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Abstract. Let K/F be a cyclic extension of odd prime degree [/ over a
number field F. If F has class number coprime to /, we study the structure
of the /-Sylow subgroup of the class group of K. In particular, when F
contains the /-th roots of unity, we obtain bounds for the [F;-rank of the
[-Sylow subgroup of K using genus theory. We obtain some results valid
for general /. Following that, we obtain more complete, explicit results for

[=5and F = Q(ezzT”). The rank of the 5-class group of K is expressed
in terms of power residue symbols. We compare our results with tables
obtained using SAGE (the latter is under GRH). We obtain explicit results
in several cases. These results have a number of potential applications.
For instance, some of them like Theorem 5.16 could be useful in the

o
arithmetic of elliptic curves over towers of the form Q(eﬁ%r ,x1/3). Using

the results on the class groups of the fields of the form Q(e % ,x1/3), and
using Kummer duality theory, we deduce results on the 5-class numbers
of fields of the form Q(x1/3).

Mathematics Subject Classification: 11R29, 13C20.

1. Introduction

We study the [-class group of K, where K is a cyclic extension of degree [
over a number field F which contains the /-th roots of unity and has trivial
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l-class group, where [ is an odd prime. Denote by 7 a generator of Gal (K /F).
The [-class group Sk is a Z;[¢7]-module since

Tl Z Z[Gal(K/F))/(1 +7 + -+ 171

where ¢ corresponds to 7. As a module over the discrete valuation ring Z;[(]
whose maximal ideal is generated by A = 1 — , the /-class group Sg of K
decomposes as

Sk = Z[gl/ () @ Zylal/(A?) @ - - - @ Zul]/ (A1)

for some 1 < e;] < ey < --- < ¢;. Our goal is to compute the rank of Sk
which is the dimension of the [F;-vector space Sk ®z, IF;. To find the e;’s, one
looks at

§; = |{ej e = l}|

Then, the rank of the Z;[¢7]-module /li_lSK//liSK iSt—s;—---—8;_1 - this
is also called the Ai-rank of S k - To compute these numbers, we consider the
decreasing filtration

Sk D ASk Dle[( DI

and construct ideal classes generating the pieces A ~!Sg /1’ Sk and construct
genus fields corresponding to them. This is difficult to carry out explicitly in
general. However, the general analysis does lead to expressions and bounds
for the rank of Sk such as the following proposition:

Sk is isomorphic to the direct product of an elementary abelian €-group of
rank s1 and an abelian € group of rank

=Dt —=s1)=(=3)s2— (L —4)s3 —--- —s¢2.
In particular,
rankSg = (- Dt — (L —=2)s1 — (€ —3)s0 — -+ — 572

satisfies the bounds
2t — sy <rankSx < ({ — Dt — (I —2)s1

both of which are attainable.

This is proved in section 3; the expression for the rank is almost immediate
but some components of proof of the proposition are used while constructing
the genus fields explicitly later.

In section 4, we assume that F contains the /-th roots of unity and construct
genus fields corresponding to the pieces of the class group as above. These
fields are of the form K(xll/l,le/l,...,xtl/l). For a basis {P;} of ideal
classes for a piece, using Kummer theory to map the Galois group of the
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corresponding genus field to I}, one writes down a matrix with entries in F;
from that part of the class group. This allows us to express the rank of that
piece of the class group in terms of the rank of a matrix of Artin symbols of

1/1
the form (w) (see theorems 4.1, 4.2).

In section 5, we specialize to [ = 5 and F = Q(¢) which allows us
to precisely work out the previous results. The major part of the paper is
contained in sections 5 and 6. In section 5, we use ideles to rewrite the earlier
computations of the s;’s in terms of Artin symbols in a more explicit form in
terms of local Hilbert symbols. One of the results in section 5 is:

Let K = F(x%), x = u/leinlel .-‘ngeg and F = Q(¢) where each w; is
a prime element congruent to a rational integer modulo 57,1 and u is a

1 1
unit in F. Let M| = K(xf, ..., X;) denote the genus field of K F, where
M] : K] =5 x; € Fforl <i <t andx; = £1,47 (mod 1°). For
1 <i=<t1=<j<g,letv;jdenote the degree 5 Hilbert symbol (%) in the
local field Ky ;. Further, suppose

Py A
Vigt+l = (%) for 1 <i <t, ifthe ideal(A)of F ramifies in K .

1
If yij € F¢ are defined by the power symbol {7 = (xl.f)”ff'_l, and C is the
matrix (yij),1 <i <t,1 < j <u=gorg-+1, wehave

s1 = rankCj.

