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102.39 Variants of Carmichael Numbers and Cunningham
chains

A compositepositive integer that hasthe property modulo
for all , is known as a Carmichaelnumber.There are infinitely many
Carmichaelnumbers;this is a highly non-trivial fact that hasbeenproved
combining techniquesranging from group algebrasto sieve methodsin
analyticnumbertheory. (See[1] whereit is shownthatasymptoticallymore
than numberslessthanor equalto areCarmichaelnumbers.)Let us
look at the slightly different congruence modulo . Which
positiveintegers havetheproperty modulo , for every ?
We will show that thisis ratherrestrictiveand producesexactly four such

, viz. 2, 6, 42, 1806.Thus,thesearevery different from Carmichael
numbers.On the other hand,anothervariant is to considerthose
havingthe propertythat modulo for all . In this case,we do
find that there are infinitely many such . Although it is unclear if the
infinitude holdsfor with more thanthreeprime factors,interestingly,the
setof such withexactlythreeprimefactorsis aninfinite setif, andonly if,
thereareinfinitely manyprimes for which is prime.This question
is analogousto the questionof infinitude of SophieGermainprimesand is
open as well. We make further remarks on this at the end of this Note.
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Variant I
Let us startwith the problemof finding all suchthat

modulo for everypositive integer . Evidently, hasthis property.
Now, if is odd, the integer does not satisfy the
congruencesince modulo . Further, if is not
square-free,say , then doesnot satisfy the congruencebecause

modulo . Therefore,we need to consider
numbers of the form

n > 1 an + 1 ≡ a
n a n = 2

n > 1 a = n − 1
(n − 1)n + 1 ≡ 1 ≡⁄ n − 1 n n

p2|n a = p
pn + 1 − p = p (pn − 1) ≡⁄ 0 p2

n = 2p1p2… pr

where  are odd primes.p1 < p2 <  … < pr

We claim that andwe determineall the possibilities. Suppose
modulo for . For each , we have

modulo for all . By the Chineseremaindertheorem,we may
choose which is a primitive rootmodulo andis congruentto 1 modulo
for all . Then, divides for each . As
with , it follows that the even number is a
productof someof the for which . In particular, .
Therefore, givestheuniquesolution . Let . Now

implies . Therefore, givesthe unique
solution . If , then or ; this
gives because is not a prime.
Therefore gives the unique solution . We
claim that is impossible;that is, we claim thereis no . Indeed, if it
exists,then or or or . But, thesefour cases
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j ≠ i pi − 1 n i ≥ 1 n = 2p1p2… pr

p1 < p2 <  … < pr pi − 1
pj j < i p1 = 1 + 2 = 3

r = 1 n = 2p1 = 6 r > 1
p2 − 1 = 2p1 = 6 p2 = 7 r = 2

n = 2p1p2 = 42 r = 3 p3 − 1 = 2p2 2p1p2

p3 = 2p1p2 + 1 = 43 2p2 + 1 = 15
r = 3 n = 2p1p2p3 = 1806
r > 3 p4
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give , 259, 603or 87 none of which are primes. Therefore,
hastheproperty modulo for all if, andonly if, ,

6, 42  or 1806.

p4 = 1807
n > 1 an + 1 ≡ a n a n = 2

Variant II
Considernow the problem of finding all such that

modulo for all positive integers . Onceagain, evidentlyhasthis
property.Arguing asabove, itis clearthatwhen , it mustbeoddand
square-free.Therefore, we consider with odd primes

suchthat modulo for all . This reduces
to theconditions modulo for each andeach not divisible by

. Onceagain,the Chineseremaindertheoremallows us to select,for each
, a primitive root modulo which is congruentto 1 modulo for each

. Thus, must divide for each
.

n > 1 an − 1 ≡ a
n a n = 2

n > 1
n = 2p1p2… pr

p1 < p2 <  … < pr an − 1 ≡ a n a
an − 2 ≡ 1 pi i a

pi

i a pi pj

j ≠ i pi − 1 n − 2 = 2(p1p2… pr − 1)
i ≤ r

If , clearlyany oddprime hasthis property;that is, is
a positive integersuchthat modulo for every integer . Thus,
there are infinitely many with exactly two prime factors with the said
property.

r = 1 p1 n = 2p1

an − 1 ≡ a n a
n

Let . Then, the condition that divides is
satisfied if, and only if, since . But then

is a prime. Note that in this case does divide
. Therefore,the positive integers withexactly three

prime factors that satisfy the condition modulo for all are
preciselythe numbers where is prime. Hence,
the infinitude of with exactly three prime factors is equivalentto the
infinitude of primes for which is alsoprime.We presentlydiscuss
what this questionentails.Beforethat,we mentionin passingthat thecase

is muchmorecomplicated.Oneexampleis .
It is not clear if there are infinitely many solutions.

