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Composition of polynomials
B. SURY

Introduction
The motivationto write this paperaroseout of the following problem
which was posed in a recent mathematical olympiad:
Given a polynomial P (X) with integercoefficients,show
that there exist non-zeropolynomials Q (X), R(X) with
integer coefficientssuchthat P (X) Q (X) is a polynomial
in X2 andP (X) R(X) is a polynomial inx®.
For instance,if P(X) = 2 — 5X + 3X% + 12X3, then we notice that
Q(X) = 2 + 5X + 3X? — 12X3 serves the purpose for the first part, viz.,

POX)Q(X) = (2 - 5X + 3X% + 12X%)(2 + 5X + 3%* - 12X°)

(2 + 3x%) = (5X — 12X¥)((2 + 3%X?) + (BX - 12X3))
(2 + 3 - (5x — 12 = (2 + 3x®)° - X2(5 - 12X¥’.

A moment'sthoughtmakesit fairly evidentthatthis trick easilysolves
the first part of the problemfor a generalpolynomial P (X). For example,
since P(X) factorises over the complex numbers, we can write

k k
P(X) = o.MHAx —a), and choose Q(X)= o.MHAx +aj) so that
1= 1=
P(X)Q(X) = oN._m_HAxN —af). That both Q(X) and P(X)Q(X) haveinteger
i=
coefficients follows from the observation tf@tXx) = P(-X)."

What aboutthe secondpart, or more generally,doesthe assertiorhold
goodif we replaceX?, X2 by any Xk+1? As a matterof fact, it turnsout that
we canretainthe elementarylevel of the original problemandstill give a
proof for X which carriesover to the generalsituationwhereXX is replaced
by an arbitrary, non-constanpolynomial f (X). At the end, we indicate a
multi-variable generalisationwhich is at a slightly higher level of
sophistication. We mention in passing that the decomposability of
polynomialsin one variable as a compositionof polynomialsof smaller
degreehascometo be studiedin depthin the pastdecadeor so,in relation
to solving Diophantineequationsof the form f (X) = g(Y) wheref, g are
integer polynomials in independent variab¥gsy.

1. The original problem fox?, X3

Let us first solve the original problem. Given P(X), considerthe
polynomial Q(X) = P(=X). In otherwords,if P(X) =ay+a X+ ... +aX",
then

*
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PX) = (ag+ aX?+ ...) + X(ag + aX® + ...) = £(X9) + Xg(X?
for certain polynomial$, g with integer coefficients.
TakingQ(X) = P(-X) = f(X?) + Xg(X?), we have
2 2
PXOQ(X) = f(X¥) - Xg(X?)".
This answers the first part.

One may adopt a similar approachfor the second part. Write
P(X) = Py(X) + XP.(X) + X?P, (X) where, for example,

PBX) = a + aX®+ ...= (X3,
PX) = a + aX’ + .= g(X%,
R(X) = a + aX’+ ... = h(X®).

Consider the cube roots of unityw, w?. If
QLX) = B(X) + wXPL(X) + 0>X°Py(X)
and
Q(X) = R(X) + 0’XPL(X) + wX?Ps(X),
then, usindl + w + w? = 0, itis easy to see that
RX) = Qu(X)Q(X) = R(X)? + X°PL(X)* + X'Py(X)?
— XR(X)PL(X) = X*R (X)Pa(X) — XL (X) P2 (X)
which is a polynomial with integer coefficients.
Finally,
PX)RX) = (R(X) + XPL(X) + X*P2 (X))
x (B (X) + oXP (X) + 0®X?P (X))
x (B(X) + 0®XP (X) + wX?P> (X))

= R’ + XPX)° + XX - R PLX) P (X),
using the identity
l+m+nPP+nm+nr-Im=-m-nl)=1"+n+n-3m

Thus, since B (X) are polynomialsare in X3 for i = 0, 1, 2, we have
solved the problem completely.

