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C
om

position of polynom
ials

B
. S

U
R

Y

In
tro

d
u

ctio
n

T
he m

otivation to w
rite this paper arose out of the follow

ing problem
w

hich w
as posed in a recent m

athem
atical olym

piad:
G

iven a polynom
ial

 w
ith integer coefficients, show

that there exist non-zero polynom
ials

,
 w

ith
integer coefficients such that

 is a polynom
ial

in 
 and 

 is a polynom
ial in 

.

P
(X)

Q
(X)

R
(X)

P
(X)Q

(X)
X

2
P

(X)R
(X)

X
3

F
or instance, if

, then w
e notice that

 serves the purpose for the first part, viz.,
P

(X)
=

2
−

5X
+

3X
2

+
12X

3

Q
(X)

=
2

+
5X

+
3X

2
−

12X
3

P
(X)Q

(X)
=

(2
−

5X
+

3X
2

+
12X

3)(2
+

5X
+

3X
2

−
12X

3)
=

((2
+

3X
2)

−
(5X

−
12X

3))((2
+

3X
2)

+
(5X

−
12X

3))

=
(2

+
3X

2) 2
−

(5X
−

12X
3) 2

=
(2

+
3X

2) 2
−

X
2(5

−
12X

2) 2.
A

 m
om

ent's thought m
akes it fairly evident that this trick easily solves

the first part of the problem
 for a

g
e

n
e

ra
l polynom

ial
.  F

or exam
ple,

since
 

factorises over 
the 

com
plex 

num
bers, w

e 
can 

w
rite

, 
and 

choose
 

so 
that

.  T
hat both

 and
 have integer

coefficients follow
s from

 the observation that 
. *

P
(X)

P
(X)

P
(X)=

c
∑ k

i=
1 (X

−
α

i )
Q

(X)=
c

∑ k

i=
1 (X

+
α

i )
P

(X)Q
(X)=

c
2

∏ n

i=
1 (X

2−
α

2i )
Q

(X)
P

(X)Q
(X)

Q
(X)

=
P

(−
X)

W
hat about the second part, or m

ore generally, does the assertion hold
good if w

e replace
,

 by any
?  A

s a m
atter of fact, it turns out that

w
e can retain the elem

entary level of the original problem
 and still give a

proof for
 w

hich carries over to the general situation w
here

 is replaced
by an arbitrary, non-constant polynom

ial
. A

t the end, w
e indicate a

m
ulti-variable generalisation w

hich 
is 

at 
a 

slightly 
higher level 

of
sophistication. W

e 
m

ention in 
passing that 

the 
decom

posability of
polynom

ials in one variable as a com
position of polynom

ials of sm
aller

degree, has com
e to be studied in depth in the past decade or so, in relation

to solving D
iophantine equations of the form

 w
here

 are
integer polynom

ials in independent variables .

X
2

X
3

X
k

+
1

X
k

X
k

f(X)f(X)
=

g
(Y

)
f,

g
X,

Y

1.  T
h

e
 o

rig
in

a
l p

ro
b

le
m

 fo
r 

, 
X

2
X

3

Let us first solve the original problem
.  G

iven
, consider the

polynom
ial

.  In other w
ords, if

,
then

P
(X)

Q
(X)=

P
(−

X)
P

(X)=
a

0 +
a

1 X
+

 …
+ aX

n

*
A

uthor, are the changes in this paragraph acceptable?
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P
(X)

=
(a

0
+

a
2 X

2
+

 …
)

+
X (a

1
+

a
3 X

2
+

 …
)

=
f (X

2)
+

X
g (X

2)
for certain polynom

ials 
 w

ith integer coefficients.
f,

g
T

aking 
, w

e have
Q

(X)
=

P
(−

X)
=

f (X
2)

+
X

g (X
2)

P
(X)Q

(X)
=

f (X
2) 2

−
X

g (X
2) 2.

T
his answ

ers the first part.

O
ne m

ay adopt a sim
ilar approach for 

the second part.  
W

rite
 w

here, for exam
ple,

P
(X)

=
P

0 (X)
+

X
P

1 (X)
+

X
2P

2 (X)

P
0 (X)

=
a

0
+

a
3 X

3
+

 …
=

f (X
3),

P
1 (X)

=
a

1
+

a
4 X

3
+

 …
=

g (X
3),

P
2 (X)

=
a

2
+

a
5 X

3
+

 …
=

h (X
3).

