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Classroom

In this section of Resonance,  we invite readers to pose questions likely to be raised
in a classroom situation. We may suggest strategies for dealing with them, or invite
responses, or both. “Classroom” is equally a forum for raising broader issues and
sharing personal experiences and viewpoints on matters related to teaching and
learning science.

On How to Arrange Infinitely many Marriages! B Sury

Statistics and Mathematics Unit

Indian Statistical Institute

Bangalore 560 059, India.T h e w e ll-k n o w n m̀ a r ria g e p ro b le m ' a s k s w h e th e r it is
p o ssib le to ¯ x m a rria g e s fo r a s e t o f n g irls g iv en t h a t
e a ch se t o f r g ir ls is a c q u a in te d w ith a t le a st r b o y s .
H e re , it is u n d e rs to o d th a t e a c h g ir l is to b e m a rrie d
to o n e o f h e r a c q u a in ta n c e s a n d th a t n o p o ly g a m y is
a llo w e d . It s h o u ld b e c la rī e d a s to w h a t th e w o rd à t
lea st' th a t o c c u rs in th e fo rm u la tio n m e a n s. T h is m ea n s
th a t , fo r e v e ry r ¸ 1 , a n d , c o rre s p o n d in g to a n y g ro u p
o f r g irls, th e re is a g ro u p o f r b o y s e a ch o f w h o m is
a c q u a in te d w ith o n e g irl fr o m th e g ro u p . T h e a n s w er to
th e a b o v e q u es tio n is ỳ e s' a s ca n b e sh o w n b y a p p ly in g
in d u c tio n o n n (fo r in sta n c e , a p ro o f o n t h e se lin e s c a n
b e fo u n d in [1 ], p .7 2 ).

G o in g a s te p fu rth e r, le t u s d isc u ss th e p o ssib ility o f
in ¯ n ite m a rria g e-¯ x in g . T h a t is to s a y , g iv e n in ¯ n ite ly
m a n y g irls (!), e v e ry r o f w h o m a r e a c q u a in t ed w ith
a ¯ n ite n u m b e r ¸ r o f b o y s fo r e v e ry r , c a n e a ch g irl
g e t m a rrie d to o n e o f h e r a c q u a in ta n c e s? A m o m e n t's
th o u g h t te lls u s t h a t it is n o t a ll th a t o b v io u s to a n sw e r.
T h e re se e m s to b e n o sim p le-m in d e d re so lu tio n o f th is

Given infinitely
many girls (!),
every r of whom
are acquainted
with a finite
number ≥ r of boys
for every r, can
each girl get
married to one of
her
acquaintances?
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d ile m m a . H o w e v e r, th e a n sw e r d o e s t u rn o u t to b e ỳ e s'
a n d w e c a n p ro v e th is u sin g so m e b a sic n o tio n s o f g e n -
e ra l to p o lo g y . A s a m a tte r o f fa c t, o n e n ee d s a v e rsio n
o f a n a x io m o f se t th e o ry k n o w n a s th e a x io m o f ch o ic e .
A x io m o f c h o ic e is a sta t e m en t w h ic h o n t h e ¯ rs t g la n c e ,
lo o k s o b v io u s . F a r fr o m it! L e t u s try to d isc u ss it in sim -
p le la n g u a g e . F irst, lo o k a t a n y tw o n o n -e m p ty se ts X 1

a n d X 2 . O n e c a n c o n s id e r th e C a rte sia n p ro d u c t X 1 £ X 2

o f th e se tw o s ets . T h is is th e se t o f a ll tu p le s (x 1 ; x 2 )
w ith x 1 2 X 1 ; x 2 2 X 2 . In o th e r w o rd s, a n y p o in t o f
X 1 £ X 2 c a n b e d e sc rib e d a s a s im u lta n e o u s c h o ic e o f
a n e le m en t e a c h fro m X 1 a n d fro m X 2 . E v id e n tly , th is
d e ¯ n itio n c a n b e c a r rie d o v e r to ¯ n it ely m a n y se ts. H o w
c a n o n e d e ¯ n e th e C a rte sia n p ro d u c t o f in ¯ n itely m a n y
n o n -em p ty se ts , sa y , se ts X ® p a ra m e triz e d b y ® 2 ¡ fo r
so m e se t ¡ ? A p o in t o f t h is m u st m e a n a s im u lta n e o u s
c h o ic e o f a n e lem e n t fro m e a ch X ® . In tu itiv e ly , th is m a y
se e m o b v io u sly p o ssib le . H o w e v e r, o n e c a n n o t p ro v e it
fro m th e b a sic a x io m s o f se t th e o ry . T h a t su c h a c̀h o ic e '
is p o s sib le is th e sta te m e n t re fe rre d to a s th e a x io m o f
c h o ic e . A x io m o f ch o ic e is in d e p e n d e n t o f th e b a s ic a x -
io m s o f se t th e o ry . It is e q u iv a le n t to a sta te m e n t fo r
to p o lo g ic a l sp a c e s k n o w n a s T y c h o n o v 's th e o re m w h o s e
sta te m e n t o n ¯ rst g la n c e lo o k s to b e s tro n g e r th a n th e
a x io m o f ch o ic e . A s a m a tte r o f fa c t, w e sh a ll re q u ir e
o n ly th e c o u n ta b le v e r sio n o f th is fo r o u r d isc u ssio n o f
th e g e n e r a lisa tio n o f th e m a rria g e p ro b le m .