The above result is under the assumption that ambiguous ideals are strongly
ambiguous; in the contrary case, we have a very similar statement with a
slightly bigger matrix (see Theorem 5.9).

A similar result is proved for computing s;’s for i > 1 (see Theorem 5.10).
Thus, we have some results on the A/-rank of the 5-class group for general i
and the results on A%-rank are easily computable in many situations.

We give tables of class groups obtained by using the SAGE program and
compare our results in its light. Interestingly, after a close inspection of the
tables, we were able to guess the following general results which we prove
(Theorems 5.12, 5.13, 5.14, 5.15, 5.16, 5.18).

Theorem. Let p be a prime number congruent to —1 (mod 5). Let
F=Q((s)and K = F (p%). Assuming that each ambiguous ideal class is
strongly ambiguous, we have that 25 divides the class number of K. More
precisely, the J2-rank (to be defined below) of the 5-class group Sk is 1 and,
2 <rankSg < 4.

The following theorem may be useful in studying the arithmetic of elliptic

2in
curves over towers of the form Q(e 5, x!/3). It is motivated by a comment of
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John Coates that Iwasawa theory implies the triviality of 5-class group of the
above fields for all # in the cases of x considered in the theorem.

Theorem. Let F = Q(¢s) and let K = Q({5,x%) where x is a positive
integer which is not divisible by the 5" power of any prime in F. Suppose
that the prime 1 = 1 — (5 over 5 in F, ramifies in K. Then Sg = {1} if, and
only if, x = p%, where p is a prime number such that p = +2 (mod 5), but
p # £7 (mod 25) and 1 < a < 4. Further, for all x as above, the prime 5
ramifies totally in Q(2s, x'/3).

If we remove the assumption that A ramifies in K /F, then the 5-class group
is trivial if, and only if, x = p¢ with p = £2 (mod 5) or x = pg?, where
p,q = £2 (mod 5) but p,q # £7 (mod 25) and x = £1,£7 (mod 25).
All these results are exemplified in Table 1.

Theorem. Let p be a prime number congruent to +7 (mod 25) and
q be a prime number congruent to —1 (mod 5). Let F = Q(¢s5) and
K = F ((pq)%). [Assuming that each ambiguous ideal class is strongly
ambiguous, | we have that 125 divides the class number of K. More precisely,
22 rank of Sk is 1 and we have, 3 < rankSg < 5.

Theorem. Let p; = +7 (mod 25) for 1 <i < r be primes and r > 2. Let
n = p’fl -1~-pf’, where 1 < a; < 4forl <i <r. Let F = Q() and
K = F(n5).
(i) If all ambiguous ideal classes of K /F are strongly ambiguous, then the
A2-rank of Sk isr — 1 and 2r — 2 < rankSx < 4r — 4.
(ii) If there are ambiguous ideal classes which are not strongly ambiguous,

then s < 2, A*-rank of Sk is greater than or equal to r — 3 and
max(2r —4,r — 1) <rankSg < 4r — 4.

Theorem. Let p; = £7 (mod 25) for 1 < i < r be primes and let q; be
primes such that q; = £2 (mod 5) but g; # £7 (mod 25) for 1 < j <'s.
Let n = py' -.-pf’qlb1 gl where 1 < ai,bj < 4forl <i 51 r and
1 <j<s. Letn #*1,4£7 (mod 25). Let F = Q(¢5) and K = F(n5).
(i) If all ambiguous ideal classes of K /F are strongly ambiguous, then the
A2-rank of Sk isr +s — 1 and 2r + 25 — 2 < rankSx < 4r +4s — 4.
(ii) If there are ambiguous ideal classes which are not strongly ambiguous,

then si < 1, A%-rank of Sk is greater than or equal to r + s — 2 and
max(2r +2s —3,r +s5s — 1) <rankSg < 4r +4s — 4.

Theorem. Let p; = £7 (mod 25) for 1 < i < r be primes and let q;
be primes such that qj = £2 (mod 5) but q; = £7 (mod 25) for 1<j<s
with s > 2. Let n = pfl---pf’qfl---qfs, where 1 < a;,b; < 4 for
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l<i<randl <j <s. Letn ==+1or= =47 (mod 25). Let F = Q((5)
1
and K = F(n5).

(i) If all ambiguous ideal classes of K /F are strongly ambiguous, then the
/Iz-mnkofSK isr+s—2and?2r +2s —4 <rankSg < 4r +4s — 8.

