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In th e N ovem b er 19 96 issu e o f R eson ance, th e seco n d a u -
th or h ad m en tio n ed th e B u rn sid e p ro b lem [1] in p assin g
an d sa id th a t it w as b eyo n d th e sco p e o f th at article.
\T h e tim e h a s com e n ow ," as th e ch ivalrou s p ro fessor
sa id , \to talk of su ch th in gs" . If G is a torsion group {
th at is, a grou p in w h ich all elem en ts a re of ¯ n ite o rd er,
m u st th e gro u p b e ¯ n ite? N ot so , a s th e sim p le ex am p le
of th e gro u p o f all ro ots of u n ity on th e u n it circle sh ow s.
T h is is easily seen n ot to b e a ¯ n itely gen erated grou p .
O n e m ay w on d er w h eth er th e assu m p tion o f ¯ n ite gen -
eratio n forces a to rsio n gro u p to b e ¯ n ite. In gen eral,
th e a n sw er is in th e n egative. W h a t if th e ¯ n itely gen -
erated gro u p is n -torsion fo r so m e n (th a t is, th e ord ers
of all th e elem en ts are d iv isors o f a ¯ x ed n u m b er n ). In
19 02 B u rn sid e raised th e q u estion o f its ¯ n iten ess { it
tu rn s ou t th at th e gro u p cou ld still b e in ¯ n ite. T h at
req u ires rath er d eep m eth o d s.
L et u s sta rt w ith so m e sim p le cases w h ere th e an sw er
is a ctu a lly in th e a± rm a tiv e. F irst of all, if a grou p is
2-torsion , it is triv ia l to see th at it is ab elia n . T h u s,
if a 2-torsion g rou p is a lso ¯ n itely gen erated , it m u st
b e ¯ n ite. A s w e sh a ll sh ow , ¯ n itely gen erated n -to rsion
gro u p s a re ¯ n ite for n = 3 as w ell as fo r n = 4. T h ese
resu lts are d u e, resp ectiv ely, to B u rn sid e h im self a n d
S an ov . A n a± rm ative an sw er w as g iven for th e case
n = 6 also b y M H all. T h e case n = 5 is still op en a s
far a s th e a u th ors k n ow .
O n e can fo rm u late th e q u estio n for th e ù n iversa l' m -
gen erated , n -torsion gro u p . In oth er w ord s, o n e can
form u late th e B u rn sid e p ro b lem a s th e q u estion as to
w h eth er th e B u rn sid e g rou p B (m ;n ) { d e¯ n ed as th e
q u otien t of th e free grou p F m on m gen erators b y th e
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n orm al su b g rou p g en era ted b y th e rela tion s x n = 1 {
is ¯ n ite. F or a b ig en ou g h o d d n , A d ia n a n d N ov ikov
p roved th at th ere ex ist ¯ n itely gen erated , in ¯ n ite n -
torsion g rou p s; th eir b o u n d of 43 81 h a s sin ce b een b rou g h t
d ow n . T h e p resen t-d ay m eth o d o f attack in vo lv es v̀ an
K am p en d iag ram tech n iq u es' d u e to O lsh an sk ii a n d o th -
ers. R ath er recen tly, Ivan ov h as sh ow n th e ex isten ce
of ¯ n itely g en era ted , in ¯ n ite, n -torsion gro u p s for large
even n . H e a lso u ses th e d iag ram tech n iq u es referred to
ab ove.
T h ere is th e restricted B urnside problem w h ich ask s w h e-
th er th ere is a b o u n d on th e o rd ers o f all m -gen erated
n -to rsio n ¯n ite gro u p s. T h is w as ¯ n ally p roved in th e
a± rm ativ e b y E ¯ m Z elm an ov w h o w on th e F ield s M ed al
for th is w ork in 1 990 . T h e restricted B u rn sid e p rob lem
can b e reform u la ted in term s o f p ro ¯ n ite grou p s (th e
la tter are b u ilt o u t o f ¯ n ite gro u p s q u ite a k in to b u ild in g
