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In th e ¯ rst p a rt 1 o f th is a rtic le , w e h a d in tro -

d u c e d th e n o tio n o f q u a d ra tic rec ip ro c ity a n d

d w e lt b rie ° y o n its h isto ry , w h ic h g o e s b a ck a ll

th e w a y to th e w o rk o f F e rm a t. T h e n w e d is-

c u sse d th e L a w o f Q u a d ra tic R e c ip ro c ity ( Q̀ R L '),

w h ich G a u ss n a m e d T h e o re m a A u re u m . F o llo w -

in g th is, w e g a v e a n o t to o w e ll k n o w n p ro o f o f

th e Q R L , d u e to G R o u sse a u . N o w w e g iv e tw o

m o re p ro o fs o f th e Q R L , d ra w in g re sp e c tiv e ly

fro m id e a s in lin ea r a lg e b ra a n d ¯ e ld e x te n sio n s ;

th e y to o a re n o t v e ry w e ll k n o w n .

P re a m b le

T h ro u gh o u t, p , q d en ote d istin ct o d d p rim es; x , y d en ote
in tegers; m d en otes an arb itrary m o d u lu s, n ot n ecessa r-
ily p rim e; Z= m Z d en otes th e set f 0;1;2 ;:::;m ¡ 1 g,
w h ich form s a rin g u n d er a d d ition a n d m u ltip lication
m o d u lo m ; (Z= pZ)¤ d en otes th e set of n on -zero elem en ts
in Z= pZ, i.e., th e set f 1 ;2 ;:::;p ¡ 1g . N o te th at Z= pZ
form s a ¯ eld u n d er ad d itio n an d m u ltip lica tion m o d -
u lo p , an d (Z= pZ)¤ fo rm s a grou p u n d er m u ltip lication
m o d u lo p . F or an y in teger a w h ich is n o t a m u ltip le of

a p rim e p , w e d e¯ n e th e sy m b ol
³
a
p

´
is d e¯ n ed th u s:

³
a
p

´
= 1 if a is a q u a d ratic resid u e m o d u lo p ;

³
a
p

´
= ¡ 1

if a is a q u ad ra tic n on -resid u e m o d u lo p . T h e Q R L
states th at

p

q

¶
¢
q

p

¶
= (¡ 1 )(p¡1 )(q¡ 1 )= 4 :

1 . P ro o f U sin g L in e a r A lg e b ra

T h e p ro o f w e n ow g iv e is d u e to F K eu n e. It u ses lin -
ear algeb ra a n d th e follow in g tw o resu lts; th e ¯ rst on e
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1. The multiplicative

group formed by the

non-zero elements of

any finite field is cyclic.

(This theorem is due

to Galois.)

2. Let G be a cyclic

group of order n, and

let k be any divisor of

n. Then there exists

an element of G with

order k.

The multiplicative

group of non-zero

elements of the field

Fp r  is cyclic, i.e., it

has an element of

order p r –1.

con cern s the n ature of the m ultiplicative group of a ¯ -
n ite ¯ eld, w h ile th e secon d on e con cern s the existen ce of
elem en ts of a given order in a ¯ n ite cyclic group.

1. T h e m u ltip lica tiv e g ro u p fo rm ed b y th e n o n -zero

elem en ts o f a n y ¯ n ite ¯ eld is cy clic. (T h is th eo rem
is d u e to G alois.)

2. L et G b e a cy clic g ro u p o f o rd er n , a n d let k b e

a n y d iv iso r o f n . T h en th ere ex ists a n elem en t o f

G w ith o rd er k .