(ii) If there are ambiguous ideal classes which are not strongly ambiguous,
then si < 1, A%-rank of Sk is greater than or equal to r + s — 3 and
max(2r +2s —5,r +s5 —2) <rankSx <4r +4s — 8.

From the last three theorems, one may deduce information about certain
5-class groups of purely quintic extensions of (Q such as Corollary 6.7:

Corollary. Let N be a positive integer of one of the following forms. Then,
1
the 5-class group of L = Q(N'5) is either trivial or cyclic:

e Let N = p?, where p = +£2 (mod 5) is a prime, 1 <a < 4.

o Let N = ¢{'q5* where q; = £2 (mod 5) but q; # £7 (mod 25), 1 <

a;i <4 fori =1,2suchthat N = +£1,+7 (mod 25).

Let N = p“, where p = —1 (mod 5) is a prime, 1 < a < 4.

Let N = p‘ll1 pgz where p; = £7 (mod 25), 1 < a; <4 fori = 1,2 such

that N = +1, 7 (mod 25).

e N = p” where p = £7 (mod 25) , ¢ = 2 (mod 5) but ¢ # +7
(mod 25) and 1 < a,b < 4 such that N # £1, £7 (mod 25).

o N = q{'q;” where gi = £2 (mod 5) but q; # +7 (mod 25), 1 < a; < 4
fori =1,2suchthat N # £1,+7 (mod 25).

o N = p{'p5*q® where p; = £7 (mod 25), ¢ = &2 (mod 5) but g # £7
(mod 25) 1 <a;,b <4 fori =1,2 suchthat N = +1,£7 (mod 25).

o N = pq{'qy* where p = £7 (mod 25), g; = +2 (mod 5) but g; # +7
(mod 25), 1 <a,a; <4fori =1,2 suchthat N = +1,£7 (mod 25).

e N =q\"q5°q5* where g; = £2 (mod 5) but g; # £7 (mod 25), 1 < a; <
dfori =1,2,3, such that N = £1,+7 (mod 25).

o Let N = p®qP where p = —1 (mod 5) and g = +7 (mod 25) are primes,
1<a,b<4

The above corollary is proved in section 6 where we consider quintic fields
L =Q@'Y). If F = Q(¢) as before, then K = L(¢s) = Q(n'/?, ¢5) has
Galois group over L to be cyclic of order 4, generated by o : { +— ( 3. If
v :n'S s 'S in Gal (K /F), then Gal(K /Q) is the affine group on Fs;
Viz, <o > X <1 >whereoto ! =13, The group Sk is a Zs5[Gl-module
where G = Gal(K /L). Denoting by w : G — Z5 the character sending o
to 3 modulo 5, we have for any Zs[G]-module C, one has a decomposition
C = @?:OC(wi) where C(w') = {a € C : 0a = w(c)'a). Using this module
structure and Kummer theory, we prove in section 6 the following theorem
whose corollary is stated above.
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Theorem. If L = Q(n'/?) where n is 5-th power free, then

rankS; < min(z, t — 51 + rank(Sg /(1 — ) Sk ) (@?)).

m

Further, if n = p(lll - p™ where the primes p; = 2 or = —1 modulo 5,
then rank (Sx /(1 — )Sk)(@?).

Our results along with computation using SAGE, sometimes allows
us to deduce the existence of ambiguous ideal classes which are not
strongly ambiguous. For example, let K = Q(¢s, ~/301), L = Q(+/301).
By Theorem 5.12, if all ambiguous ideal classes are strongly ambiguous, then,
2 <rankSg < 4. The same theorem tells us that if there are ambiguous ideal
classes which are not strongly ambiguous, then 1 < rankSx < 4. But, SAGE
shows Sx = Cs. Thus, it is likely that we have ambiguous ideal classes which
are not strongly ambiguous in this case and that t = s; = 1. By Corollary 6.4
and Theorem 6.6, we see that S = {1}, which is confirmed by SAGE.

Historically, when K = Q(+/D) is a quadratic field of discriminant D,
Gauss’s genus theory of quadratic forms determines the rank of the 2-Sylow
subgroup of the ideal class group of K. C. S. Herz ([12]) proved that this rank
isd — 1 or d — 2 where d = w(D), the number of distinct prime divisors
of D. In a series of papers (see [3], [4], [5]), Frank Gerth III proved several
results on pure cubic extensions of Q and on cyclic cubic extensions of Q and
also obtained a generalization of Herz’s result for the 3-Sylow subgroup of the
ideal class group of a cyclic extension of (Q(w) where w is a primitive 3-rd root
of unity. In two papers, G. Gras ([6], [7]) introduced and studied an increasing
filtration to obtain results on the narrow ideal class group. Our results are
proved using a decreasing filtration and generalize some of Gerth’s results to
the case of an odd prime /; they are more complete and explicit when / = 5.

