is p rim e if, a n d o n ly if,

X

p jn ;(p ¡ 1 )j(n ¡ 1 )

1

p
¡

1

n
2 Z :

4 . A ll's B e ll

In th is se ctio n , w e d isc u ss a c o n jec tu re d u e to D ju ro
K u re p a w h ich ca n b e sta ted in elem e n ta ry la n g u a g e b u t
th e p ro o f w h ich a p p ea red in 2 0 0 4 in v o lv e s so m e so p h is-

tic a te d m a th e m a tics. T h o se w h o h a v e lea rn t G a lo is th e -
o ry w o u ld b e a b le to a p p rec ia te it b u t o th e rs ca n a lso
g e t a ° o w o f th e a rg u m e n t. O f c o u rse , th e fa c t th a t
a n e le m en ta ry sta te m e n t m a y re q u ire v e ry so p h istic a te d
m eth o d s sh o u ld n o t co m e a s a su rp rise. A c a se in p o in t

is F e rm a t's L a st T h eo rem (F L T ) w h ich sa y s th a t fo r a n
o d d p rim e p , th ere d o n o t e x ist n o n ze ro in te g e rs x ; y ; z

su ch th a t x p + y p + z p = 0 . T h e q u e stio n o f K u re p a
d o esn 't q u ite re q u ire th e k in d o f so p h istic a te d m a th e -
m a tic s req u ired in F L T th o u g h . K u re p a c o n je ctu re d in
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The n-th Bell number

P
n

is the number of

ways of writing an

n-element set as

unions of non-empty

subsets. We see that

P
1
= 1, P

2
= 2, P

3
= 5,

P
4
= 15, P

5
= 52, etc.

It turns out using

some elementary

combinatorics that
. It tu rn s o u t u sin

P p ¡ 1 ´
P p ¡ 2

n = 0 n !

modulo p.

1 9 7 1 th a t fo r a n y o d d p rim e p , th e su m K p :=
P p ¡ 1

n = 0 n ! is
n o t a m u ltip le o f p . O f co u rse K 2 = 2 . T h is is, o f c o u rse,
n o t a ch a ra c te risa tio n o f p rim es; fo r e x a m p le , K 4 = 1 0 .

T h e p ro o f (o n ly in 2 0 0 4 ) o f K u re p a 's co n jec tu re d u e to
D B a rsk y a n d B B e n z a g h o u in v o lv e s th e so -c a lle d B e ll
n u m b e rs. O n e w a y o f d e¯ n in g th e B e ll n u m b e rs is a s fo l-
lo w s. T h e n -th B e ll n u m b e r P n is th e n u m b e r o f w a y s o f
w ritin g a n n -e le m e n t set a s u n io n s o f n o n -e m p ty su b sets.

W e see th a t P 1 = 1 ; P 2 = 2 ; P 3 = 5 ; P 4 = 1 5 ; P 5 = 5 2
e tc. (T h e re is a lo t o f c o m b in a to rics in v o lv in g th e B e ll
n u m b e rs.) F ro m c o m b in a to ria l c o n sid e ra tio n s, o n e c a n

p ro v e th a t P n + 1 =
P n

k = 0

³
n
k

´
P k , w h e re w e h a v e w ritte n

P 0 to sta n d fo r 1 . F ro m th is, it is ea sy to p ro v e (a n a l-
o g o u sly to th e p ro o f fo r B e rn o u lli n u m b e rs) th a t th e
g e n e ra tin g fu n c tio n fo r P n 's is g iv e n b y

F (x ) =
1X

n = 0

P n x n =

1X

n = 0

x n

(1 ¡ x )(1 ¡ 2 x ) ¢ ¢ ¢ (1 ¡ n x )
(1 )

T h e K u rep a q u e stio n c a n b e fo rm u la te d in te rm s o f th e
B e ll n u m b e rs e a sily. It tu rn s o u t u sin g so m e e le m en ta ry
c o m b in a to ric s th a t P p ¡ 1 ´