T y c h o n o v 's t h e o re m : L et f X ® g ® 2¡ be co m p ac t to po logi-
ca l spa ces. T h en , th e C a rte sia n p rod u c t X =

Q
® 2¡ X ®

h a s th e stru ctu re o f a co m pa ct to po lo gica l spa ce.

R e ca ll th a t a to p o lo g ic a l sp a c e X is sa id to b e H a u sd o r®
if a n y tw o p o in t s h a v e d isjo in t o p e n n e ig h b o u rh o o d s a n d
su c h a s p a c e is c a lled c o m p a c t if it h a s th e fo llo w in g
p ro p e rty : a n y sy ste m o f clo se d su b se ts f X ® g ® 2¤ w ith
th e p ro p e rty th a t

T
® 2¤

X ® = © m u st sa tis fy
Tn

i= 1 X ® i = ©

fo r so m e ® 1 ; : : : ; ® n 2 ¤ (e q u iv a le n tly , ¯ n it e in te rs e c tio n

How can one
define the

Cartesian product
of infinitely many
non-empty sets,

say, sets Xα

parametrized by
α ∈ Γ for some set

Γ? A point of this
must mean a
simultaneous
choice of an

element from each
Xα.  That such a

‘choice’ is possible
is the statement

referred to as the
axiom of choice.
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Axiom of choice
appears under
many guises. A
widely-used
version is known
as Zorn’s lemma
after Max Zorn.

Space and time are not conditions in which we
live, they are modes in which we think

Albert Einstein

p ro p e rty fo r c lo se d s e ts im p lie s n o n -e m p ty in te rse c tio n ).
L e t u s u se T y ch o n o v 's th e o re m to so lv e th e in ¯ n ite v e r-
sio n o f th e m a rria g e p ro b le m .

F o r e a ch g irl g , c o n sid e r th e se t B (g ) o f b o y s a c q u a in te d
w ith h e r, a s a to p o lo g ic a l sp a c e u n d er th e d isc re te to p o l-
o g y. B e in g a ¯ n ite s e t, th is is a c o m p a c t, H a u sd o r®
sp a ce . T h e refo re , th e C a r te sia n p ro d u c t B o f a ll f B (g );
g g irlg is co m p a c t, b y T y ch o n o v 's th e o re m . If f g 1 ; ¢ ¢ ¢ ; g n g
is a se t o f n g ir ls, lo o k a t th e su b s et B (g 1 ; ¢ ¢ ¢ ; g n ) o f B

c o n sistin g o f a ll th e tu p le s f b( g ) : g g ir lg in B su ch th a t
b (g 1 ); :: : ; b (g n ) a re n d i® e re n t b o y s. B y th e so lu tio n
to th e ¯ n ite m a rria g e p ro b le m , B (g 1 ; ¢ ¢ ¢ ; g n ) is a n o n -
e m p ty , c lo se d se t. In o th e r w o rd s , th e c la ss o f a ll s u c h
se ts F h a s th e ¯ n ite in te rse c tio n p ro p e rty a n d , th e re fo re ,
h a s n o n -e m p ty in ters ec tio n . A n e le m en t (i.e., a tu p le )
in th is in te rs ec tio n e v id e n tly p ro d u c e s p a rtn e rs fo r a ll
g irls !

T h u s, th is is a re so lu tio n b y Z o rn 's (m e th o d ) o f o u r
d ile m m a !

A lth o u g h th is so lv e s th e p ro b le m w e h a v e p o s ed , o n e
m ig h t s till w o n d e r w h e th e r th e p ro b lem h a s a n a ± r m a -
tiv e so lu tio n w ith th e w e a k e r a ssu m p tio n th a t so m e g irl
m a y p o ssib ly b e a c q u a in te d w ith in ¯ n ite ly m a n y b o y s.
It tu rn s o u t th a t th is is fa lse . F o r d isc u ssio n s o n th is a s
w e ll a s fo r a d isc u ssio n o f T y ch o n o v 's th e o re m , [2 ] is a n
e x c e lle n t re fe re n c e .