In the 1930’s, Rédei and Reichardt proved certain results on class groups
of some abelian extensions of QQ ([18]). Curiously, the series of papers by
Gerth do not refer to the old work of Rédei and Reichardt. Conversely,
the newer papers which refer to Rédei-Reichardt while addressing similar
questions (see, for instance, Greither-Kucera’s paper on the lifted root number
conjecture [9]), do not seem to be aware of Gerth’s work.

Rédei matrices are square matrices which appeared classically (see [17])
and have been studied by others (see [21],[13],[15]) since then. In our
discussion, we construct similar matrices which are rectangular in general.

Our results have some potential applications. One possible application
of our results on the [-class group of certain number fields is towards the
existence of p-descent for certain elliptic curves.

Indeed, assuming that the [F>-rank of the 4-class group of K = Q(+/—2n) -
where n = pop1--- pr is a product of distinct odd primes with p; = 1
(mod 8) for 1 <i < k-isOif n = £3 (mod 8) and 1 otherwise, Ye Tian
showed ([20]) that the elliptic curves E™ /Q defined by my? = x3 —x, where
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m = n or 2n such that m = 5,6, or 7 modulo 8, have first 2-descent and
deduced the BSD conjecture holds for these elliptic curves.

From our results on 5-class numbers of fields of the form Q(¢s, n'/’3),
we use duality theory to deduce results on the 5-class number of the fields
Q(n'/?) for some n. These have potential applications to the following
work of Calegari-Emerton on modular forms. Calegari and Emerton showed

([1]) that if the class group of Q(N %) is cyclic for a prime N, certain local
extensions of Q5 coming from normalized cuspidal Hecke eigenforms are
trivial. More precisely:

Let f be a normalized cuspidal Hecke eigenform of level N. Let K y denote
the extension of Qs generated by the g-expansion coefficients a,(f) of f.
It is known that K is a finite extension of Q5. When N is a prime and
5I|(N — 1), it is known due to Mazur that there exists a unique (upto
conjugation) weight 2 normalized cuspidal Hecke eigenform defined over
Qs, satisfying the congruence

a(f)=1+1 (mod p)

where p is the maximal ideal of the ring of integer of K ¢. It is known that K ¢
is a totally ramified extension of Q5. Calegari and Emerton showed that if the

class group of Q(N%) is cyclic, then Ky = Qs.

2. Notations

Let ¢ be an odd prime number. Let F be a number field and K/F be a
cyclic extension of degree ¢ over F. Let Cx and Cr denote the ideal class
groups of K and F respectively. Let Sx and Sr denote their respective Sylow
[-subgroups which we sometimes refer to as the /-class groups. The rank of
Sk is defined to be the [F/-dimension of Sk ®z, .

We have a natural action of Gal(K /F) on Ck and on Sk.

We assume throughout that S is trivial. It is convenient to use additive
notation. Denote by 7 a generator of Gal (K /F). Let {; be a fixed primitive
I-th root of unity. The [-class group Sk is a Z;[¢;]-module since

Zlo) = Zy[Gal(K/F))/(1 +7 + -+ 171

as the norm 1 + 7 4 --- 4+ z/=1 acts trivially on Sg. Denote the discrete
valuation ring Z;[¢] by R; its maximal ideal is generated by A = 1 — (. As an
R-module, the /-class group Sk of K decomposes as

Sk = Zlal/ () @ Zulal/(A2) @ -+ - @ Zal&]/ (A)

forsomel <ej <ep <--- <e. Let

§; == |{ej Lej = l}|
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sothatt = sy +sy+---+s;_2and s =0 fork > [ — 2 since (/11_1) = ().
We have a decreasing filtration

SKD/ISKDXZSKD‘”

Denote by Sk[4], the kernel of multiplication by A on Sk; note that t =
rankSk [4]. Similarly, it is easy to see that

s; = rank((Sx[A] N AT~1Sk) + A1Sk) /A Sk.

Also, the rank of the Z;[¢7]-module A8k JAiSk ist —s1 —---—s;_1 which
is called the A!-rank of Sk.