th e G alois g rou p o f th e a lg eb ra ic clo su re of Q fro m th e
variou s ¯ n ite G alois gro u p s). T h e ad va n ta ge of th at is
th at o n e cou ld u se to p olog ical tech n iq u es a s a p ro ¯ n ite
gro u p h a s a n atu ra l to p o lo gy.
W e sta rt w ith a d iscu ssion of th e lin ear ca se of th e B u rn -
sid e p ro b lem w h ere th e an sw er is in th e a ± rm ative a n d
go on to p rove th e p ositiv e ca ses o f n = 3 an d n = 4.
A t th e en d , w e recall a b eau tifu l co n stru ctio n o f N arain
G u p ta an d S aid S id k i [2] w h ich gives a co u n terex am -
p le to th e gen era l B u rn sid e p rob lem . T h e con stru ction
sh ow s th e ex isten ce of an in ¯ n ite gro u p w h ich is ¯ n itely
gen erated a n d a ll o f w h o se elem en ts h ave ¯ n ite p -p ow er
ord er for so m e p rim e p . T h e ord ers of th e elem en ts are
u n b o u n d ed , an d th u s, th is is n o t a cou n terex am p le to
th e B u rn sid e p ro b lem w h ere th e torsio n is b o u n d ed .
B u rn sid e's co n trib u tion s to gro u p th eo ry a n d esp ecially
to th e stu d y of th eir rep resen tation s are fu n d am en ta l to
th e su b ject. Iron ically, th e m ost p o p u la r resu lt th rou gh
w h ich h e is o ften k n ow n to th e lay -m ath em atician (an
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in tern et sea rch d em o n strates th is), is an elem en ta ry cou n t-
in g lem m a erro n eo u sly k n ow n a s B u rn sid e's lem m a w h ich
is n ot d u e to h im !
1 . B u rn sid e P ro b le m fo r M a trix G ro u p s
W e ¯ rst start w ith th e case o f m atrix grou p s w h ere th e
gen eral B u rn sid e p ro b lem h as a p o sitive so lu tion . T h is is
a con seq u en ce of a lem m a k n ow n (rig h tly ) a s th e B u rn -
sid e lem m a . A s u su al, for a n y ¯ eld K , M (n ;K ) d en otes
th e set o f all n £ n m a trices over K an d G L (n ;K ) d e-
n otes th e g rou p o f in v ertib le o n es am on g th em . W e ¯ rst
reca ll th at a m a trix g 2 G L (n ;K ) is sa id to b e un ipoten t
if all its eigen valu es a re 1. E q u iva len tly, over th e alge-
b raic closu re of K , g is co n ju gate to a n u p p er tria n gu lar
m atrix w ith all d iag on a l en tries 1 .
L e m m a 1 .1 (B u rn sid e ) L et K be an y ¯eld and let
G ½ G L (n ;K ) be a subgroup such that the set f tr (g ) :
g 2 G g is ¯n ite, of cardin ality r, say. A ssum e also that
no n ontrivial elem ent of G is unipotent. T hen, G m ust
be ¯nite, of cardin ality · r n 2 .
C o ro lla ry 1 .2 L et K be any ¯ eld and let N be a natural
num ber w hich is n ot a m ultiple of the characteristic of
K . If G ½ G L (n ;K ) is an N -torsion group, then G
m ust be ¯ nite, of cardinality · N n 3 .
P ro o f. W ith o u t loss of gen era lity, w e m ay assu m e th at
K is algeb raically closed , for, rep lacin g K b y its alge-
b raic closu re n eith er a ® ects th e h y p oth eses n or th e co n -
clu sion s. W e sh all o b serve th at th e h y p oth eses of th e
lem m a are sa tis¯ ed . T h e v ector su b sp ace V ½ M (n ;K )
gen erated b y G h as d im en sio n a t th e m ost n 2 ; let g 1 ;g 2 ;
¢¢¢ ;g d b e elem en ts of G w h ich give a b asis o f V . F or
each g 2 G , sin ce g N = I , th e eigen va lu es o f g a re N -th
ro ots of u n ity ; th u s th e trace o f g h as a t th e m ost N n