C
onsider the cube roots of unity 

.  If
1,ω

,ω
2

Q
1 (X)

=
P

0 (X)
+

ω
X

P
1 (X)

+
ω

2X
2P

2 (X)
and

Q
2 (X)

=
P

0 (X)
+

ω
2X

P
1 (X)

+
ω

X
2P

2 (X),
then, using 

, it is easy to see that
1

+
ω

+
ω

2
=

0

R
(X)

=
Q

1 (X)Q
2 (X)

=
P

0 (X) 2
+

X
2P

1 (X) 2
+

X
4P

2 (X) 2

 
−

X
P

0 (X)P
1 (X)

−
X

2P
0 (X)P

2 (X)
−

X
3P

1 (X)P
2 (X)

w
hich is a polynom

ial w
ith integer coefficients.

F
inally,

P
(X)R

(X)
=

(P
0 (X)

+
X

P
1 (X)

+
X

2P
2 (X) )

 
×

(P
0 (X)

+
ω

X
P

1 (X)
+

ω
2X

2P
2 (X) )

 
×

(P
0 (X)

+
ω

2X
P

1 (X)
+

ω
X

2P
2 (X) )

=
P

0 (X) 3
+

X
3P

1 (X) 3
+

X
6P

2 (X) 3
−

3X
3P

0 (X)P
1 (X)P

2 (X),
using the identity

(l
+

m
+

n ) (l 2
+

m
2

+
n

2
−

lm
−

m
n

−
nl )

=
l 3

+
m

3
+

n
3

−
3lm

n.
T

hus, since
 are polynom

ials are in
 for

, w
e have

solved the problem
 com

pletely.
P

i (X)
X

3
i

=
0, 1, 2

2.  T
h

e
 p

o
lyn

o
m

ia
l 

 fo
r g

e
n

e
ra

l 
X

k
k

T
he above elem

entary argum
ent indicates that the case of

 for general
 in place of

 m
ay be cum

bersom
e to approach in this fashion. In this

section, w
e give an elem

entary proof for the case
 w

hich is different from

X
k

k
X

2,
X

3

X
k



4
T

H
E

 M
A

T
H

E
M

A
T

IC
A

L G
A

Z
E

T
T

E

the one above for
. 

F
ollow

ing 
that, w

e 
give 

another less
elem

entary proof for the sam
e and show

 in the next section that this
argum

ent carries over to show
, for any non-constant polynom

ial
 in one

variable over the integers and for a given polynom
ial

 w
ith integer

coefficients, there exist non-zero polynom
ials

 
w

ith 
integer

coefficients such that 
 is the polynom

ial 
.

k
=

2, 3

f
P

(X)
Q

(X),
R

(X)
P

(X)Q
(X)

R (f(X) )

L
e

m
m

a 1:  Let
 be a positive integer. T

hen, for each polynom
ial

 w
ith

integer 
coefficients, there 

exist 
non-zero

 
w

ith 
integer

coefficients such that
. 

 
O

ne has an 
analogous

statem
ent where coefficients are allow

ed to be rational num
bers instead of

the integers.

k
P

(X)
Q

(X),
R

(X)
P

(X)Q
(X)

=
R (X

k)

It 
suffices to prove the version for 

polynom
ials over the rational

num
bers for, if

 has integer coefficients and, if 
w

e get
 w

ith
rational coefficients satisfying

, then w
e m

ay m
ultiply

out
 

by 
a 

suitable integer to 
get corresponding integral

polynom
ials.

P
(X)

Q
,

R
P

(X)Q
(X)

=
R (X

k)
Q

(X),
R

(X)

W
e first 

give a linear algebraic proof w
hich is illustrated by the

follow
ing exam

ple. 

E
xa

m
p

le:  Let
 and suppose we w

ish to find a non-zero
 w

ith integer coefficients such that 
 is of the form

 
.