By class field theory, the maximal abelian unramified extension My of
K satisfies Cx = Gal(My/K). The genus field of K/F is the maximal
abelian extension M of F' which is contained in My; then Gal(M/F) is the
abelianization of Gal(My/F). Moreover, Cx/ACx = Gal(M/K) and is
called the group of genera.

An ideal class ¢ in Ck is said to be ambiguous if ¢ = c; that is, if
¢ € Ck[4]. Thus, the subgroup Sk[4] of ambiguous ideal [-classes is an
elementary abelian [-group whose rank is that of Sx/ASkx (which we have
denoted by ¢ above). The rank ¢ is computed using Hasse’s famous formula
([10] and [14]):

t=d+qg*—(r+1+0)
where
d=number of ramified primes in K/ F,
r = rank of the free abelian part of the group of units Ef of F,
o =1 or 0 according as to whether F’ contains primitive £th root of unity or

not,
q* is defined by [Nx,/r(K*) N EF : Ng/r(EF)] = (9",

More generally, let us define for each i < ¢, S}; to be the subgroup of
ambiguous ideal classes in 2i=1Sk. Thus, rank Sk = rank /li_lSK//liSK
which is the A -rank of Sg (which we observed above tobe r —s; —- - -—s;_1).

There is a subtler notion of strongly ambiguous ideals. An ambiguous ideal
I is said to be strongly ambiguous if the principal ideal (1 — 7)/ is actually
(1). There is also a related notion for ideal classes. An ideal class a € Cg
is said to be a strongly ambiguous ideal class if there exist a representative
a € Ik for a such that (1 — 7)a = (1).

The subgroup Sk s of strongly ambiguous ideal classes in Sk has rank
given by a similar formula as above:

rankSg s =d+q—(r+1+0)

where ¢ is given by [NK/F(EK) NEF: NK/F(EF)] = {1,
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3. Cyclic extensions of degree £

In this section we give a formula for the rank of Sk, where K /F is a Galois
extension of odd prime degree £.

Throughout, we assume Sf = {1}.

The proof is an easy generalization of Theorems 3.1 and 4.1 of [3].

Proposition 3.1. Let K be a cyclic extension of degree € of a number field F
for which the l-class group Sg = {1}. Let us denote by t the rank of the group
of ambiguous ideal classes Sk[1] in Sk, and by s;, the rank of (LIS [A] +
ASk)/ALS. Then

rankSx = (£ — 1)t — (€ — 2)s1 — (L — 3)s2 — -+ - — 5¢_2.

Further, Sk is isomorphic to the direct product of an elementary abelian
C-groups of rank s1 and an abelian € group of rank

(=D —s1)— (=32 = (=453 — -+ —s¢-2.
Proof. For R = Z;[(], the R-module decomposition

t
Sk =P R/AR = &i(R/A'R)"
i=1

where 1 <e; <--- <e¢; and
si={j:ej =i}l,
it follows that

rankSx = > |{j : ej > i}|

=t+(t—-—s)+t—s1—52)+ -+ —51—85——5-2)
=l-Dt—(U—-2)s1 —(U—=3)s3---—51-2.

In order to get the direct sum decomposition, we consider the filtration
Sk DSk DD ATISk =18k

and the homomorphism
2 ATSk /IS = AISk /AT Sk

induced by multiplication by A.

As 2718k /21 Sk are elementary abelian £-groups, they can be viewed as
vector spaces over If;. Then A} is a surjective, vector space homomorphism.
Hence there exists groups R;, W; such that

iiSK CR;,W; C /li_ISK
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and so that 17 gives an isomorphism between R; / A Sk and A1 Sk /A1 Sk and
kerdf = W; /A Sk.

Therefore, _ _
R+ W; = /ll_ISK and R, N W; = A'Sg.

Clearly W; = (/Ii_lSK)[/I] + 1Sk from the definition of A%
So, there exists a subgroup H; C (/li_lSK)[/l], such that