P p ¡ 2
n = 0 n ! m o d u lo p . T h u s,

sin ce K p is th e su m o f (p ¡ 1 )! w ith th e rig h t h a n d sid e
a b o v e , K u re p a 's co n jec tu re a m o u n ts to th e sta te m en t

th a t P p ¡ 1 6́ 1 m o d u lo p b e c a u se (p ¡ 1 )! ´ ¡ 1 m o d u lo
p . T h e id e a o f th e p ro o f o f K u re p a 's co n jec tu re is to
c o n sid e r w h a t is k n o w n a s th e A rtin { S ch re ie r ex te n sio n
F p [µ ] o f th e ¯ eld F p o f p e le m en ts, w h e re µ is a ro o t (in
th e a lg e b ra ic c lo su re o f F p ) o f th e p o ly n o m ia l x p ¡ x ¡ 1 .

T h is is a c y c lic G a lo is ex te n sio n o f d eg re e p o v er F p .
N o te th a t th e o th e r ro o ts o f x p ¡ x ¡ 1 a re µ + i fo r i =
1 ; 2 ; ¢ ¢ ¢ ; p ¡ 1 . T h e rea so n th a t th is ¯ e ld e x ten sio n c o m e s
u p n a tu ra lly is a s fo llo w s. T h e g en e ra tin g se rie s F (x ) o f
th e B e ll n u m b e rs ca n b e e v a lu a ted m o d u lo p ; th is m ea n s

o n e co m p u te s a s̀im p le r' se ries F p (x ) su ch th a t F (x ) ¡
F p (x ) h a s a ll c o e ± cie n ts m u ltip le s o f p . S in c e K u re p a 's
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The n-th Bell number

P
n
modulo a prime p

can be expressed in

terms of the trace

function on a certain

field containing F
p
.

c o n je ctu re is a b o u t th e B e ll n u m b ers P p ¡ 1 co n sid ere d
m o d u lo p , it m a k es sen se to c o n sid e r F p (x ) ra th e r th a n
F (x ). R e a d in g th e e q u a lity (1 ) m o d u lo p , o n e g ets

F p (x ) =
p ¡ 1X

n = 0

X

i¸ 0

x ip + n

(1 ¡ x ) ¢ ¢ ¢ (1 ¡ (ip + n )x )

=
p ¡ 1X

n = 0

X

i¸ 0

x n

(1 ¡ (ip + 1 )x ) ¢ ¢ ¢ (1 ¡ (ip + n )x )

x ip

(1 ¡ x ) ¢ ¢ ¢ (1 ¡ ip x )

´
p ¡ 1X

n = 0

X

i¸ 0

x n

(1 ¡ (ip + 1 )x ) ¢ ¢ ¢ (1 ¡ (ip + n )x )

Ã
x p

(1 ¡ x ) ¢ ¢ ¢ (1 ¡ p x )

!i

m o d u lo p . T h ere fo re ,

F p (x ) =

P p ¡ 1
n = 0 x n (1 ¡ (n + 1 )x ) ¢ ¢ ¢ (1 ¡ (p ¡ 1 )x )

1 ¡ x p ¡ 1 ¡ x p

o n sim p lī c a tio n . N o tic e th a t µ ¡ 1 is a ro o t o f th e p o ly -

n o m ia l 1 ¡ x p ¡ 1 ¡ x p a b o v e . T h ere a fte r, d o in g so m e
a lg e b ra in th e ¯ e ld e x ten sio n F p [µ ] o f F p e x p resse s th e
v a rio u s B e ll n u m b e rs P n m o d u lo p a s

P n ´ ¡ T r(µ c p )T r(µ n ¡ c p ¡ 1 );

w h e re T r d en o te s th e tra ce to F p fro m th e A rtin { S ch re ie r

e x te n sio n F p [µ ] a n d c p = p p ¡ tp

p ¡ 1
a n d tp = p p ¡ 1

p ¡ 1
. T h e re -

a fte r, th e a n a ly sis o f th e p ro p e rtie s o f th e tra c e fu n c tio n s
im p lie s th a t if P p ¡ 1 ¡ 1 w e re to b e ze ro m o d u lo p , th e n
µ c p w o u ld b e ze ro , w h ich is a b su rd sin c e µ is n o t ze ro ,
a s it g e n e ra te s a d eg ree p e x te n sio n . T h is w a s o n e in -
sta n ce o f p ro v in g a n e le m e n ta ry sta te m en t o n p rim e s

w h ich n ee d s so m e so p h istic a te d m a th e m a tic s.
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Recently, three

Indians stunned the

world with the

discovery of a

polynomial-time

deterministic primality

testing algorithm.