L et p b e a n y p rim e n u m b er, an d let r b e a n y p o sitive
in teger; th en th e th eorem tells u s th at th e m u ltip licative
gro u p of n o n -zero elem en ts o f th e ¯ eld Fp r is cy clic, i.e.,
it h as a n elem en t of ord er p r ¡ 1 . (In th e p a rticu lar
case o f th e ¯ eld Z= pZ, th is am ou n ts to statin g th at a

p rim itiv e ro ot m o d u lo p ex ists; th is is a k n ow n resu lt in
n u m b er th eory.) T h e p ro o fs of th ese th eorem s m ay b e
fou n d in an y tex t o n a lgeb ra .

1 .1 K e u n e 's P ro o f

L et p ;q b e d istin ct o d d p rim es, a n d let n b e th e ord er
of p m o d u lo q ; th en p n ´ 1 (m o d q), so q j (p n ¡ 1 ), i.e.,
q j #

¡
F¤p n
¢
. S in ce th e gro u p F¤p n is cy clic, th is im p lies

th at th ere ex ists an elem en t ½ 2 F¤p n w ith ord er q .

W e n ow w o rk w ith th e q £ q m atrix A 2 M q (Fp n ) w ith
en tries a i;j = ½

(i¡ 1 )(j¡1 ), a n d w ith th e q £ q m atrix B =

A 2 . T h e tw o m a trices h av e th e fo llow in g a p p eara n ce:

A =

2

6
6
66
6
6
6
4

1 1 1 ¢¢¢ 1
1 ½ ½ 2 ¢¢¢ ½ q¡ 1

1 ½ 2 ½ 4 ¢¢¢ ½ 2 (q¡ 1 )

1 ½ 3 ½ 6 ¢¢¢ ½ 3 (q¡ 1 )

...
...

...
...

...

1 ½ q¡ 1 ½ 2 (q¡ 1 ) ¢¢¢ ½ (q¡1 )
2

3

7
7
77
7
7
7
5

;
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B =

2

6
6
66
6
66
4

q 0 0 ¢¢¢ 0 0 0
0 0 0 ¢¢¢ 0 q 0
0 0 0 ¢¢¢ q 0 0
0 0 0 ¢¢¢ 0 0 0
...
...
...
...

...
...
...

0 q 0 ¢¢¢ 0 0 0

3

7
7
77
7
77
5

.

T o see w h y B h a s th e fo rm sh ow n , n o te th at bi;j =P q
k = 1 a i;k a k ;j =

P q
k = 1 ½

(i+ j¡ 2 )(k¡1 ). S o if q j (i + j ¡ 2)
th en bi;j =

P q
k = 1 1 = q, sin ce ½

q = 1. F or o th er p airs i;j,
w e get bi;j = 0, b ecau se th e ex p ression for bi;j sim p lī es

to 1 + ½ + ½ 2 + ¢ + ½ q¡ 1 = 0.

F rom th e ab ove w e get:

d et B = q q (¡ 1 )(q¡ 1 )= 2 ; ) (d et A )
2
= q q (¡ 1)(q¡1 )= 2 :

(1)

W rite d for d et A . W e see th at d 2 2 Fp . H ow ever, d
m ay n o t b e an elem en t of Fp . W e sh all n ow p rov e th e
follow in g :

d p¡1 =
q

p

¶
¢ (¡ 1)(p¡1 )(q¡ 1 )= 4 ; (2)

d p¡1 =
p

q

¶
; th a t is; d p¡1 = (¡ 1)(q¡1 )= n : (3)

T h e Q R L w ill th en rea d ily follow fro m th e eq u a lity
³
q
p

´
¢

(¡ 1)(p¡ 1 )(q¡1 )= 4 =
³
p
q

´
.