2. The polynomiaX for generalk

The aboveelementanargumenindicatesthatthe caseof X* for general
k in placeof X?, X2 may be cumbersoméo approachn this fashion.In this
sectionwe give an elementanyproof for the caseX® which is differentfrom
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the one above for k = 2, 3. Following that, we give another less
elementaryproof for the same and show in the next section that this
argumentcarriesover to show, for any non-constanpolynomial f in one
variable over the integersand for a given polynomial P(X) with integer
coefficients, there exist non-zero polynomials Q (X), R(X) with integer
coefficients such tha (X) Q (X) is the polynomiaR(f (X)).

Lemmal: Letk beapositiveinteger.Then,for eachpolynomialP (X) with
integer coefficients, there exist non-zero Q(X), R(X) with integer
coefficients such that P(X)Q(X) = R(X¥). One has an analogous
statementvhere coefficientsare allowed to be rational numbersinsteadof
the integers.

It suffices to prove the version for polynomials over the rational
numbersfor, if P(X) has integer coefficientsand, if we get Q, R with
rational coefficientssatisfyingP (X) Q(X) = R(X¥), thenwe may multiply
out Q(X), R(X) by a suitable integer to get correspondingintegral
polynomials.

We first give a linear algebraic proof which is illustrated by the
following example.

Example LetP(x) = 1 + 7x + x? andsupposave wishto find anon-zero
Q (x) with integer coefficients such thR(x) Q (x) is of the formR(x°).

Suppose we try to find ration] so that
Q(X) = by + bix + b + b + b + b + bl

works. Then, the coefficientsof x&, X7, x5, x*, 2, x in P(X) Q(X) are zero.
These conditions become the following linear equations fdp,the

be =

bs =
b, + by =

by + 7bs + b, =
b, + 7Tby + by =

UH + NUO = 0.

Onenon-trivial solutionfor these6 equationsn 7 variablescanbe obtained
recursively as follows:

o O o o o

bg = 0, bs =

Put _UA = 1; then _Uw = -7, _Uw = 48. IQSOONUH+ Uo” —48, U“_.+NUO =0
which givesb; = -7,by = 1. Therefore,
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algebraicallyindependenbver K if thereis no non-zeropolynomialp in k
variablesoverK suchthatp(ty, ... , t,) = 0in L. A basicfact of thetheory
is thatany two maximalalgebraicallyindependensubsetof K (X4, ... , X;)
have the samecardinality, which is called the transcendenceegreeof L
over K (andany suchsetis called a transcendencbase).Moreover,every
elementof L is algebraic over the subfield generatedby K and the
transcendence base.
Overafield K, the quotientfield K (Xy, ... , X;) of the Uo_%JOB_m_ ring
.—.. Axh_.u . 9 qv
g(Xs, .., X0)
zero polynomialsg. This field K (X, ... , X,) hastranscendenceegreer
overK and{X, ... , X} is a transcendence base oer

K[Xy, ..., X/] is thefield of all rationalfunctions for non-

Proof of theorem Consider fy, ..., f, € K[Xy, ..., %] as in the
statementThe hypothesiameanspreciselythat {f,, ... , f,} is algebraically
independentover K (and is, hence,a transcendencéase of the field
K(Xy, ..., X;) overK). In particular,the field K (Xy, ... , X,) is algebraic
over the subfield K (f, ..., f,). If its degreeis d, then the subset
{1, PP ...,P of K(Xy,...,X) is linearly dependent over
K(f, ..., f;). In otherwords,thereis a polynomialp in onevariableover
K(fy, ..., f), say

p(t) = Co + Cit + Got® + ... +cgt”

with ¢ € K(fq, ..., f,), such that

Co+CGP+ PP+ ... 4¢P = 0 e K(Xy, ..., X).
By clearing denominators, we may assume that

G e K[fy, ..., fi] € K[Xy, ..., %]
for eachi.
Writing Q(Xq, ..., X) = G (fy, ... ,f,) € K[Xs, ..., X] fori > 0
andQ = Q; + QP + ... +QP*" ! e K[Xy, ..., X], we get
PQ=QiP+ QP+ ... +QeP" = —co(fy, ... T,) e K[ Xy, ..., X/].