p o ssib ilities. S u p p o se, if p ossib le, th at I 6= g 2 G is
u n ip oten t. A fter co n ju ga tin g b y a m atrix in G L (n ;K ),
w e m ay assu m e th at g is u p p er tria n gu lar w ith all d i-
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ag on a l en tries 1. L et g ij 6= 0 w ith j ¡ i ¸ 1 an d j ¡ i
th e least p o ssib le. N ow lo ok in g at th e (i;j)-th en try of
I = g N , o n e h as

0 = N g ij :
T h is is a con trad iction sin ce ch a ra cteristic of K d o es n ot
d iv id e N . T h u s, th e lem m a im p lies th e a ssertio n of th is
corolla ry. ¥
P ro o f o f B u rn sid e 's L e m m a
A s b efore, w e let f g 1 ;¢¢¢ ;g d g b e elem en ts in G w h ich
form a b asis for th e vecto r su b sp ace of M (n ;K ) sp an n ed
b y th e elem en ts of G . T o b e ab le to c̀o u n t' th e elem en ts
of G , w e asso cia te to each g 2 G , th e o rd ered d -tu p le

(tr (g 1 g );tr (g 2 g );¢¢¢ ;tr(g d g )):
If th e sam e tu p le w ere a sso ciated to elem en ts x ;y 2 G ,
th en w e w o u ld h ave tr(g i(x ¡ y )) = 0 fo r all i · d .
N ow , for a n y k ¸ 0, (I ¡ x ¡1 y )k x ¡1 = P d

i= 1 ¸ ig i for
so m e ¸ 2 C . T h erefore, m u ltip ly in g th e i-th eq u ation
tr(g i(x ¡ y )) = 0 b y ¸ i an d ad d in g all o f th em , w e get
tr((I ¡ x ¡1 y )k + 1 ) = 0. S in ce th is h old s for all k ¸ 0, w e
m u st h ave I ¡ x ¡1 y to b e a n ilp o ten t m atrix h ; th at is,
all eigen valu es of h a re 0. H en ce x ¡ 1 y is I ¡ h , w h ich
is clea rly u n ip oten t. T h is m ea n s x = y . H en ce th e
asso ciation

g 7! (tr (g 1 g );tr (g 2 g );¢¢¢ ;tr(g d g ))
is on e-to -on e. A s th e traces of elem en ts of G tak e at th e
m ost r valu es, th e set o f d -tu p les a b ove h a s card in a lity
at th e m o st r d · r n 2 . T h is co m p letes th e p ro of.
O n e ca n re¯ n e th e coro llary b y d rop p in g th e con d ition
of b ou n d ed torsion w h en th e g rou p is ¯ n itely gen era ted .
O n e h as :
P ro p o sitio n 1 .3 L et G ½ G L (n ;K ) be a ¯ nitely gen -
erated torsion group such that the orders of all elem en ts
are not m ultiples of C har K . T hen, G is ¯n ite.
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P ro o f. W e on ly h ave to sh ow th at th e torsio n is au to -
m atica lly b o u n d ed . C h o o sin g a ¯ n ite set of g en era tors of
G , on e can co n sid er th e sm allest su b ¯ eld E o f K con tain -
in g a ll th eir m atrix en tries. O b v io u sly, G ½ G L (n ;E ).
N ow , th e ¯ eld E a lg o f elem en ts in E w h ich a re a lg eb ra ic
over th e p rim e su b ¯ eld P o f K , form a ¯ n ite ex ten sion
¯ eld of P . N o te th at sin ce elem en ts of G h av e ¯ n ite
ord er, th eir eigen valu es a re in E a lg . A s E can h ave o n ly
¯ n itely m an y ro ots of u n ity, th ere is a b ou n d on th e o r-
d er of elem en ts of G . T h en , th e p ro p o sition fo llow s from
th e corolla ry. ¥
2 . B u rn sid e P ro b le m fo r 3-T o rsio n G ro u p s
T h is is th e ¯ rst n on triv ial case w h ere th e B u rn sid e p ro b -
lem h a s an a± rm a tiv e solu tion in g en eral (th a t is, w ith -
ou t assu m p tion s of lin earity ). In oth er w ord s, a ¯ n itely
gen erated grou p G all of w h o se n o n triv ia l elem en ts are
of ord er 3 m u st b e ¯ n ite. A p osterio ri, su ch a gro u p
is a 3 -gro u p a n d is h en ce, n ilp o ten t. A s o n e can gu ess,
th e arg u m en t is sp ecia l to th e ex p on en t 3 an d p ro ceed s
b y p rov in g ¯ rst th at th e gro u p m u st b e n ilp o ten t; th is
in v olves so m e p lay (h op efu lly en joya b le) w ith com m u ta -
tors. R ecall th at th e descending cen tralseries o f a gro u p
G is th e seq u en ce of su b gro u p s

G = C 0 (G ) ¾ C 1 (G ) ¾ C 2 (G ) ¢¢¢¢¢¢¢¢¢
w h ere C i(G ) = [G ;C i¡ 1 (G )]. H ere, a n ota tio n of th e
form [A ;B ] stan d s fo r th e gro u p gen erated b y all th e
c̀o m m u tators' a ba¡ 1 b¡ 1 w ith a 2 A ;b 2 B . A gro u p
G is nilpoten t if th e d escen d in g cen tral series term in ates
in ¯ n itely m an y step s, i.e., if C l(G ) = f 1 g for som e l.
In an y grou p , on e d en otes th e co m m u tato r x y x ¡1 y¡ 1 b y
[x ;y ] an d th e con ju g ate x y x ¡1 b y y x . T h e h igh er ord er
com m u tato rs [x 1 ;x 2 ;¢¢¢ ;x n ] are d e¯ n ed recu rsiv ely b y