In (3) w e u se th e eq u ality
³
p
q

´
= (¡ 1)(q¡1 )= n . W e m ay

ju stify th is as follow s. If q¡1
n
is even , th en q¡ 1

2
is a

m u ltip le o f n , so p (q¡ 1 )= 2 ´ 1 (m o d q), an d th erefo re,³
p
q

´
= 1. If q¡1

n
is o d d , th en q¡ 1

2
is eq u al to n tim es h a lf

an o d d in teger; th erefo re, p (q¡1 )= 2 ´ ¡ 1 (m o d q), a n d

th erefo re,
³
p
q

´
= ¡ 1.
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T o p rov e (2 ) w e u se E u ler's criterio n . S in ce d 2 = q q (¡ 1)(q¡1 )= 2

w e h ave:

d p¡1 =
¡
d 2
¢(p¡1 )= 2

= q q (p¡ 1 )= 2 ¢(¡ 1 )(p¡1 )(q¡1 )= 4 ;

an d as q (p¡1 )= 2 ´
³
q
p

´
in Fp , an d q is o d d , w e get d

p¡ 1 =
³
q
p

´
¢ (¡ 1)(p¡1 )(q¡ 1 )= 4 .

T o p rov e (3 ), w e w rite it in th e fo rm d p =
³
p
q

´
d . B y

d e¯ n ition w e h ave:

d =
X

¾ 2S q

(sgn ¾ ) a 1 ;¾ (1 ) a 2 ;¾ (2 ) ¢¢¢ a q ;¾ (q ):

S in ce Fp h as ch a racteristic p , tak in g p -th p ow ers o f b oth
sid es is easy to d o:

d p =
X

¾ 2S q

(sgn ¾ ) a p1 ;¾ (1 ) a
p
2 ;¾ (2 ) ¢¢¢a

p
q ;¾ (q ): (4)

W e see from (4) th at d p is th e d eterm in an t of th e m a trix
C w h o se en tries are th e p -th p ow ers of th e corresp o n d in g
en tries of A . T h a t is,

d p = d et C ; w h ere

C =

2

6
6
6
6
6
4

1 1 1 ¢¢¢ 1

1 ½ p ½ 2 p ¢¢¢ ½ p (q¡1 )

1 ½ 2 p ½ 4 p ¢¢¢ ½ 2 p (q¡1 )

...
...

...
...

...

1 ½ p (q¡1 ) ½ 2 p (q¡ 1 ) ¢¢¢ ½ p (q¡ 1 )
2

3

7
7
7
7
7
5
: (5)

S in ce ½ q = 1 , w e m ay red u ce th e ex p o n en ts m o d u lo q,

so th at th ey lie b etw een 0 a n d q ¡ 1; w e ¯ n d th en th at
th e colu m n s of C a re a p erm u tatio n of th e colu m n s of
A , i.e., C = A £ (a p erm u ta tio n m atrix ). T h is tells u s
th at d et C = § d et A , i.e., d p = § d ; w e on ly n eed to
¯ n d w h ich is th e correct sig n .
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T o m ake p rog ress w e ex am in e th e case p = 5;q = 3 in
so m e d etail, a n d see w h a t u n d erstan d in g it b rin g s.

1 .2 . T h e C a se p = 5 , q = 3

T h e ord er o f 5 m o d u lo 3 is 2, so n = 2 . W e m u st n ow
con stru ct a ¯ eld F5 2 of ord er 5

2 , an d ¯ n d an elem en t

½ 2 F¤5 2 w ith o rd er q = 3. T o con stru ct a ¯ eld of ord er
5 2 , w e u se th e p oly n om ia l x 2 + 2 w h ich is irred u cib le
over F5 , sin ce ¡ 2 ´ 3 is a q u ad ra tic n on -resid u e m o d u lo
5. S o F5 2 can b e rea lized as

F5 [x ]

(x 2 + 2)
´ F5 (® )

w h ere ® satis¯ es th e relation ® 2 + 2 = 0. A fter sea rch in g
th rou g h th e elem en ts of th e ¯ eld , w e ¯ n d th a t a gen era -
tor of th e cy clic g ro u p F¤5 2 is ® + 1. S o on e elem en t w ith
ord er 3 is (® + 1)8 , w h ich sim p lī es to ® + 2. A ccord in gly,
w e let ½ = ® + 2 .