r = 2 p2 − 1 2(p1 − 1)
p2 − 1 = 2 (p1 − 1) p2 > p1

p2 = 2p1 − 1 p1 − 1
2(p2 − 1) = 4(p1 − 1) n
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r = 3 n = 2 × 3 × 11 × 17

Sophie Germain primes and Cunningham chains
We make somecommentson questionsaboutthe infinitude of certain

typesof primes.A Sophie Germain prime is a prime suchthat is
also prime. SophieGermain proved that the first caseof Fermat'sLast
Theoremholdsfor such . Theyalsoplay a role in cryptography.However,
thequestionof their infinitude is open. Similarly, thequestionof infinitude
of primes for which is prime is alsoopenandis expectedto beof
the same level of difficulty − both are addressedby a conjecture of
L. E. Dickson. In fact, the more generalso-calledCauchy-Bunyakovsky
conjectureassertsthat if are non-constantinteger polynomials
suchthatfor everyprime andeach , thereis aninteger suchthat
doesnot divide , thenthereareinfinitely manyintegers for which all
the integers are simultaneouslyprimes.Dickson'sconjectureis the
casewhenthe havedegree1. In our context,look at the two polynomials

and or the two polynomials and . The divisibility
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condition is evidently necessary;otherwise, thereare exampleslike and
. Though these conjecturespredict infinitude, the set of primes

producedis rather thin. In particular, Barry Powell showed[2] that for
coprimepositiveintegers the setof primes for which is also
prime haszeroprimitive density(meaningthat the proportionof for
which is prime, tendsto 0 as ). The set of primes for
which is alsoprime hasno specialnameandtheredoesnot seemto
bemuchliteratureon theseexceptingwhatwe recallbelow.NamedafterA.
J. C. Cunningham,thereare the so-calledCunninghamchainsof the first
andsecondkinds [3, p. 333]. A Cunninghamchainof length of the first
kind is a chain of primes of the form

x
x + 1

a, b p ap + b
p ≤ x

ap + b x → ∞ p
2p − 1

k

p1, p2, … , pk

where . Thus,the first primesin thechainareSophie
Germainprimes.Similarly, the Cunninghamchainsof the secondkind are
defined as chains of the form

pi + 1 = 2pi + 1 k − 1

p1, p2, … , pk

where . It is an open question as to whether there are
Cunninghamchains(of either kind) of any arbitrary length. Let us make
some observations about the second kind. Apart from the chain

pi + 1 = 2pi − 1

2,  3,  5

theotherCunninghamchainsof the secondkind startwith an oddprime
and must evidently satisfy where . In
particular, we observe:

p1

pi = 2ia + 1 a = 1
2 (p1 − 1)

a Cunningham chain of the second kind starting with an odd
prime  can have length at most .p1 p1 − 1

Indeed, modulo . This gives, by
Fermat'slittle theorem,that divides which cannotthereforebe prime.
Furthermore,thefollowing restrictionsarealsoeasyto seeby looking at the
residues modulo 5:

pi = 2i − 1 (p1 − 1) + 1 ≡ 1 − 2i − 1 p1

p1 pp1

For the respective congruence classes modulo 5, a
chain of the second kind must have respective length at most 2
and 3. The only chain starting with a prime modulo 5 is 3,
5. Thus, the only possibilities for arbitrarily long chains are when

 modulo 5.

p1 ≡ 2,  4

p1 ≡ 3

p1 ≡ 1

Acknowledgement
Thanksaredueto the refereewho suggestedthat the connectionswith

primeswhich arosein our study couldmerit morediscussion.This resulted
in the long-ish remark at the end of the Note.

References
1. W. R. Alford, A. Granville and C. Pomerance,There are infinitely

bsury
Sticky Note
Change `a' to capital `A'



10 THE MATHEMATICAL GAZETTE

many Carmichael numbers, Ann. Math. 140 (1994) pp. 703-722.
2. BarryJ.Powell,Primitive densitiesof certainsetsof primes,J. Number

Theory 12 (1980) pp. 210-217.
3. PauloRibenboim,The new book of prime number records, Springer-

Verlag (1996).
B. SURY

Statistics & Mathematics Unit, Indian Statistical Institute,
8th Mile Mysore Road, Bangalore 560059, India

e-mail: surybang@gmail.com