[x 1 ;x 2 ;¢¢¢ ;x n ] = [[x 1 ;x 2 ;¢¢¢ ;x n ¡ 1 ];x n ]:
W e n ow p rov e a resu lt w h ich is m o re gen eral th a n an
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a± rm ativ e so lu tion of th e B u rn sid e p ro b lem fo r ¯ n itely
gen erated , 3-to rsio n g ro u p s.
T h e o re m 2 .1 A ny 3-torsion group G m ust be n ilpo-
ten t; in fact, C 3 (G ) = f 1g and C 1 (G ) is abelian. C on -
sequently, a ¯n itely gen erated 3-torsion group m ust be
¯n ite.
P ro o f. W e ¯ rst sh ow th at th e last assertion of th e th e-
orem is a con seq u en ce o f th e ¯ rst o n e. F or su ch a gro u p
G , th e gro u p G = C 1 (G ) m u st b e ¯ n ite, as it is a ¯ n itely
gen erated a b elian g rou p w h ich is to rsio n . T h u s, C 1 (G )
is ¯ n itely g en era ted as w ell, a s it is of ¯ n ite in d ex in th e
¯ n itely g en erated gro u p G . T h is last fa ct is a n ice ex -
ercise w h ich is elem en ta ry b u t n o t ob v io u s; in fa ct, th e
read er is u rg ed to sh ow th at a su b gro u p o f in d ex m of
an r -gen erated gro u p , ca n b e gen erated b y m (r ¡ 1) + 1
elem en ts. N ow , w e a lso h ave C 1 (G ) to b e a b elian from
th e ¯ rst a ssertio n . B ein g torsion , it h as to b e ¯ n ite; th u s
G itself m u st b e ¯ n ite.
T h erefo re, w e n eed to p rove on ly th e ¯ rst a ssertion .
W e b reak th e rest of th e p ro of in to 2 o r 3 step s ea ch
of w h ich is in terestin g in its ow n righ t. F irst, w e start
w ith a rem a rkab le fact w h ich h old s in a n y gro u p . T h is
is a co m m u tator id en tity w h ich can b e v erī ed b y ¯ rst
p rin cip les q u ite easily. ¥
O b se rv a tio n . In any group G ,

[x y ;x ] = ((x y ¡1 )y )3 (y 2 x ¡ 1 )3 ((y ¡1 )x )3 :
A s an im m ed iate con seq u en ce, w e n ote :
L e m m a 2 .2 In an y 3-torsion group, every elem ent com -
m utes w ith all its conjugates.
T h e n ex t resu lt tells u s o f an in terestin g p rop erty of all
gro u p s w h ich h av e th e p ro p erty in ferred in th e p rev io u s
lem m a :
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L e m m a 2 .3 L et G be any group in w hich each elem en t
com m utes w ith each of its conjugates. T hen, for all
x ;y ;z 2 G , on e has

[x ;y ;z ] = [z ;x ;y ] = [y ;z ;x ]:

P ro o f. F or con ven ien ce, fo r a n y x 2 G , let u s w rite
C (x ) for th e set con sistin g o f all p ro d u cts o f co n ju -
ga tes of x an d x ¡1 . N o te th a t an y tw o elem en ts of
C (x ) com m u te. M o reover, C (x ) is sta b le u n d er co n -
ju ga tio n b y an y elem en t. F in ally, ob serve th at for a n y
x 1 ;¢¢¢ ;x n 2 G , w e h ave [x 1 ;¢¢¢ ;x n ] 2 C (x i) for all
i · n . In p articu la r, fo r an y g 2 C (x i) for som e i, w e
h ave

[x 1 ;¢¢¢ ;x n ]g = [x 1 ;¢¢¢ ;x n ]:
W e sh a ll n ow co n sid er th e elem en ts of th e fo rm [x ;y ;z ];
th ese ev id en tly gen erate th e su b grou p C 2 (G ) in an y grou p
G . T h e id ea is to p rov e th at in o u r case th ese elem en ts
are con tain ed in th e cen ter; th at is, w e sh all sh ow th at

[x ;y ;z ;w ] = 1 8 x ;y ;z ;w :
F irst, w e can v erify th at

[x ;y z ] = [x ;y ][x ;z ]y ;[x y ;z ] = [y ;z ]x [x ;z ]
(in an y gro u p ). T h erefore

[x ;y z ;z ] = [[x ;y ][x ;z ]y ;z ] = [[x ;z ]y ;z ][x ;y ][x ;y ;z ]:
S in ce [x ;z ] (an d th erefore [x ;z ]y ) a re in C (z ), th e ab ove
ex p ression b ecom es

[x ;y z ;z ] = [x ;y ;z ]: (1)
S im ila rly,

[x ;y z ;y ] = [[x ;y ][x ;z ]y ;y ] = [[x ;z ]y ;y ][x ;y ][x ;y ;y ] =
[[x ;z ]y ;y ][x ;y ]:
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S in ce [x ;y ] 2 C (y ), a s w e ob served in th e b eg in n in g of
th e p ro of,

[x ;y z ;y ] = [[x ;z ]y ;y ] = [[x ;z ];y ]y = [[x ;z ];y ;];
th at is,

[x ;y z ;y ] = [x ;z ;y ]: (2)
N ow , fo r each x ;y ;z ,
1 = [x ;y z ;y z ] = [x ;y z ;y ][x ;y z ;z ]y = [x ;z ;y ][x ;y ;z ]y

b y (1) a n d (2). B u t, n o tice th at [x ;y ;z ] 2 C (y ). H en ce
1 = [x ;z ;y ][x ;y ;z ]: (3)