TakingR = —co, we have the theorem.
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Q) =1 - 7x + 48¢ - X + x*.
Note thatPt () Q(x) = 1 + 3223 + x5

First (linear algebrg proof of Lemmd.
Let _uﬁxvuwopx_ be a polynomial of degree n with rational
1=

coefficients. Takeanarbitrarynon-zergpolynomialQ (X) = mo U_.x_. which
j=

is a prospectivecandidate The b; are rational numbers(not all zero)to be
determined.Now, expandingout P (X)Q (X), if the coefficientsof X" for
r < m+ nwith k { r vanish,thenit is a polynomialin XX, Thus, putting
the coefficient of X' in P(X)Q(X) to be zero for eachr which is not a
multiple of k, thereis a homogeneousystemof linear equationsin the
m + 1 variablesby, by, ... , by Sincethe numberof termsX" with k | r is
[(m + n)/k] + 1, while the total numberof termsis m+ n + 1, the number
of equationsis m+ n—[(m+ n)/k]. If the numberof variablesm + 1 is
larger than m+ n - [(m+ n)/k], the systemis over-determinedand has a
non-trivial solutionfor rationalb;. Notethatm+ 1> m+n—[(m+ n)/K] if,
and only if,[(m + n)/k] + 1 > n; this happens 2 > n.

By choosingm largeenough(for examplem = kn), it is clearthatone
has a nontrivial solution for tHs.

Remark We notethatthe aboveproof givesa polynomial Q (X) of degree
atthe mostkn. Thus, it givesQ (X) of degreeat the most2n for the caseX?

and degreeat the most 3n for the caseX®, whereasthe argumentin the

previous section gave polynomials of degneesd2n respectively.

Secondtheory of equationgroof of Lemma
Considera polynomial P(X) = ag + atX + ... +a,X" of degreen

n
with rational coefficients. Write P(X) = a, _EHAX — a;) whereq; arethe

(complex)roots of P(X). Therefore,eachcoefficienta of P(X) is (up to
sign) thei th elementary symmetric sum of the roots.

At this point, we recall the classicalGirard-Waringidentities relating
n

the coefficientsa; of P (X) with thesumsp, = .MH af forr=1, 2,...,n(see
i=

Edﬂo::mﬂm:omv”
m- MH|HE: E
a, “tt..tr\1)
where the sum is over djlwitht; + 2t, + ... +it; = i.

This explicit expressions not really relevantbut the conclusionthatthe
coefficientsare polynomial expressiongwith rational coefficients)in the
power sumg, of the roots, is what we need here.
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Define R(X) = a, _.:_ (X - dl). Its coefficientsare polynomial functions

(with rationalcoefficients)of 5m:c3cmGM a*forr < n.But M alk, for

eachr, is a polynomial manmmm_o:?s% rational oomx_o_m:ﬁmv in the
elementarysymmetricfunctionsof the a;, andhenceof the oomm_o_m:ﬁmw of

P (X). In other words, the coefficients B{X) are rational numbers as well.

Consider
_NX_A n X_A| k n
OO T T + X2 + o Y,
P(X) i1 X = a i1

Call this polynomial Q (X). SinceP(X)Q(X) = R(X¥) whereP(X), R(X¥)
areboth polynomialswith rational coefficients,henceQ (X) mustalsohave
rational coefficients by uniquenessof factorisationof polynomials. This
finishes the proof.

3. General polynomial (X)

The abovesecondproof carriesover to a generalf (X) in placeof XX,
Thus, we can prove:

Lemma2: Let f (X) be an arbitrary non-constanpolynomial with integer
coefficients.Then,for eachpolynomial P (X) with integercoefficients there
exist non-zero Q(X), R(X) with integer coefficients such that
P(X)Q(X) = R(f (X)). One hasan analogousstatementith the integers
replaced by the rational numbers.