W, = H; @ 2" Sk,
with H; = (A~'Sg[A] + A7Sk) /A Sk. Then
ATISk = Ri + Wi = R + (H; ® ' Sg) = R; @ H;
since R, " W; = AiSk. In particular, fori = 1, we get,
Sk = R, & H;.
Recall that s; = rank(A "' Sg[A] 4+ A/ Sk)/A! Sk; thus
s; =rankH; = ranle-//liSK.
Thus, the proposition will follow if we can prove:
rankRi = — 1Dt —s1))— (€ —=3)sp — (£ —4)s3 — -+ — s5¢—0.
Since ¢H; = {1} and £Sg = A'~1Sk, we have:
rankR; = rankR|/{R| = rankR;|/(Sg = ranle//lc_lSK
= rankR; /ASk + rankASk /A>Sk + - - - + rankA‘ 2 Sk /A7 Sk
=2 -rankR;/ASk + rankR,/A>Sk + - - - + rankRp_» /A 72 Sk,

since Ri /A1 Sg = A1Sk /A H1Sk.
Now,

rankR|/ASg = rankSg /ASx — rankW/ASg =t — 7.
Similarly,
rankR; /A Sk = rankA’ "' Sk /21 Sk — rankW; /2! Sk
= rankRi_l//li_lSK — S =1—8 —8) — - — ;.
Putting all of these together, we get
rankRi = — 1Dt —s51)— (€ —=3)sp —({ —4)s3 — -+ — 502

and
rankSg = (. — Dt — (€ —=2)s1 — (€ —3)sp — -+ — 5¢—0.
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Remark. We saw in the beginning of the proof above that from the
decomposition Sx = R/A°'R x --- X R/A“R, where R = Z;[{;] and
A =1 — (¢, one can easily find the formula of the rank by simple counting.
We have given the above proof as some ingredients of the proof like the
subgroups R; and W; will be used later in the construction of genus fields.

We point out the following special cases of interest; the first corollary below
is immediate:

Corollary 3.2. Ift = s1, then Sk is an elementary abelian € group of rank t.

Corollary 3.3. Fori > 1, we have

rank/IiSK//li+1SK =t—85 —---— ;.
In particular, t —s1 — --- —s; > 0 for all i and so, we observe
O0<s;<t—s1—---—8_1.

Proof. The proof of this corollary is contained in the proof of the
Proposition 3.1. O

Corollary 3.4. For some 1 < i < (£ — 2), if we have JiSx = ISk, then
si=0forj>i+1landt=s1+---+s.

Proof. Since /liSI%i =[Sk, we see that
M8k =2t = = 271k =18k,

So, the quotients A/Sx/A/ TSk are trivial for all j > i. The previous
corollary implies the assertion now. O

Corollary 3.5. The rank of Sk satisfies the bounds
2t — 51 <rankSg < (£ — 1)t — (£ — 2)s7.

Moreover, if s; = t — s1, then the lower bound is achieved; that is, rank of Sk
equals 2t — s1. Further, if sp = 53 = --- = s¢_p = 0, then the upper bound is
achieved, that is,rank of Sk is (£ — 1)t — (€ — 2)s;.

Proof. The upper bound of rank Sk is immediate from the proposition

because rankSx = (I — 1)t — (I — 2)s; — -+ — s;—2. The lower bound
follows since rankSx = ¢ + Zf;lz(t — 5§51 — - —8;j) > 2t — 51 (since
t —s; —---—s; > 0). Combining these two facts we obtain the bound for
rank of Sg.

Since t — s — 52 = 0, we see that s3 = 54 = - - - = sy_» = 0 (follows from

Corollary 3.3). Substituting these values of s; in the formula for the rank of
Sk in Theorem 3.1, we obtain that, rankSg = 2r — s7. a
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Remark. The above bounds constitute an improvement of the bounds
obtained in Gerth’s paper [3][Corollary 2.5]; he obtains ¢ < rankSx <
€ — .

4. When F contains ¢; and has class number coprime to ¢

We recall the earlier notations:

K is a cyclic extension of degree [ (an odd prime) over a number field
F with trivial [-class group which, we now assume, contains a primitive
[-th roots of unity ¢. By class field theory, the maximal abelian unramified
extension My of K satisfies Cx = Gal(My/K). The genus field of K/F
is the maximal abelian extension M of F which is contained in Mj;
then Gal(M/F) is the abelianization of Gal(My/F) (see [8]). Moreover,
Ckx/ACx = Gal(M/K) and is called the group of genera. By Kummer
theory, K = F(x!/!) for some x € F* — (F*)!. Being the [-Sylow subgroup
of the group Cg/ACk, the group Sg/ASk is a direct summand of it.
Thus, there is a unique subfield M; of M which contains K and satisfies
Sk /ASk = Gal(M;/K); thus, note that Gal (M/K) is elementary abelian
of rank ¢.

Recall also from the proof of 3.1 that for i > 1, there is a subgroup
H; C (A71Sk)[A] such that H; N AiSx = (0) and H; = ((A~'Sk)[A] +
/liSK)//liSK. Note that s; = rank H; fori > 1.