N ow , w e n o te th at in o u r gro u p G ,
[x ¡1 ;y ] = x ¡1 :y x y ¡1 = y x y¡ 1 :x ¡1 = [y ;x ] = [x ;y ]¡ 1

an d
[x ;y¡ 1 ] = x y ¡1 x ¡1 :y = y :x y ¡1 x ¡1 = [y ;x ] = [x ;y ]¡1 :

T h u s, [x ;z ;y ] = [[z ;x ]¡ 1 ;y ] = [[z ;x ];y ]¡1 = [z ;x ;y ]¡1
b y th is ob serva tion .
F rom th is an d (3), w e h ave

[x ;y ;z ] = [z ;x ;y ]:
C h a n gin g th e ro les o f x ;y ;z , w e h ave

[x ;y ;z ] = [z ;x ;y ] = [y ;z ;x ]: (4)
T h is p rov es th e lem m a . ¥
F in a lly, w e can com p lete th e p ro of o f th e th eorem . B y
th e ¯ rst lem m a, ou r g rou p satis¯ es th e h y p o th esis of th e
p ev io u s lem m a w h ich w e sh a ll u se rep eated ly.

[x ;y ;z ;w ] = [[x ;y ];z ;w ] = [z ;w ;[x ;y ]]
= [[z ;w ];[x ;y ]] = [[w ;z ]¡ 1 ;[x ;y ]]
= [[w ;z ];[x ;y ]]¡1 = [w ;z ;[x ;y ]]¡1
= [[x ;y ];w ;z ]¡1 = [x ;y ;w ;z ]¡1 :
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L et u s n ote th e ¯ n a l id en tity
[x ;y ;z ;w ] = [x ;y ;w ;z ]¡1 : (5)

T h erefo re, u sin g (5) an d rep ea ted ly u sin g (4 ) as w ell a s
th e b asic id en tity [u ;v ] = [v ;u ]¡ 1 , w e h ave

[x ;y ;z ;w ]
= [x ;y ;w ;z ]¡1 = [[x ;y ;w ];z ]¡1 = [[w ;x ;y ];z ]¡1
= [w ;x ;y ;z ]¡1 = [[w ;x ];y ;z ]¡1 = [y ;z ;[w ;x ]]¡1
= [[y ;z ];[w ;x ]]¡ 1 = [[w ;x ];[y ;z ]] = [w ;x ;[y ;z ]]
= [[y ;z ];w ;x ] = [y ;z ;w ;x ]:

H en ce, u sin g (4) a n d (5) fo r th e righ t h an d sid e, w e h ave
[y ;z ;w ;x ] = [y ;z ;x ;w ]¡1 = [x ;y ;z ;w ]¡1 :

H en ce
[x ;y ;z ;w ] = [x ;y ;z ;w ]¡1 = [x ;y ;z ;w ]2

w h ich g iv es
[x ;y ;z ;w ] = 1 8 x ;y ;z ;w 2 G :

T h erefo re, C 2 (G ) is co n ta in ed in th e cen ter, an d C 3 (G ) =
f 1g i.e., G is n ilp oten t. N o te also th at [[x ;y ];[z ;w ]] = 1
w h ich m ean s th at C 1 (G ) = [G ;G ] is a b elian . T h is
p roves th e th eo rem . ¥
3 . B u rn sid e P ro b le m fo r 4-T o rsio n G ro u p s
In th is sectio n , w e p rove th at ¯ n itely gen erated 4-to rsion
gro u p s are ¯ n ite; th e p ro o f is actu a lly sim p ler th an th e
case o f 3 -torsion . H ow ev er, th e stron ger assertio n in th e
case o f 3-to rsio n a b ou t C 3 (G ) etc. d o es n ot g en eralize.
T h e o re m 3 .1 If L is a ¯ nite subgroup of a 4-torsion
group M such that M = < L ;x > for som e x 2 2 L ,
then M is ¯n ite, of cardin ality · jL jjL j+ 1 . C on sequen tly,
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a ¯nitely generated 4-torsion group m ust be a ¯ nite 2-
group.
P ro o f. W e ¯ rst d ed u ce th e latter assertion fro m th e
form er. W e p ro ceed b y in d u ction on th e m in im a l n u m -
b er d o f g en era tors n eed ed to gen erate a 4-to rsion gro u p
G . T riv ia lly, if d = 1, th en jG j · 4. S u p p ose d > 1 gen -
erators g 1 ;¢¢¢ ;g d g en erate a 4-torsion g ro u p G a n d th at
th e (d ¡ 1)-g en era ted su b gro u p H = < g 1 ;¢¢¢ ;g d¡1 > is
¯ n ite. C on sid er K := < H ;g 2d > ; th en G = < K ;g d > .
F rom th e ¯ rst a ssertio n of th e th eo rem , o n e can co n clu d e
th at K is ¯ n ite an d , th erefo re, G is ¯ n ite.
L et u s n ow p rove th e ¯ rst a ssertio n .
A s x 2 2 L , a n y elem en t of M ca n b e w ritten a s

