NOTES 7

102.39 Variantsof Carmichael Numbersand Cunningham
chains

A compositepositive integern that hasthe propertya” = a modulon
for all a, is known as a Carmichaelnumber.There are infinitely many
Carmichaelnumbersithis is a highly non-trivial fact that hasbeenproved
combining techniquesranging from group algebrasto sieve methodsin
analyticnumbertheory. (See[1] whereit is shownthatasymptoticallymore
than x?” numberslessthan or equalto x are Carmichaelnumbers.)Let us
look at the slightly different congruencea”*! = a modulo n. Which
positiveintegersn > 1 havehe propertya’*! = amodulon, for everya?
We will show that thisis ratherrestrictive and producesexactly four such
n > 1,viz. 2, 6, 42, 1806 Thus,theseare very differentfrom Carmichael
numbers.On the other hand, anothervariantis to considerthosen > 1
havingthe propertythata”~! = a modulon for all a. In this case,we do
find that there are infinitely many such n. Although it is unclearif the
infinitude holdsfor n with more thanthreeprime factors,interestingly,the
setof suchn withexactlythreeprime factorsis aninfinite setif, andonly if,
thereareinfinitely manyprimesp for which 2p — 1 is prime.This question
is analogougo the questionof infinitude of SophieGermainprimesandis
open as well. We make further remarks on this at the end of this Note.

Variant |

Let us startwith the problemof finding all n > 1 suchthata"*! = a
modulon for everypositiveintegera. Evidently,n = 2 hasthis property.
Now, if n > 1 is odd, the integer a = n — 1 does not satisfy the
congruencesince(n — 1)"** = 1 # n — 1 modulo n. Further, ifn is not
square-freesay pAn, thena = p doesnot satisfy the congruencebecause
p+*l - p = p(p" - 1) # 0 modulo p>. Therefore,we needto consider
numbers of the form

n = 2pp... P
wherep; < p; < ... < p are odd primes.

We claim thatr < 3 andwe determineall the possibilities. Suppose
a"*! = amodulop fori < r. Foreachl < i <r, we havea" = 1
modulop; for all (a, p) = 1. By the Chineseremaindertheorem,we may
chooseawhichis a primitive rootmodulop, andis congruento 1 modulop,
forall j = i. Then,p — 1 dividesn for eachi > 1. Asn = 2pips... pr
with pp < p, < ... < p, it follows that the even numberp — 1 is a
productof someof the p; for whichj < i. In particular,p; = 1 + 2 = 3.
Thereforer = 1 givesheuniquesolutionn = 2p; = 6. Letr > 1. Now
po — 1 = 2p; = 6 implies p, = 7. Therefore,r = 2 givesthe unique
solutionn = 2pp, = 42 If r = 3, thenps — 1 = 2p, or 2pyp,; this
gives ps = 2pip, + 1 = 43 because 2, + 1 = 15 is not a prime.
Thereforer = 3 gives the unique solution n = 2p;p,p; = 1806 We
claimthatr > 3isimpossibleithatis, we claim thereis no p,. Indeed, if it
exists,thenp, — 1 = 2pipos Or 2p1ps3 Or 2,3 Or 2ps. But, thesefour cases
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give p; = 1807 259, 603or 87 none of which are primes. Therefore,
n > 1hasthepropertya®! = amodulon for all aif, andonlyif, n = 2,
6, 42 or 1806.

Variant Il

Considernow the problemof finding all n > 1 suchthata" ! = a
modulo n for all positiveintegersa. Onceagain,n = 2 evidently hasthis
property.Arguing asabove, itis clearthatwhenn > 1, it mustbe oddand
square-free.Therefore, we consider n = 2pp,... pr with odd primes
P < P < ... < p suchthata"! = a modulon for all a. This reduces
to the conditionsa”~? = 1 modulop; for eachi andeacha not divisible by
pi. Onceagain,the Chineseremaindertheoremallows usto select,for each
i, a primitive root a modulop; which is congruentto 1 modulo g for each
j #i. Thus, p — 1 must divide n — 2 = 2(pyp,... p — 1) for each
i <r.