5 . A K S { A C a s e o f I n d ia n E x p e r t is e

H a v in g sa id th a t th ere a re n o (p ra c tic a lly ) ǹ ic e ' fo rm u -
la e fo r p rim e s, a n d h a v in g a lso sa id th a t p ro d u c in g la rg e
p rim e s is a b a sic req u irem e n t in ¯ e ld s lik e c ry p to g ra p h y,
h o w d o e s o n e re c o n c ile o n e w ith th e o th e r? T h e fa c t is
th a t th ere a re m a n y p ro b a b ilistic a lg o rith m s to ce rtify
p rim e s w ith v e ry h ig h p ro b a b ility . W e sh a ll n o t d is-

c u ss th e m b u t w e ra ise th e m a th e m a tic a l q u estio n a s to
w h e th e r th ere a re d e te rm in istic a lg o rith m s to d ec id e in
re a so n a b le c o m p u ta tio n a l tim e w h eth er a g iv e n n u m b e r
is p rim e o r n o t. U n til v ery re ce n tly , n o d e te rm in istic
a lg o rith m w a s k n o w n w h ich w a s p o ly n o m ia l-tim e a n d

w h ich c o u ld d ete c t ev ery p rim e . R ec e n tly , th re e In d i-
a n s (M a n in d ra A g ra w a l, a p ro fe sso r o f c o m p u te r scie n ce
a t IIT K a n p u r a n d h is B T e ch stu d e n ts N e era j K a y a l
a n d N itin S a x en a ) stu n n e d th e w o rld w ith th e d isc o v -
e ry o f a p o ly n o m ia l-tim e d e term in istic p rim a lity te stin g

a lg o rith m . W e m en tio n v ery b rie ° y th e A g ra w a l{ K a y a l{
S a x e n a a lg o rith m . M o st a lg o rith m s sta rt w ith F erm a t's
little th e o re m a n d a p a rt fro m o th e r sh o rtc o m in g s, a re
a lso in fe a sib le a t ¯ rst g la n ce b e c a u se o f h a v in g to c o m -
p u te p co e ± c ien ts in o rd e r to ch e ck th e v a lid ity o f th e

c o n g ru en c e (x ¡ a )p ´ x p ¡ a m o d p . T h e b a sic id e a
o f th e A K S a lg o rith m is to m a k e it fe a sib le b y ev a lu a t-
in g b o th sid e s m o d u lo a p o ly n o m ia l o f th e fo rm x r ¡ 1 .
T h e ir a lg o rith m w o u ld ta k e O (r 2 lo g 3 p ) tim e to v e rify
(x ¡ a )p ´ x p ¡ a m o d x r ¡ 1 in F p [x ]. A s th ere a re c o m -
p o site s a lso w h ich sa tisfy th is c o n g ru e n ce , o n e h a s to

ch o o se r a n d a su ita b ly . O n e g e n e ra l c o m m en t to n o te
is th a t it is fa r e a sier to te st a p o ly n o m ia l o v e r F p fo r
irre d u c ib ility th a n to test p rim a lity o f a n a tu ra l n u m b er.
In a n u tsh ell, h e re is th e A K S a lg o rith m :

A K S a lgo rith m to ch eck p rim a lity o f n

S tep I

C h e ck if n is a p e rfec t p o w e r; if n o t g o to th e n e x t step .
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There is no

nonconstant

polynomial in some

variables x
1
, ..., x

r

which takes only

prime values at all

integers. However, it

is a deep

consequence of the

solution of Hilbert’s

10th problem by

Putnam, Davis, Julia

Robinson and

Matiyashevich that

there exist

polynomials

f(x
1
, ..., x

r
) over

integers such that the

set of positive values

taken by f equals the

set of prime numbers!