g = l1 x l2 x l3 ¢¢¢ln ¡1 x ln
w ith li 2 L n on triv ial for 1 < i < n .
W e sh all sh ow th a t if n is m in im al for su ch a n ex p ression ,
th en n · jL j+ 1 .
T h e id ea is to g et m an y ex p ressio n s of len gth n for g a n d
d ed u ce th a t if jL j is sm a ll co m p ared to n , tw o su ch ex -
p ression s co in cid e a n d give rise to a can cellation w ith in
th e ex p ressio n a n d th a t th is w o u ld y ield for g a n ex p res-
sion o f sm aller len gth .
F or a n y l 2 L , w e h ave

1 = (x l)4 = x lx lx lx l;
w h ich im p lies
x lx = l¡ 1 x ¡ 1 l¡1 x ¡1 l¡1 = l¡1 x 3 l¡ 1 x 3 l¡ 1 = l¡1 x l0x l¡ 1 ;

w h ere l0= x 2 l¡1 x 2 2 L .
T h u s, w e see th at in th e ex p ressio n

g = l1 x l2 x l3 ¢¢¢ln ¡1 x ln ;

A finitely generated

4-torsion group

must be a finite

2-group.
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w e m ay rep lace an y x lix b y l¡ 1i x l0x l¡1i w h ich lead s to th e
ex p ression

g = l1 x l2 ¢¢¢x li¡1 l¡1i x l0x l¡ 1i li+ 1 ¢¢¢x ln :
In oth er w ord s, li¡1 h as go t rep la ced b y li¡ 1 l¡1i b u t lj
for an y j < i ¡ 1 d id n ot ch an g e a n d th e len gth of th e
n ew ex p ression rem a in s n . W e u se th is in th e fo llow in g
m an n er.
S tart w ith an y g 2 G an d a n ex p ressio n

g = l1 x l2 x l3 ¢¢¢ln ¡1 x ln
w ith n m in im al. If w e rew rite x l3 x a s ab ove (w h ich
en ta ils ch an gin g l2 to l2 l¡ 13 ), th en w e h ave a n ex p ression
of th e fo rm

g = l1 x l2 l¡13 x l03 x l04 ¢¢¢x l0n
of th e sam e len gth .
S tartin g w ith th e origin al ex p ression

g = l1 x l2 x l3 ¢¢¢ln ¡1 x ln
an d rew ritin g x l4 x ch a n ges l3 to l3 l¡ 14 b u t d o es n ot ch an ge
l2 ; th at is,

g = l1 x l2 x l3 l¡14 x l004 ¢¢¢x l00n :
If w e rew rite x l3 l¡14 x in th e a b ove ex p ression , w e w ou ld
h ave an ex p ression w h ere l2 ch an g es to l2 (l3 l¡14 )¡ 1 =
l2 l4 l¡13 .
In th e sam e w ay, if w e start w ith th e origin al ex p ression ,
rew rite x l5 x , th en l4 w ou ld ch a n ge to l4 l¡15 an d l2 ;l3
w ou ld b e th e sam e. T h en , rew ritin g x l4 l¡15 x , w e w ou ld
h ave an ex p ression w h ere l3 ch an g es to l3 (l4 l¡15 )¡ 1 =
l3 l5 l¡14 a n d l2 rem a in s as it is. R ew ritin g x l3 l5 l¡ 14 x , l2
ch a n ges to l2 (l3 l5 l¡ 14 )¡ 1 = l2 l4 l¡ 15 l¡ 13 ; th at is, w e h ave an
ex p ression of th e fo rm

g = l1 x l2 l4 l¡15 l¡13 x ~l3 x ¢¢¢x ~ln :
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C o n tin u in g in th is m a n n er, w e w ou ld h ave n ¡ 2 ex p res-
sion s for g of len g th n , v iz.,

g = l1 x k 2 x k 3 x ¢¢¢x k n ;
w h ere k i 2 L an d k 2 co u ld b e a n y o n e of th e elem en ts

l2 ;l2 l¡13 ;l2 l4 l¡ 13 ;l2 l4 l¡ 15 l¡13 ¢¢¢
T h e last elem en t in th e list a b ove is eith er

l2 l4 ¢¢¢ln l¡1n ¡ 1 l¡1n ¡ 3 ¢¢¢l¡13
or

l2 l4 ¢¢¢ln ¡1 l¡1n l¡ 1n ¡2 ¢¢¢l¡ 13
accord in g as to w h eth er n is ev en o r o d d . T h ese are
n ¡ 2 p ossib le elem en ts; w e claim th at th ese m u st b e
d istin ct. If n ot, th en w e m ay can cel o® co m m o n term s
from b o th sid es an d con clu d e th a t an ex p ressio n of th e
form