P
(x)

=
1

+
7x

+
x

2

Q
(x)

P
(x)Q

(x)
R (x

3)
S

uppose w
e try to find rational  so that

b
i

Q
(x)

=
b

0
+

b
1 x

+
b

2 x
2

+
b

3 x
3

+
b

4 x
4

+
b

5 x
5

+
b

6 x
6

w
orks.  T

hen, the coefficients of
 in

 are zero.
T

hese conditions becom
e the follow

ing linear equations for the 
:

x
8,

x
7,

x
5,

x
4,

x
2,

x
P

(x)Q
(x)
b

i

b
6

=
0

b
5

=
0

7b
4

+
b

3
=

0

b
4

+
7b

3
+

b
2

=
0

b
2

+
7b

1
+

b
0

=
0

b
1

+
7b

0
=

0.
O

ne non-trivial solution for these 6 equations in 7 variables can be obtained
recursively as follow

s:

b
6

=
0,

b
5

=
0.

P
ut

; then
,

.  H
ence

,
w

hich gives 
, 

.  T
herefore,

b
4

=
1

b
3

=
−

7
b

2
=

48
7b

1 +
b

0 =
−

48
b

1 +
7b

0 =
0

b
1

=
−

7
b

0
=

1

C
O

M
P

O
S

IT
IO

N
 O

F
 P

O
LY

N
O

M
IA

LS
9

S
ta

t-M
a

th
 U

n
it, In

d
ia

n
 S

ta
tistica

l In
stitu

te
, 8

th
 M

ile
 M

yso
re

 R
o

a
d

,
B

a
n

g
a

lo
re

 5
6

0
0

5
9

, In
d

ia
e-m

ail: su
ry@

isib
a

n
g

.a
c.in
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algebraically independent over
 if there is no non-zero polynom

ial
 in

variables over
 such that

 in
. A

 basic fact of the theory
is that any tw

o m
axim

al algebraically independent subsets of
have the sam

e cardinality, w
hich is called the transcendence degree of

over
 (and any such set is called a transcendence base). M

oreover, every
elem

ent of
 

is 
algebraic over the subfield generated by

 
and the

transcendence base.

K
p

k
K

p (t1 ,…
,

tr )
=

0
L

K
(X

1 ,…
,

X
r )L

K
L

K

O
ver a field

, the quotient field
 of the polynom

ial ring

 is the field of all rational functions
 for non-

zero polynom
ials

. T
his field

 has transcendence degree
over 

 and 
 is a transcendence base over 

.

K
K

(X
1 ,…

,
X

r )
K

[ X
1 ,…

,
X

r ]
f( X

1 ,…
,

X
r )

g (X
1 ,…

,
X

r )
g

K
(X

1 ,…
,

X
r )

r
K

{X
1 ,…

,
X

k }
K

P
ro

o
f 

o
f 

th
e

o
re

m: 
 

C
onsider

 
as in 

the
statem

ent. The hypothesis m
eans precisely that

 is algebraically
independent over

 
(and is, hence, a transcendence base of 

the field
 over

). In particular, the field
 is algebraic

over the subfield
. 

If 
its 

degree is
, 

then the subset
 

of
 

is 
linearly 

dependent over
. In other w

ords, there is a polynom
ial

 in one variable over
, say

f
1 ,…

,
f

r
∈

K
[ X

1 ,…
,

X
r ]

{f
1 ,…

,
f

r }
K

K
(X

1 ,…
,

X
r )

K
K

(X
1 ,…

,
X

r )
K

(f
1 ,…

,
f

r )
d

{1,
P,

P
2,…

,
P

d}
K

(X
1 ,…

,
X

r )
K

(f
1 ,…

,
f

r )
p

K
(f

1 ,…
,

f
r )

p(t)
=

c
0

+
c

1 t
+

c
2 t 2

+
 …

+
c

d t d

w
ith 

, such that
c

i
∈

K
(f

1 ,…
,

f
r )

c
0

+
c

1 P
+

c
2 P

2
+

 …
+

c
d P

d
=

0
∈

K
(X

1 ,…
,

X
r ).