S te p II

F in d a p rim e n u m b er r = O (lo g 6 n ) su ch th a t r ¡ 1 h a s
a p rim e d iv iso r q > 4

p
r lo g n , w h e re q d iv id e s th e o rd e r

o f n m o d r .

S te p III

W ith r a s a b o v e, ch eck fo r e a ch a · 2
p

r lo g n , if

(x ¡ a )n ´ x n ¡ a m o d x r ¡ 1 in (Z = n Z )[x ]:

If th e co n g ru e n c e is n o t sa tis¯ ed fo r so m e a , d e cla re th a t
n is c o m p o site. If it is sa tis¯ ed fo r a ll a , d e cla re n p rim e.

6 . S u n d r ie s

W e w ill ¯ n ish w ith a fe w m o re rem a rk s a b o u t p rim es.
W e m en tio n e d B o u n ia k o w sk y 's c o n je ctu re w h ich a sse rts

th e in ¯ n itu d e o f p rim e v a lu e s. C a n a p o ly n o m ia l ta k e
o n ly p rim e v a lu e s? It is a g a in a n e a sy, e lem e n ta ry ex e r-
c ise to p ro v e th a t th e re is n o n o n c o n sta n t p o ly n o m ia l in
so m e v a ria b les x 1 ; ¢ ¢ ¢ ; x r w h ich ta k es o n ly p rim e v a lu e s
a t a ll in te g e rs. H o w e v er, it is a d e ep c o n se q u en ce o f th e

so lu tio n o f H ilb e rt's 1 0 th p ro b lem b y H ila ry P u tn a m ,
M a rtin D a v is, J u lia R o b in so n a n d Y u ri M a tiy a sh ev ich
th a t th e re ex ist p o ly n o m ia ls f (x 1 ; ¢ ¢ ¢ ; x r ) o v er in te g e rs
su ch th a t th e set o f p o sitiv e v a lu es ta k e n b y f e q u a ls
th e se t o f p rim e n u m b e rs! O f c o u rse, th e p o ly n o m ia ls

d o ta k e n e g a tiv e v a lu e s a s w ell a s c e rta in p rim e v a lu e s
m o re th a n o n c e . In d ee d , o n e ca n ta k e f to b e o f d eg ree
2 5 a n d r to b e o f 2 6 . T h is e x p resses th e fa c t th a t th e
se t o f p rim e n u m b e rs is a D io p h a n tin e se t.

B e rtra n d sta te d th a t th ere is a p rim e a m o n g n + 1 ; n +
2 ; ¢ ¢ ¢ ; 2 n . T h is is k n o w n a s B e rtra n d 's p o stu la te a n d it
w a s p ro v e d ¯ rst b y C h eb y ch e v a n d th ere a re m a n y sim -
p ler p ro o fs. In c id en ta lly, a g e n e ra lisa tio n o f B e rtra n d 's
p o stu la te is a th eo rem o f S y lv e ste r w h ich a sserts th a t in

a n y se q u en ce n + 1 ; n + 2 ; ¢ ¢ ¢ ; n + r w ith n ¸ r , th ere is
a n u m b e r w h ich is d iv isib le b y a p rim e > r .
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The twin prime

problem (whether

there are infinitely

many primes p with

p+2 also prime) is

still open. Brun

proved that the

series of reciprocals

of twin primes

converges.

Vinogradov proved

using the Hardy-

Ramanujan circle

method that every

sufficiently large

odd number is a

sum of three

primes.

O f c o u rse , th e tw in p rim e p ro b le m (w h e th er th ere a re
in ¯ n ite ly m a n y p rim es p w ith p + 2 a lso p rim e ) is still
o p en . B ru n p ro v e d th a t th e se rie s o f rec ip ro c a ls o f tw in

p rim e s co n v e rg e s. N o te th a t th e se rie s o f re c ip ro c a ls
o f a ll p rim e s is d iv erg en t, a s p ro v e d b y E u le r. In d e ed ,
P

p · x
1
p b e h a v e s a sy m p to tica lly lik e th e fu n c tio n lo g lo g

x fo r x te n d in g to in ¯ n ity .