l2 d + 2 ¢¢¢l2 r l¡ 12 d r§1 ¢¢¢l¡12 d + 3
is th e id en tity elem en t, for som e r > d .
B u t, sin ce it is p ossib le to start w ith th e origin al ex p res-
sion fo r g a n d g et an oth er ex p ression o f th e sa m e len gth
n w h ere l2 d + 2 is ch a n ged to th e ab ove ex p ressio n rep re-
sen tin g th e triv ial elem en t, it m ea n s th at th is p art can
b e can celled o® an d w e can get an ex p ression o f sm aller
len g th . T h is co n tra d iction sh ow s th at th e ab ov e ele-
m en ts m u st b e d istin ct; th at is, n ¡ 1 · jL j. T h erefo re,
jM j · jL jjL j+ 1 . ¥
4 . G e n e ra l B u rn sid e P ro b le m ; A n E x a m p le
In th is section , w e give a co u n terex a m p le w h ich sh ow s
th at a ¯ n itely gen erated gro u p , all of w h ose elem en ts
h ave ¯ n ite p -p ow er ord er (fo r a ¯ x ed p rim e p ), ca n b e
in ¯ n ite. T h is b eau tifu l co n stru ctio n is d u e to N arain
G u p ta an d S a id S id k i [2]. It sh o u ld b e n oted th at th e
ord ers o f elem en ts in th is ex am p le are u n b o u n d ed . A s of

A finitely generated

group, all of whose

elements have

finite p-power

order (for a fixed

prime p), can be

infinite.
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n ow , k n ow n cou n terex a m p le con stru ction s to th e b o u n -
d ed to rsion version of th e B u rn sid e p rob lem in v olves
com p lica ted va n K a m p en d iag ram tech n iq u es d u e to O l-
sh a n sk ii an d oth ers. W e d o n o t d iscu ss th em h ere.
L et p b e a ¯ x ed o d d p rim e a n d let X b e th e set of
all ¯ n ite strin gs of sy m b ols fro m th e set of a lp h a b ets
f 0;1;¢ ¢ ¢;p ¡ 1 g: H ere th e em p ty strin g is of len gth 0.
F or r ¸ 0 , w e w rite 0 r to d en ote th e strin g of len gth
r con sistin g of r zeros. W h en ever w e a d d or su b tract
tw o sy m b o ls from th e alp h a b et set, it sh o u ld b e read
m o d u lo p . D e¯ n e tw o p erm u tation s t an d z o n X a s
follow s. T h ey ¯ x th e em p ty strin g an d on n on em p ty
strin gs, th eir actio n s a re :

(i) t ch an g es th e ¯ rst sy m b ol i to (i + 1) an d leaves
th e rest of th e strin g u n ch an ged .

(ii) F or a strin g of th e form 0 r ijw w ith i 6= 0 a n d
r ¸ 0,

(0 r ijw )z = 0 r i(j + i)w :
T h u s, z o n ly ch a n ges th e sy m b ol j w h ich follow s
th e ¯ rst n o n zero sy m b ol i (if a n y ) to j + i.

L et G b e th e gro u p of p erm u tatio n s o f X gen era ted b y
t an d z . N ote th a t b o th t a n d z leave th e len gth s of
strin gs in varian t. S o all orb its of G a re ¯ n ite.
T h e o re m 4 .1 G is an in ¯ n ite gro u p an d all its elem en ts
h ave ¯ n ite, p -p ow er ord er.
P ro o f. N ote th a t ea ch o f z a n d t is of ord er p : S et
S = f s h = t¡ h z th : 0 · h < p g ½ G an d let H b e th e
su b g rou p of G g en era ted b y S . T h en each elem en t of S
h as o rd er p an d H is a n orm al su b gro u p of G con tain in g
z . A key o b servation w e sh all sh ortly m a ke is th a t H
acts on th e su b set of X con sistin g o f strin gs startin g
w ith 0 , ex actly as G d o es on th e w h ole o f X , a n d th is is
th e fact th a t w ou ld im p ly th at G is in ¯ n ite.
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F or 0 · k < p , th e su b sets X k = f k w : w 2 X g of
strin gs in X sta rtin g w ith k , tog eth er w ith th e su b set of
X co n sistin g o f th e em p ty strin g , form a p artitio n o f X .
A sim p le ca lcu lation sh ow s th a t for k w 2 X k :

(k w )sh =
½ k (w )z if k = h

k (w )tk ¡ h if k 6= h : (6)