N ow w e con stru ct th e 3 £ 3 m atrices A , B (= A 2 ), a n d
C (rem em b er th a t ½ 3 = 1 ):

A =

2

4
1 1 1
1 ½ 1 ½ 2

1 ½ 2 ½ 4

3

5 =

2

4
1 1 1
1 ½ 1 ½ 2

1 ½ 2 ½ 1

3

5 =

2

4
1 1 1
1 ® + 2 ¡ ® + 2

1 ¡ ® + 2 ® + 2

3

5;

w ith d et A = 3(½ 2 ¡ ½ ) = ¡ ® ; an d

B = A 2 =

2

4
3 0 0
0 0 3
0 3 0

3

5; C =

2

4
1 1 1
1 ½ 2 ½ 1

1 ½ 1 ½ 2

3

5;

w ith d et C = 3(½ ¡ ½ 2 ) = ® . N o te th at th e 2 n d co lu m n
of C is th e sa m e as th e 3rd colu m n of A , a n d th e 3rd
colu m n of C is th e sam e as th e 2n d co lu m n of A . In d eed ,
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C = A D , w h ere D is a p erm u ta tio n m atrix :

D =

2

4
1 0 0
0 0 1

0 1 0

3

5; d et D = ¡ 1:

1 .3 . T h e G e n e ra l C a se

In g en eral, th e colu m n s of C w ill b e som e p erm u ta -
tio n o f th e colu m n s o f A . If w e n u m b er th e colu m n s a s
0;1 ;2 ;::: ;q ¡ 1, th en th is p erm u tation corresp on d s to
so m e p erm u tatio n o f f 0;1;2 ;::: ;q ¡ 1g , w ith (0) = 0.

It is n ot h ard to id en tify . S in ce w e are m u ltip ly in g
th e ex p on en ts b y p an d red u cin g m o d u lo q, it is sim -
p ly th e p erm u ta tion m ap : Z= qZ ! Z= qZ d e¯ n ed b y

(x ) = p x . S in ce th e ord er of p in Z¤q is n , it follow s
th at is a p ro d u ct o f th e sin gleton cy cle (0 ) an d on e or
m ore d isjoin t cy cles of th e fo rm (i;p i;¢¢¢ ;p n ¡1 i). If th e
n u m b er o f su ch cy cles is t, th en tn = q ¡ 1. T h erefo re,

sgn ( ) = ((¡ 1 )n ¡1 )t = (¡ 1 )t(n ¡ 1 ) = (¡ 1)q¡1¡t =

(¡ 1 )q¡1

(¡ 1)t
= (¡ 1)t;

an d so d et D = (¡ 1)t = (¡ 1 )(q¡ 1 )= n .

It fo llow s th at d p = (¡ 1)(q¡1 )= n d , an d so d p¡1 = (¡ 1 )(q¡ 1 )= n ,
as claim ed .

W ith (2 ) a n d (3 ) p roved , o u r ta sk is d on e. E q u atin g
th e q u an tities o n th e righ t sid es, an d m u ltip ly in g b oth

q u an tities b y
³
q
p

´
, w e get th e Q R L :

p

q

¶
¢
q

p

¶
= (¡ 1 )(p¡1 )(q¡ 1 )= 4 : (6)

Since the order of p in

Z¤q   is n, it follows

that θ  is a product of

the singleton cycle (0)

and one or more

disjoint cycles of the

form ( i, pi, ..., pn–1 i ).
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2 . P ro o f U sin g N o rm s fro m a F ie ld E x te n sio n

N ow w e p resen t a p ro o f d u e to R S w an w h ich is rath er
m ore so p h isticated th an th e ea rlier p ro ofs. It is b ased
on calcu la tio n s of n orm s of certa in ¯ eld ex ten sion s a n d
rests on ¯ n d in g a certain ǹ atu ral' elem en t in a cy clo -

tom ic ¯ eld w h ose n orm is
³
p
q

´
. T h e n orm of th is elem en t

tu rn s ou t to b e ex p ressib le in term s of sin e va lu es, a n d

th e v ery sam e ex p ression ap p ears in an o th er p ro of of
th e q u ad ra tic recip ro city law (as given in J -P S erre's A
C ourse in A rithm etic). B efore go in g in to th e d etails, w e
¯ rst reca ll th e b asic n otio n s of ¯ eld ex ten sion an d n o rm .