T h e n , th e G o ld b a ch co n jec tu re (a sse rtin g th a t ev ery
e v e n n u m b e r > 2 is a su m o f tw o p rim e s) is a lso o p en ;
V in o g ra d o v p ro v e d u sin g th e H a rd y { R a m a n u ja n c irc le
m eth o d th a t ev ery su ± cie n tly la rg e o d d n u m b e r is a
su m o f th re e p rim es. T h e p rim e n u m b e r th eo rem p ro v e d

in th e b e g in n in g o f th e 2 0 th c en tu ry sh o w s th a t th e
p̀ rim e co u n tin g fu n ctio n ' ¼ (x ) w h ich c o u n ts th e n u m -

b e r o f p rim e s u p to x , b e h a v e s a sy m p to tica lly lik e th e
fu n c tio n x

lo g x a s x ten d s to in ¯ n ity . A n e q u iv a le n t fo r-
m u la tio n is to sa y th a t th e p ro d u ct o f a ll th e p rim e s u p

to so m e x is a sy m p to tic a lly lik e e x . H e re, a n d else w h e re,
o n e m e a n s b y th e sta te m e n t f (x ) is a sy m p to tic a lly lik e
g (x ) th a t th e ra tio f (x )= g (x ) a p p ro a ch e s 1 a s x te n d s to
in ¯ n ity . O n e ca n d e d u c e fro m th e p rim e n u m b er th eo -
re m th a t th e n -th p rim e is a p p ro x im a tely o f siz e n lo g n

fo r la rg e n . T h a t is, v e ry ro u g h ly sp ea k in g , th e p ro b a -
b ility th a t a g iv e n n is p rim e is 1

lo g n .

In c o n n e ctio n w ith th e fa c t w e m en tio n e d a b o u t G a u ss
sh o w in g th a t fo r ea ch p rim e p , th ere is a n in te g e r a

w h o se o rd e r m o d p is p ¡ 1 , h e re is a fa m o u s c o n je c -
tu re d u e to E A rtin . H e c o n je ctu re d th a t e a ch n a tu ra l
n u m b e r a w h ich is n o t a sq u a re is th e o rd er m o d p fo r
in ¯ n ite ly m a n y p rim es p . It is a lso o p e n .

S h o rtly b e fo re h is d e a th , P a u l E rd o s, in c o lla b o ra tio n
w ith T a k a sh i A g o h a n d A n d re w G ra n v ille , sh o w e d th a t
a n y la rg e c o m p o site n (n ¸ 4 0 0 w o u ld d o ) sa tis¯ e s

n · (
X

p ·
p

n

1

p
)(

Y

p ·
p

n

p ):
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“One of my favourite Baconian dreams is the possible

connection between the theory of one-dimensional

quasi-crystals and the theory of the Riemann zeta

function. A 1-dimensional quasi-crystal is simply

a nonperiodic arrangement of mass-points on a line

whose Fourier transform is also an arrangement of

mass-points on a line. We know that if the Riemann

hypothesis is true, then the zeta function zeroes on the

critical line are a quasi-crystal. This suggests a pos-

sible approach to the proof of the Riemann hypoth-

esis.”

– Freeman Dyson

(From Foreword of ‘The Mathematical Century’

by P Odifreddi published by Universities Press)

U sin g th is, a n d n o th in g m o re th a n th e C h in e se re m a in -
d e r th e o re m , th e y sh o w e d th a t a n y p rim e n c a n b e
p ro v e d to b e p rim e b y e x p re ssin g it a s n = N 1 + N 2 +
¢ ¢ ¢ + N k , w h ere p 1 ; ¢ ¢ ¢ ; p k a re th e ¯ rst k p rim e s a n d n

is n o t d iv isib le b y a n y o f th e m w h ile e a ch N i is d iv isib le
b y a ll th e p j w ith j 6= i a n d n o t b y p i.
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