T h e n o tation k (w )z a b ov e m ean s th e strin g sta rtin g w ith
k fo llow ed b y th e strin g d e¯ n ed b y th e a ction of z o n w .
T h e a b ov e ob serva tio n sh ow s th at X k are H -in va ria n t.
In p a rticu la r, t =2 H a n d so H is a p rop er su b g rou p of
G . S in ce G = hH ;ti, G = H h as ord er p . N ow , (6 ) im p lies
th at th e restriction of H to X 0 co n ta in s th e p erm u ta -
tio n s 0 w 7! 0(w )z a n d 0 w 7! 0(w )t, an d so con tain s a
cop y of G . S in ce H is a p rop er su b grou p of G , th is is
p o ssib le o n ly if G is in ¯ n ite.
N ex t w e p rove th at each elem en t of G h as p -p ow er o rd er.
U sin g th e id en tities z itj = tj s ij, each x 2 G ca n b e
w ritten in th e fo rm

x = ta s i1 ¢¢ ¢ s im ; (7)
w h ere 0 · a < p . H ere, th e n o tation s ij sta n d s for th e i-th p ow er of th e p erm u ta tio n s j. W e ch o ose an ex p ression
for x in th e fo rm (7) w ith sm a llest m . W e u se in d u ction
on m to p rove th at x h a s p -p ow er ord er. T h is is clear
if m = 0 , sin ce t h as o rd er p . A ssu m e th at m > 0 a n d
th at th e resu lt is tru e for a ll elem en ts x of th e fo rm (7)
w ith a p ro d u ct of few er th an m o f th e s i.
C ase (I): S u p p ose th a t a = 0. If th e su b scrip ts ih in
(7) are all eq u a l, say i, th en x = s mi an d so ord er o f x
d iv id es p . S o eith er x is th e id en tity elem en t or it h a s
ord er p . N ow , a ssu m e th at ih a re n ot all eq u a l. S in ce
x 2 H , each X i is x -in va rian t. B y (6 ), fo r each strin g
k w 2 X k w e h av e (k w )x = k (w )u , w h ere u h as th e form
tbs j1 ¢¢ ¢s jn an d n = jf ih : ih = k g j. T h u s for each k , b y
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in d u ction , x a cts on X k a s a p erm u tation w h ose ord er
is a p ow er of p . S o as a p erm u tation o f th e w h o le of X ,
th e ord er o f x is a p ow er of p .
C ase (II): S u p p ose th a t 0 < a < p . S et y = s i1 ¢ ¢ ¢ s im .T h en

x p = (ta y )p = (ta y t¡ a )(t2 a y t¡2 a ) ¢ ¢ ¢ (y ): (8)
N ow , tr y t¡r = (tr s i1 t¡r )(tr s i2 t¡r ) ¢¢ ¢(trs im t¡ r ) = s l1 ¢¢¢s lm . S o x p ca n b e w ritten as a p ro d u ct of p m term s o f th e
s i (0 · i < p ). S in ce p d o es n o t d iv id e a , th e ex p on en ts
a ;2 a ;¢ ¢ ¢;0 in th e ex p ression (8) fo r x p co rresp on d to a
fu ll set of resid u e cla sses m o d u lo p . S o each s i ap p ea rs
as a factor in x p ex a ctly m tim es. A p p ly in g (6) aga in ,
for each k w e h ave (k w )x p = k (w )v , w h ere v (d ep en d in g
on k ) is a p ro d u ct o f p m factors co n sistin g of eith er
z or p ow ers of t. A lso , z o ccu rs as a factor ex actly
m tim es an d th e to tal p ow er to w h ich t o ccu rs is b =
m (1 + 2 + ¢¢¢+ (p ¡ 1)) = m (p ¡ 1)p = 2. B y u sin g id en tities
of th e fo rm s itr = tr s i+ r , v ca n b e rew ritten in th e form
v = tbs j1 s j2 ¢ ¢ ¢ s jm . S in ce p is o d d , p d iv id es b an d so
tb = 1 . N ow th e a rgu m en t in th e seco n d step o f C ase
(I) can b e ap p lied to co n clu d e th at v a cts on X k as a
p erm u ta tio n w h ose ord er is a p ow er o f p . S in ce th is is
tru e fo r each k , it fo llow s th a t x p h a s p -p ow er ord er; so
x h a s p -p ow er o rd er a s w ell. T h is com p letes th e p ro o f.
¥

R e m a rk 4 .2 T he construction above does not w ork {
as it is { for p = 2. A correspon ding theorem for p = 2
can be obtain ed w ith a sm all chan ge. T ake X to be the
set of all ¯n ite strings over f 0;1 ;2 ;3g, de¯ne t as above
and m odify the de¯nition of z as follow s. F or an y strin g
of the form 0 r ijw w ith i 6= 0:

(0 r ijw )z = 0 r i(j + i)w if i = 1 or 3 ; a n d
(0 r 2 jw )z = 0 r 2jw :