B
y clearing denom

inators, w
e m

ay assum
e that 

c
i

∈
K

[ f
1 ,…

,
f

r ]
⊂

K
[ X

1 ,…
,

X
r ]

for each .i
W

riting
 for

and 
, w

e get
Q

(X
1 ,…

,
X

r )
=

c
i (f

1 ,…
,

f
r )

∈
K

[ X
1 ,…

,
X

r ]
i

>
0

Q
=

Q
1

+
Q

2 P
+

 …
+

Q
d P

d
−

1
∈

K
[ X

1 ,…
,

X
r ]

P
Q

=
Q

1 P
+

Q
2 P

2+
 …

+
Q

d P
d=

−
c

0 (f
1 ,…

,f
r )∈

K[ X
1 ,…

,X
r ] .

T
aking 

, w
e have the theorem

.
R

=
−

c
0

A
ckn

o
w

le
d

g
e

m
e

n
t

T
he author is indebted to the referee w

ho suggested making the article
m

ore readable by adding exam
ples to illustrate the proofs and dividing the

m
aterial into shorter sections.
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Q
(x)

=
1

−
7x

+
48x

2
−

7x
3

+
x

4.
N

ote that 
.

P
(x)Q

(x)
=

1
+

322x
3

+
x

6

F
irst (lin

e
a

r a
lg

e
b

ra) p
ro

o
f o

f L
e

m
m

a 1

Let
 

be 
a 

polynom
ial 

of 
degree

 
w

ith 
rational

coefficients.  T
ake an arbitrary non-zero polynom

ial
 w

hich

is a prospective candidate. The
 are rational num

bers (not all zero) to be
determ

ined. N
ow

, expanding out
, if the coefficients of

 for
 w

ith
 vanish, then it is a polynom

ial in
. T

hus, putting
the coefficient of

 in
 to be zero for each

 w
hich is not a

m
ultiple of

, there is a hom
ogeneous system

 of linear equations in the
 variables

. S
ince the num

ber of term
s

 w
ith

 is
, w

hile the total num
ber of term

s is
, the num

ber
of equations is

. If 
the num

ber of variables
 is

larger than
, the system

 is over-determ
ined and has a

non-trivial solution for rational
.  N

ote that
 if,

and only if, 
; this happens if 

.

P
(X)=

∑ n

i=
0 a

i X
i

n

Q
(X)

=
∑ m

j=
0 b

j X
j

b
jP

(X)Q
(X)

X
r

r
≤

m
+

n
k

| ⁄r
X

k

X
r

P
(X)Q

(X)
r

k
m

+
1

b
0 ,

b
1 ,…

,
b

m
X

r
k

|
r

[ (m
+

n)/k]
+

1
m

+
n

+
1

m
+

n
−[ (m

+
n)/k]

m
+

1
m

+
n

−[ (m
+

n)/k]b
i

m
+

1
>

m
+

n
−[ (m

+
n)/k]

[ (m
+

n)/k]
+

1
>

n
m

+
n

k
>

n
B

y choosing
 large enough (for exam

ple,
), it is clear that one

has a nontrivial solution for the .
m

m
=

kn
b

j

R
e

m
a

rk:  W
e note that the above proof gives a polynom

ial
 of degree

at the m
ost

. T
hus, it gives

 of degree at the m
ost

 for the case
and degree at the m

ost
 for the case

, w
hereas the argum

ent in the
previous section gave polynom

ials of degrees 
 and 

 respectively.

Q
(X)

kn
Q

(X)
2n

X
2

3n
X

3

n
2n

S
e

co
n

d (th
e

o
ry o

f e
q

u
a

tio
n

s) p
ro

o
f o

f L
e

m
m

a 1
C

onsider a polynom
ial

 
of 

degree

w
ith rational coefficients.  W

rite
 w

here
 are the

(com
plex) roots of

.  T
herefore, each coefficient

 of
 is (up to

sign) the 
 elem

entary sym
m

etric sum
 of the roots.