W e start w ith a fam ilia r ex a m p le, th a t o f G aussian In -
tegers, ¯ rst in tro d u ced b y G a u ss in 182 9{ 183 1 w h ile
stu d y in g gen era lization s of q u ad ratic recip ro city law . A
G au ssian in teger is a co m p lex n u m b er a + bi w h ere a ;b 2
Z. T h e G au ssia n in tegers are m em b ers o f th e im a gin ary

q u ad ra tic ¯ eld Q (i) a n d fo rm a rin g d en o ted b y Z[i].
T h e n o rm of a G au ssia n in teg er a + bi is (a + ib)(a ¡ ib) =
a 2 + b2 , i.e., th e sq u are of its m agn itu d e. T h e n o rm o f an
elem en t m ay b e th ou gh t o f as g iv in g a n in d ica tio n o f its
s̀ize'. A sim ilar resu lt h old s tru e for arb itrary q u ad ra tic

ex ten sion s Q (
p

d ) w h ere d is a sq u arefree in teger. T h e
¯ eld Q (

p

d ) can b e realized as th e q u otien t

Q [x ]

(x 2 ¡ d )
;

w h ere (x 2 ¡ d ) d en o tes th e ideal gen era ted b y th e m o n ic

p o ly n o m ial x 2 ¡ d in th e rin g Q [x ]. (T h e id eal gen -
erated b y a p o ly n o m ial g (x ) 2 Q [x ] is th e set o f all
m u ltip les o f g (x ), i.e, all elem en ts o f th e form f (x ) g (x )
w ith f (x ) 2 Q [x ].) T h e elem en ts of th is ¯ eld can a lso
b e rep resen ted b y th e rem ain d ers o f p o ly n o m ials in Q [x ]

w h en d iv id ed b y x 2 ¡ d . F o r ex am p le, in Q (
p

2 ), x rep -
resen ts

p

2. T h e n orm of an a rb itra ry elem en t a + b
p

d

is
³
a + b

p

d
´³

a ¡ b
p

d
´
= a 2 ¡ d b2 .

T h e co n cep t o f n orm is u sefu l in a lg eb ra ic n u m b er th e-

It is based on

calculations of norms

of certain field

extensions and rests

on finding a certain

‘natural’ element in a

cyclotomic field whose

norm is
³
p
q

´
.

The field
Q

Q (
p

d )

can be realized as the

quotient

Q [x ]

(x 2 ¡ d )
;

where (x2–d ) denotes

the  ideal generated

by the monic

polynomial x2–d  in the

ring Q [x ] .   The

elements of this field

can also be

represented by the

remainders of

polynomials in Q [x ]

when divided by x2–d .



25RESONANCE ⎜ October  2007

GENERAL ⎜ ARTICLE

Q (i) = fx + y i : x ;y 2 Q g (dimension = 2) ;

Q (21 = 2 ) =
©
x + y 21 = 2 : x ;y 2 Q

ª
(dimension = 2) ;

Q (21 = 3 ) =
©
x + y 21 = 3 + z 22 = 3 : x ;y ;z 2 Q

ª
(dimension = 3) :

Table 1. Some examples of
finite field extensions.