The first theorem below computes the rank s; of Hp in terms of the rank of
a certain matrix with entries in [F;.

Firstly, by Kummer theory, there exist xq,...,x; € K* — (K *)! such that
1 1

M) =K (x17 , ..., x;).In the following theorem, we obtain a ¢ x t matrix over
F; whose rank equals s;. The entries of this matrix involve the Artin symbols
of the generators x;’s.
1
K(x!)/K

Note that the Artin symbols (—-~—) are defined for any ideal I of K

since the conductor of the field M is trivial.

Theorem 4.1. Let F, K, M, My be as above. Fix representative ideals
ai, ..., a; whose ideal classes form a basis for the group Sx[A]. Denote by
1
K(x!)/K
aj )

Wij, the Artin symbol ( . Write a;; € ¥, for which {* is the power

1
residue symbol (x YA =L If Ay is the matrix (aij) € M;(IF;), then
rankA| = rankH| = sy.

Proof. As noted above, since M is an unramified extension of K and K C
M; C M, the conductor of M;/K is trivial and hence, the Artin symbol
(M) € Gal(M;/K) is well defined for all ideals a of K. We define a map

a
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w1 : Sk[A] = Sk — Sk/ASk = Gal(M,/K)

which is the composite of the natural inclusion, the natural surjection and the
canonical isomorphism. If ¢/(a) denotes the ideal class of an ideal a, and if
cl(a) € Sk[], then we see by Artin reciprocity that v (c/(a)) = (%) and
that the kernel of 1/111 is Sk [/1} N ASk.

Now M; = K(xf, ... ,xf) and [M; : K] = {' imply that there exists an
isomorphism
1 1
d1 : Gal(M/K) = Gal(K (x{)/K) x --- x Gal(K (x/)/K).
Foreachi =1, ..., t, Kummer theory provides an isomorphism

o; Gal(K(xi%)/K) — [y

U= ay

1
where % = (x[)#~L.

Define

t

$1 = (He,-) 0d 0y : Sk[A] — T
i=1

Now, Sg[4] is a vector space over [y (as it is an elementary abelian £-group)

and ¢ is a vector space homomorphism; also ker¢y; = kery; = Sx[A]NASk.

Now A is precisely the matrix of ¢; with respect to basis {cl(a,), ...,
cl(ay)} of Sg[A]. Then

rank(Sg[A] N ASk) = rank(ker(¢1)) = t — rankAj.

Equivalently, rankA| = ¢ —rank(Sx[A]N ASk). Since Sk [4] is an elementary
abelian ¢-group of rank ¢ and

Hy = (Sx[A] + ASk)/ASk = Sk[Al/(Sk[4]1 N ASk),
then s; = rankH; =t — rank(Sx[A] N ASg) = rankA;. |

The above result for the rank s; of H; can be generalized to a general s; in
the following manner.

Recall from the proof of Proposition 3.1 that there exists a subgroup R;
satisfying A/ € R; € A'~!Sk and

Ri/A Sk Z A 1Sk /W Z AiSk /At sk

where the last isomorphism is induced by the multiplication-by-4 map.
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Now, for 1 < i < ¢ — 3, if we have chosen a genus field M; C M
with Gal(M;/K) = Ai1Sk /A1 Sk, there exists - corresponding to the direct
summand R; /A'S I%l - a unique field M; ;1 such that

KCcMii1CM Cc M CM and
Gal(Mi1/K) = Ri /A Sk = A Sk /A Sk,

From the above isomorphism, we see that Gal(M;/K) is an elementary
abelian £-group. We have

t—s; —---—s; = rank Gal(M; 1 /K) = rankA’ Sg /2! Sk

Once again, Kummer theory assures us elements yi, ..., yr—g—..—s; € K* —
(K*)! such that

1 1
Mi+1 =K (y][ [ yt[—sl—---—si) .

Fix representative ideals by, ..., b;—s—..—s; whose ideal classes form a
basis for the group (4'Sk)[4]. With these notations, we prove the following
theorem:

1
. K(v/[)/K
Theorem 4.2. Let u j denote the Artin symbol ( o ), and let Bjx € T,

1
for which ¢Pix is the power residue symbol (y;)/‘jk_l. For1 <i<Il-3if
Aiy1 is the matrix (Bji), 1 < j,k <t —s1 —--- —s; with entries in I}, then

Si+1 = rankAl-H.