Proof. As before,we may considerthe polynomialsP, f over the rational
numbers. Write

P(X) = E - a)

wherethe «; arethe rootsof P (X). A:m?ﬁ:m main observations that the
polynomial

RX) = ¢ [](X - f(a))
i=1

hasrational coefficients. This follows as before,becausd (X) is a sum of
monomialsux* and, for eachX¥, the elementarysymmetricfunctionsin the
af arerationalnumbersasbefore.In otherwords, all the coefficientsof R(X)
(they are elementarysymmetric polynomialsin the f(ay), ... v:@:vw are
T - a4 is a polynomialfor eachi, Q(X) = R
X—q; _ P(X)
is a polynomial also. As R(f (X)), P(X) have rational coefficients, Q (X)
must have rational coefficients by unique factorisation of polynomials.
Finally, we observethat R(f (X)) is not the zeropolynomialsincef (X) is not
a constant; hend® (X) is not the zero polynomial.

rationalaswell. As
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4. A multi-variable generalisation

What we provedearlieris evidently valid over any field K in placeof
the rational numbers.Now, we go over to an analogousproblem for
polynomialsin more variables.In other words, hereis a natural question
which can be thought of as a multi-variable version of the earlier problem:

Let K be any field and let P € K[Xy, ..., X/]. Suppose

fi, ..., f, € K[Xy, ..., X;] bearbitrary.Do thereexistnon-zero

Q,R e K[Xy, ..., X/] such that

P(Xy, ..., X)Q(Xq, ..., %) = R(F1(Xq, ..., X0), .. Fr(Xq, ..., X0))?

However,it is easyto seethat theremustbe somerestrictionson the f; in
order not to have trivial counter-examples.

Necessaryrestrictions If the f; are constantsand if P is not (more
generally,if X; doesnotoccurin anyof thef; andif P is X;), thenevidently

PQ = Ro (fq, ..., f;) forsomeQ, RonlyifQ = 0 = Ro (fy, ..., f,).

An example Forinstancejf r = 2, P=X; — X, f1 = XyX,, f2 = (X1 X0)3,
then for any R e _A_Xv Xs], Ro (fy, f) is of the form
Co + CXiXo + ... +C (X Xo)%. If this is of the form PQ for some
Q e K[Xy, X, then one can think of this equalityR o (f1, f,) = PQin
K[X1, X;] where K is an algebraic closure of K. Hence, R o (fy, f5)
vanishesat all points(x, X) asx variesover K. As theseareinfinitely many
points, this clearly forcesall ¢; to be zero; thatis, R o (f1, f,) = 0. Note
that, in factR(Xy, Xo) = X} — X3 is non-zero buR(fy, f,) = 0.

More generally,f f,, ... , f, arealgebraicallydependentthatis, if there
exists F = 0 in K[Xy, ..., X] suchthat F o (fy, ..., f,) is the zero
polynomial, then it can happenthat PQ = R o (fq, ..., f,) for any non-
zero Q - indeed, it may even be possible that R = 0 but
Ro (fy, ..., f;) = 0 € K[Xy, ..., X]. Thus, we may modify the
guestion; we make the modified statement now:

Theorem Let K be a field and P € K[Xy, ..., X]. Suppose
f1, ..., fr € K[Xy, ..., X;] arearbitrary polynomialssuchthat thereis no
non-zero F € K[Xy, ..., X] for which F o (fy, ..., f,) is the zero
polynomial. Then, there exist non-ze&poR € K[Xy, ..., X;] such that

PQ = Ro A:, ,?v.

We recall a few basic facts for the sake of self-containmeniof the
article. To prove the theorem, the basic notion required is that of
transcendence bases and transcendence degree.

LetK c L befields; thenasubsetS = {t,, ..., t.} of L is saidto be