ory. A lgebraic n u m bers are th e ro ots of n on -zero p oly -
n om ials w ith in teger co e± cien ts. A n algebraic in teger
is a n algeb raic n u m b er w h ich is a ro ot of a p oly n o m ial

w ith in teg er co e± cien ts an d w ith lea d in g co e± cien t 1.
A n algebraic n u m ber ¯ eld is ob ta in ed b y tak in g a n alge-
b raic n u m b er ® 62 Q an d fo rm in g a ll th e n u m b ers th at
can b e p ro d u ced from ® an d th e ra tio n al n u m b ers u sin g
th e o p eration s + , ¡ , £ an d ¥ (b y n on -zero n u m b ers);

th e ¯ eld is d en oted b y Q (® ), a n d it is ca lled a ¯ n ite di-
m en sion al ¯ eld exten sion of Q , its d im en sion b ein g th e
d egree o f th e p oly n om ia l w ith in teger co e± cien ts a n d
lea st d egree o f w h ich ® is a ro ot. E x a m p les are given in
T able 1 .

If K is an a lgeb ra ic n u m b er ¯ eld , w e d en ote b y R K th e
su b rin g con tain in g a ll th e a lg eb ra ic in tegers o f K . B y
an ab u se of n o tation w e say th at a ù n it of R K ' is a
ù n it elem en t of K '. T h e n orm o f an algeb raic in teger

® is n ow d e¯ n ed to b e the product of all the roots of
its m on ic m in im al polyn om ial p (x ). (C on sid erin g th e
ex a m p les m en tio n ed ab ove, th is is a n atu ral d e¯ n ition ;
e.g ., th e n o rm of a + bi is (a + bi)(a ¡ bi); th e n orm of

a + b
p

d is
³
a + b

p

d
´³

a ¡ b
p

d
´
.) T h e a b solu te va lu e

of th e n orm is also eq u a l to th e n u m b er o f elem en ts in
th e ¯ n ite q u o tien t rin g R

K

(® )
.

T h e a b ove d iscu ssio n can b e gen eralized for a n y ex ten -
sion L = K of n u m b er ¯ eld s, as w e n ow sh ow . L et K b e
a ¯ eld o f characteristic zero ; th at is, n £ 1 6= 0 for all
n 2 N. L et E b e a ¯ n ite ex ten sion of K . L et f ¾ ig 1· i·r
b e th e d istin ct em b ed d in gs (th at is, in jectiv e h o m o m o r-
p h ism s) of E in K a (th e a lg eb ra ic clo su re of K ) over

Algebraic numbers

are the roots of non-

zero polynomials with

integer coefficients.

An algebraic integer is

an algebraic number

which is a root of a

polynomial with

integer coefficients

and with leading

coefficient 1.
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An element α in R
K

is a unit if and only

if
g
N K

Q (® ) = § 1 .

K (th a t is, th e restrictio n o f th e ab ove in jective m ap is
th e id en tity m ap on K ). F or an y ® 2 E , w e d e¯ n e th e
n orm o f ® in K b y

N E
K (® ) =

kY

i= 1

¾ i(® );

th en N E
K (® ) 2 K

¤. T h e n orm fu n ctio n is a m u ltip lica -
tiv e m a p , a n d if K ½ E ½ F , th en on e h as th e tra n si-
tiv ity p ro p erty N F

K = N
E
K ± N

F
E , w h ere em b ed d in g s of E

over K are ex ten d ed to m ap s from K a to K a (w h ich is
p o ssib le sin ce all ex ten sion s u n d er con sid eration are al-

geb raic) a n d th en N E
K is con sid ered . A lso, if E = K (® ),

an d th e least d egree p o ly n o m ial ov er K o f w h ich ® is a
ro ot is x n + a n ¡ 1 x

n ¡1 + ¢¢¢+ a 0 , th en N
E
K (® ) = (¡ 1 )

n a 0 .

T h e fo llow in g is tru e: A n elem en t ® 2 R K is a un it if

an d on ly if N K

Q (® ) = § 1.