P
(X)

=
a

0
+

a
1 X

+
 …

+
a

n X
n

n

P
(X)

=
a

n
∏ n

i=
1 (X

−
α

i )
α

i

P
(X)

a
i

P
(X)

ith
A

t this point, w
e recall the classical G

irard-W
aring identities relating

the coefficients
 of

 w
ith the sum

s
 for

 (see

[1] for instance): a
i

P
(X)

p
r

=
∑ n

i=
1 α

ri
r

=
1, 2,…

,n

a
i

a
n

=
∑

±
1

t1 !…
ti ! ( p

11 ) t1…( p
ii ) ti

w
here the sum

 is over all  w
ith 

.
tj

t1
+

2t2
+

 …
+

iti
=

i

T
his explicit expression is not really relevant but the conclusion that the

coefficients are polynom
ial expressions (w

ith rational coefficients) in the
pow

er sum
s  of the roots, is w

hat w
e need here.

p
r
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T

H
E

 M
A

T
H

E
M

A
T

IC
A

L G
A

Z
E

T
T

E

D
efine

.  Its coefficients are polynom
ial functions

(w
ith rational coefficients) of the num

bers
 for

. B
ut

, for

each
, 

is 
a polynom

ial expression (w
ith 

rational coefficients) in 
the

elem
entary sym

m
etric functions of the

, and hence of the coefficients
 of

. In other w
ords, the coefficients of 

 are rational num
bers as w

ell.

R
(X)=

a
n

∏ n

i=
1 (X

−
α

ki )
∑ n

i=
1 α

rki
r

≤
n

∑ n

i=
1 α

rki

r
α

i
a

i
a

n

P
(X)

R
(X)

C
onsider

R (X
k)

P
(X)

=
∏

n

i=
1

X
k

−
α

ki

X
−

α
i

=
∏

n

i=
1 (X

k
−

1
+

X
k

−
2α

i
+

 …
+α

k
−

1
i

).

C
all this polynom

ial
. S

ince
 w

here
are both polynom

ials w
ith rational coefficients, hence

 m
ust also have

rational coefficients by uniqueness of factorisation of polynom
ials. T

his
finishes the proof. 

Q
(X)

P
(X)Q

(X)
=

R (X
k)

P
(X),

R (X
k)

Q
(X)

3.  G
e

n
e

ra
l p

o
lyn

o
m

ia
l f(X)

T
he above second proof carries over to a general

 in place of
.

T
hus, w

e can prove: 
f(X)

X
k

L
e

m
m

a 2:  Let
 be an arbitrary non-constant polynom

ial w
ith integer

coefficients. Then, for each polynom
ial

 w
ith integer coefficients, there

exist 
non-zero

 
w

ith 
integer 

coefficients 
such 

that
. O

ne has an analogous statem
ent with the integers

replaced by the rational num
bers.

f(X)
P

(X)
Q

(X),
R

(X)
P

(X)Q
(X)

=
R (f(X) )

P
ro

o
f:  A

s before, w
e m

ay consider the polynom
ials

 over the rational
num

bers. W
rite

P,
f

P
(X)

=
c∏

n

i=
1 (X

−
α

i )

w
here the

 are the roots of
.  T

hen, the m
ain observation is that the

polynom
ial α

i
P

(X)

R
(X)

=
c∏

n

i=
1 (X

−
f(α

i ) )

has rational coefficients. T
his follow

s as before, because
 is a sum

 of
m

onom
ials

 and, for each
, the elem

entary sym
m

etric functions in the
 are rational num

bers as before. In other w
ords, all the coefficients of

(they are elem
entary sym

m
etric polynom

ials in the
) are

rational as w
ell. A

s
 is a polynom

ial for each
,

is a polynom
ial also. A

s
 have rational coefficients,

m
ust have rational coefficients by unique factorisation of 

polynom
ials.

F
inally, w

e observe that
 is not the zero polynom

ial since
 is not

a constant; hence 
 is not the zero polynom

ial.

f(X)
uX

k
X

k

α
ki

R
(X)

f(α
1 ),…

,f(α
n )

f(X)−
f(α

i )
X

−
α

i
i

Q
(X)=

R( f(X))
P

(X)
R (f(X) ),

P
(X)

Q
(X)

R (f(X) )
f(X)

Q
(X)

C
O

M
P

O
S

IT
IO

N
 O

F
 P

O
LY

N
O

M
IA

LS
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4.  A
 m

u
lti-va

ria
b

le
 g

e
n

e
ra

lisa
tio

n
W

hat w
e proved earlier is evidently valid over any field

 in place of
the rational num

bers. N
ow

, w
e go over to an analogous problem

 for
polynom

ials in m
ore variables. In other w

ords, here is a natural question
w

hich can be thought of as a m
ulti-variable version of the earlier problem

:

K

Let
 

be 
any 

field 
and 

let
. 