If r = 1, clearlyany odd prime p; hasthis property;thatis,n = 2p, is
a positive integersuchthata"~* = a modulon for everyintegera. Thus,
there are infinitely many n with exactly two prime factors with the said
property.

Let r = 2. Then, the condition that p, — 1 divides 2(p; — 1) is
satisfied if, and only if, p, - 1 = 2(p, — 1) since p, > p.. But then
p: = 2p, — 1 is a prime. Note that in this casep; — 1 does divide
2(p, - 1) = 4(p, — 1). Therefore,the positive integersn withexactly three
prime factors that satisfy the condition a”~! = a modulo n for all a are
preciselythe numbersn = 2p; (2p, — 1) where2p, — 1 is prime. Hence,
the infinitude of n with exactly three prime factorsis equivalentto the
infinitude of primesp for which 2p — 1 is alsoprime. We presentlydiscuss
whatthis questionentails.Beforethat, we mentionin passingthatthe case
r = 3is muchmorecomplicatedOneexampleisn = 2 x 3 x 11 x 17.
It is not clear if there are infinitely many solutions.

Sophie Germain primes and Cunningham chains

We make someommentson questionsaboutthe infinitude of certain
typesof primes.A Sophie Germain prime is a prime p suchthat2p + 1is
also prime. SophieGermain proved that the first case of Fermat'sLast
Theoremholdsfor suchp. Theyalsoplay a role in cryptography However,
the questionof their infinitude is open. Similarly, the questionof infinitude
of primesp for which 2p — 1is primeis alsoopenandis expectedo be of
the same level of difficulty — both are addressedby a conjecture of
L. E. Dickson. In fact, the more generalso-calledCauchy-Bunyakovsky
conjectureassertsthat if fq, ..., f, are non-constantnteger polynomials
suchthatfor everyprime pandeachi < n, thereis anintegera; suchthatp
doesnotdivide f (&), thenthereareinfinitely manyintegersa for which all
the n integersf; (a) are simultaneouslyprimes. Dickson'sconjectureis the
casewhenthe f; havedegreel. In our context,look at the two polynomials
x and 2x + 1 or the two polynomials x and 2x — 1. The divisibility
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conditionis evidently necessaryptherwise, therare exampledike x and
X + 1. Though these conjecturespredict infinitude, the set of primes
producedis rather thin. In particular, Barry Powell showed[2] that for
coprimepositiveintegersa, b the setof primesp for which ap + b is also
prime haszero primitive density(meaningthatthe proportionof p < xfor
which ap + b is prime, tendsto 0 asx — ). The set of primesp for
which 2p — 1is alsoprime hasno specialnameandtheredoesnot seemto
be muchliteratureon theseexceptingwhat we recallbelow. Namedafter A.
J. C. Cunninghamthere are the so-calledCunninghamchainsof the first
andsecondkinds [3, p. 333]. A Cunninghamchain of length k of the first
kind is a chain of primes of the form

pl» pZ’ cee s pK
wherep;, 1 = 2p + 1. Thus,thefirst k — 1 primesin the chainare Sophie
Germainprimes.Similarly, the Cunninghamchainsof the secondkind are
defined as chains of the form

pl» pZ, ey pK
wherep .1 = 2p — 1. It is an open questionas to whether there are
Cunninghamchains (of either kind) of any arbitrary length. Let us make
some observations about the second kind. Apart from the chain

2,35

the other Cunninghanchainsof the secondkind startwith an odd prime p;
and must evidently satisfy p = 2'a+ 1 where a = 3(p; - 1). In

pa@ar, we observe:
unningham chain of the second kind starting with an odd
prime p, can have length at most p; — 1.
Indeed,p, = 2" %(p - 1) + 1 = 1 — 2~ modulo p,. This gives, by
Fermat'dittle theorem that p, divides p, which cannotthereforebe prime.
Furthermorethefollowing restrictionsarealso easyto seeby looking at the
residues modulo 5:
For the respective congruence classes p; = 2, 4 modulo 5, a
chain of the second kind must have respective length at most 2
and 3. Theonly chain startingwith a primep; = 3modulo5is3,
5. Thus, the only possibilities for arbitrarily long chains are when
p. = 1 modulo 5.
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