T o see w h y, let ® b e a u n it; th en b y d e¯ n ition th ere

ex ists ¯ 2 R K su ch th at ® ¯ = 1. T h en , 1 = N
K

Q (1) =
N K

Q (® ¯ ) = N K

Q (® ) N
K

Q (¯ ) 2 Z. B u t, a s th e o n ly u n its
of Z are § 1, w e get N K

Q (® ) = § 1.

N ex t, su p p o se fo r som e ® 2 R K , w e h ave N
K

Q (® ) = § 1.

W e k n ow th a t th ere ex ists ¯ 2 K ¤ su ch th a t ® ¯ = 1.
N ow ® sa tis¯ es a m on ic in teg er p oly n o m ial of th e form
x n + a n ¡1 x

n ¡ 1 + ¢¢¢ + a 0 ; w h ere a i 2 Z, 0 · i · n ¡ 1.
A lso , a 0 = § 1 . T h erefo re, ¯ satis¯ es th e m o n ic p oly n o -
m ial § x n + a 1 x

n ¡1 + ¢¢¢ + 1. S o , ¯ 2 R K . T h erefo re,

® is a u n it in R K . T h u s th is ch a racteriza tio n of u n its is
p roved .

2 .1 S w a n 's S o n g

W ith th ese p relim in aries cov ered , w e n ow give S w an 's
p ro of. L et p b e a n o d d p rim e an d let &p b e a p rim itive
p th ro ot o f u n ity in Q a . T h e m in im al p o ly n om ial o f &p
over Q is th e cy cloto m ic p o ly n om ial
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© p (x ) =

p¡ 1Y

r = 1

¡
x ¡ &rp

¢
= 1 + x + x 2 + ¢¢¢ + x p¡1 :

T h e p ¡ 1 em b ed d in gs of Q (&p ) over Q are th ose w h ich
sen d &p to &

r
p a s r varies from 1 to p ¡ 1 . S o th e n orm

N
Q(&p )
Q (1 ¡ &p ) = © p (1 ) = p .

N ow co n sid er th e ¯ eld K p = R \ Q (&p ) = Q (&p + &
¡ 1
p ).

L et ¼ p b e d e¯ n ed a s fo llow s:

¼ p = N
Q(&p )
K p

(1 ¡ &p ) = (1 ¡ &p )
¡
1 ¡ &¡ 1p

¢
:

N o te th a t ¼ p is a real n u m b er, a n d N
K p

Q (¼ p ) = N
K p

Q ±

N
Q(&p )
K p

(1 ¡ &p ) = p b y v irtu e of tran sitiv ity of th e n o rm .

L et q b e a n oth er o d d p rim e. W e sim ilarly con sid er th e
¯ eld K q an d th e elem en t ¼ q . F in ally, w e lo ok at th e ¯ eld

L = K p K q an d th e elem en t

´ = ¼ p ¡ ¼ q = &q + &
¡ 1
q ¡ &p ¡ &

¡1
p = &¡ 1q (1 ¡ &p &q )

¡
1 ¡ &¡ 1p &q

¢
:

T his elem en t is goin g to be ou r can didate for a un it

w hose n orm is equal to
³
p
q

´
; w e claim that ´ is a un it

in R L .

T o p rove th is, w e n eed to sh ow o n ly th a t ´ is a u n it

in R Q(&p q ) w h ere w e h ave w ritten &p q for &p &q ; th is is a
p rim itiv e p q th ro ot o f u n ity. W e h ave:

N
Q(&p q )
Q (´ ) =

N
Q(&p q )
Q

¡
&¡ 1q
¢
N
Q(&p q )
Q (1 ¡ &p&q ) N

Q(&p q )
Q

¡
1 ¡ &¡1p &q

¢
:

N ow , N
Q(&p q )
Q

¡
&¡1q
¢
=
Q r
i= 1 ¾ i

¡
&¡1q
¢
=
Q r
i= 1 &

i
q = 1 (sin ce

&¡1q is also a p rim itive q th ro ot o f u n ity ). N ex t,

N
Q(&p q )
Q (1 ¡ &p &q ) =

Q p q¡ 1
i= 1

¡
1 ¡ & ip q

¢

Q q¡1
i= 1

¡
1 ¡ & iq

¢Q p¡ 1
i= 1

¡
1 ¡ &ip

¢ =

p q

p £ q
= 1:
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S im ila rly, w e g et N
Q(&p q )
Q

¡
1 ¡ &¡1p &q

¢
= 1. It follow s th at

N
Q(&p q )
Q (´ ) = 1, an d so ´ is a u n it in Q (&p q ). S in ce ´ 2 R

(th e set of real n u m b ers), it follow s th at ´ ¡ 1 2 R Q(&p q )\ R

an d h en ce to R L . T h erefo re, ´ is a u n it in R L .

W e n ow claim th at N L

Q(´ ) =
³
p
q

´
.

F or, ´ ´ ¼ p (m o d ¼ q ), an d an y em b ed d in g of L over Q
m u st ta ke ¼ p to ¼ p tim es a u n it in R L . T h is is b ecau se
an y co n ju ga te of ³p is ³

r
p for som e 1 · r · p ¡ 1, an d th e

elem en t 1 ¡ ³ rp is 1 ¡ ³p tim es a u n it in Q (³p ). In oth er

w ord s, b oth ¼ p a n d ¼ q a re m oved b y an em b ed d in g o f L
to th em selv es tim es u n its in R L . H en ce, w e h ave

N L

Q(´ ) =
Y

¾

(¾ (¼ p ) ¡ ¾ (¼ q )) ´ N L

Q(¼ p ) (m o d ¼ q )R L :

B u t th en N L

Q(´ ) ¡ N
L

Q(¼ p ) 2 ¼ q R L \ Z.

N ow , as q = N
K q

Q (¼ q ) 2 ¼ q R K q
½ ¼ q R L , a n d as qZ is a

m ax im al id eal, it fo llow s th a t qZ = ¼ q R L \ Z. H en ce,
N L

Q(´ ) ¡ N
L

Q(¼ p ) 2 qZ.

O n th e o th er h an d , N L

Q(¼ p ) = N
K p

Q ± N L

K p

(¼ p ) =

N
K p

Q (¼ p )
(q¡1 )= 2 = p (q¡1 )= 2 , b eca u se [L : K p ] =

1
2
(q ¡ 1 ).

S o N L

Q(´ ) ´ p (q¡1 )= 2 ´
³
p
q

´
(m o d q ). A s th e left sid e

is § 1 , a n d so is ( p
q
), th ey m u st b e eq u al, an d th e cla im

follow s.

In terch a n gin g p an d q, w e get (¡ 1 )[L :Q]N L

Q(´ ) =
³
q
p

´
.

T h erefo re,

(¡ 1 )(p¡1 )(q¡ 1 )= 4
p

q

¶
=

q

p

¶
:

T h is is eq u iva len t to th e Q R L .

R e m a rk s

It is in terestin g to n o te th a t ´ can b e rew ritten as fol-
low s. W ritin g &p = e 2 ¼ ir = p fo r som e 1 · r · p ¡ 1, w e
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get

¼ p = 4 sin 2
¼ r

p

¶
:

T h u s, th e n orm

N
L

Q(´ ) = 4 [L :Q]
Y

s ;t

sin 2
¼ s

p
¡ sin 2

¼ t

q

¶
:

T h is is ex a ctly th e ex p ression in th e trigon o m etric p ro of
given in S erre's b o o k . S o th is in so m e sen se p rov id es

a con cep tu al w ay of v iew in g th e trigo n om etric p ro o f,
w h ich is o th erw ise q u ite m y steriou s a n d sca rcely b eliev -
ab le.
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