S
uppose

 be arbitrary. D
o there exist non-zero

 such that

K
P

∈
K

[ X
1 ,…

,
X

r ]
f

1 ,…
,

f
r

∈
K

[ X
1 ,…

,
X

r ]
Q

,
R

∈
K

[ X
1 ,…

,
X

r ]
P (X

1 ,…
,X

r )Q (X
1 ,…

,X
r )=

R (f
1 (X

1 ,…
,X

r ),…
f

r (X
1 ,…

,X
r ))?

H
ow

ever, it is easy to see that there m
ust be som

e restrictions on the
 in

order not to have trivial counter-exam
ples.

f
i

N
e

ce
ssa

ry re
strictio

n
s: 

 
If 

the
 

are constants and if
 

is not (m
ore

generally, if
 does not occur in any of the

 and if
 is

), then evidently
 for som

e 
 only if 

.

f
i

P
X

1
f

i
P

X
1

P
Q

=
R

�
(f

1 ,…
,

f
r )

Q
,

R
Q

=
0

=
R

�
(f

1 ,…
,

f
r )

A
n

 e
xa

m
p

le:  F
or instance, if

,
,

,
,

then 
for 

any
,

 
is 

of 
the 

form
. 

If 
this 

is 
of 

the 
form

 
for 

som
e

, then one can think of this equality
 in

 
w

here
 

is an algebraic closure of
. 

H
ence,

vanishes at all points
 as

 varies over
. A

s these are infinitely m
any

points, this clearly forces all
 to be zero; that is,

. N
ote

that, in fact, 
 is non-zero but 

.

r
=

2
P

=
X

1 −
X

2
f

1 =
X

1 X
2

f
2 =

( X
1 X

2 ) 2

R
∈

K
[ X

1 ,
X

2 ]
R

�
(f

1 ,
f

2 )
c

0
+

c
1 X

1 X
2

+
 …

+
c

k ( X
1 X

2 ) k
P

Q
Q

∈
K

[ X
1 ,

X
2 ]

R
�

(f
1 ,

f
2 )

=
P

Q
K 

[ X
1 ,

X
2 ]

K 
K

R
�

(f
1 ,

f
2 )

(x,
x)

x
K 

c
i

R
�

(f
1 ,

f
2 )

=
0

R (X
1 ,

X
2 )

=
X

21
−

X
22

R (f
1 ,

f
2 )

=
0

M
ore generally, if

 are algebraically dependent; that is, if there
exists

 
in

 
such that

 
is the zero

polynom
ial, then it can happen that

 for any non-
zero

 
−

 
indeed, 

it 
m

ay 
even 

be 
possible 

that
 

but
. 

 
T

hus, 
w

e 
m

ay 
m

odify 
the

question; w
e m

ake the m
odified statem

ent now
:

f
1 ,…

,
f

r

F
≠

0
K

[ X
1 ,…

,
X

r ]
F

�
(f

1 ,…
,

f
r )

P
Q

≠
R

�
(f

1 ,…
,

f
r )

Q
R

≠
0

R
�

(f
1 ,…

,
f

r )
=

0
∈

K
[ X

1 ,…
,

X
r ]

T
h

e
o

re
m: 

 
Let

 
be 

a 
field 

and
. 

S
uppose

 are arbitrary polynom
ials such that there is no

non-zero
 

for 
w

hich
 

is 
the 

zero
polynom

ial. T
hen, there exist non-zero 

 such that

K
P

∈
K

[ X
1 ,…

,
X

r ]
f

1 ,…
,

f
r

∈
K

[ X
1 ,…

,
X

r ]
F

∈
K

[ X
1 ,…

,
X

r ]
F

�
(f

1 ,…
,

f
r )

Q
,

R
∈

K
[ X

1 ,…
,

X
r ]

P
·Q

=
R

�
(f

1 ,…
,

f
r ).

W
e recall a few

 basic facts for the sake of self-containm
ent of the

article. T
o 

prove the theorem
, the basic notion required is 

that of
transcendence bases and transcendence degree.

Let
 be fields; then a subset

 of
 is said to be

K
⊂

L
S

=
{t1 ,…

,
tk }

L