Proof. Since M is an unramified extension of K and K C M,y C M,
the conductor of M;;1/K is (1) and hence the Artin symbol (M”“—é/K) €
Gal(M;41/K) is well defined for all ideals a of K. We define a map

yiv1 : (ASK)A — A'Sk — 'Sk /At Sk = Ri/2' Sk = Gal(Miy1/K)

which is the composite of the natural inclusion, the natural surjection and the
canonical isomorphisms. If cI(a) € (A'Sk)[A], then by Artin reciprocity, we
see that w;11(cl(a)) = (M“r—;/K) and that the kernel of ;4 is SN
li +1 Sk.
1 1
Now M1 = K(ylf, e, y,f_SI_,.,_Si) and [M;11 : K] = ¢'7517"7S imply
that there exists an isomorphism

5141 1 Gal(Mi41/K) = Gal(K (5])/K) x -+ x Gal(K 5y .. )/K).

Once again, Kummer theory provides for each j < ¢t — s — -+ — s;, an
isomorphism
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0; : Gal (K(yj%)/K) — Ty

1> oy
1
where (% = (y]é’)/x—l.
Define
t—S§]——S;
Pit1 = H 0; | 0 dis1 0 wis1: (A Sg)A] — Fy507 7%,

j=l1

Since (A1'Sk)[4] is an elementary abelian £-group, it may be viewed as a
vector space over [y, and ¢; 1 is a vector space homomorphism. Since

kerg; 1 = keryi 11 = (A Sk)[A1N ATLsk

and since A;yp is precisely the matrix of ¢;4; with respect to the basis
{cl(by), ..., cl(b—g, —...—s)}, we have

rank((A' Sg)[A1NA T Sk) = rank(ker(gi11)) = (1 —s1 —- - -—s;) —rankA; 4
Equivalently, rankA; 1 = (f — s — - - — 5;) — rank((A! Sg)[A] N A1 Sk).
Since (1'Sk)[1] is an elementary abelian £-group of rank (f —s1 — - - - — ;)
and

(A S+ AT /2T Sk = (TSI (A SN AT Sk = Hiyy,
we obtain

Siy1 =rankH; 41 = (t —s1 — -+ — 8;) — rank((/liSK)[,l] n /Ii+1SK)
=rankA; . .

5. F =Q(¢s) and K = F(x1/5)

In the last section, we showed that the rank of Sk can be expressed in terms
of the ranks of certain matrices over IFy. The explicit determination of these
matrices seems very difficult in general. Gerth had carried this out in the case
of ¢ = 3. In this section, we look at the case of { = 5. We assume in this
section that F is the cyclotomic field Q(¢) generated by the 5-th roots of
unity; note that F' has class number 1. We analyze what the earlier theorems
give for several examples and compare them with computations obtained by
the program SAGE (the latter uses GRH) - a detailed table is given at the end
of the paper. After that, we exploit the theorems of the previous section to
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prove a number of general results which were guessed at by a close inspection
of the tables. 1

Consider any cyclic extension K = F(x5) of degree 5 over F. We may
assume that x is an integer in F which is not divisible by the 5/ power of any
prime element of F.

The ring of integer Z[¢] of F is a principal ideal domain. Consider those
nonzero elements x which can be written as

x =ulmyt - n;g,
where u is a unit in Z[¢], 2 = 1 — ¢ is the unique prime over 5 (so, 24115), and

Ti, ..., g are prime elements in F not associated to 4, where e; € {1, ..., 4}
forl <i <g,ande; €{0,1,...,4}.

5.1 Unwinding Hasse’s formula for Q(¢, x!/3)

Let us see how the rank ¢ of the group of ambiguous ideal classes in the 5-class
group Sk is computed using Hasse’s famous formula ([10]) in our case:

t=d+q*—(r+1+40).

For our fields F and K, we have

-3
r=——=1,
2
o=1,
g 18 if (1) does not ramify in K/ F,
" |g+1 if (2)ramifies in K /F,
—1 _
q" < — = 2, (since the order of [Ef : Ef;] = {’% =5?%)

In F, the group of units is generated by ¢ and 1 4 ¢ where ¢ is a primitive
5-th root of unity. We see from the definition of ¢* that

2 ifg,1+¢ € Ngjr(KY),
g =11 ifsome,butnotall ¢(1+¢) € Nk/r(K*),
0 ifci(14+¢) ¢ Neyp(K*), forO<i,j <4,i+j#0.

We have t = d — 3 + ¢* with d, ¢* determined as above.

Since ¢* depends on whether ¢ (1 + ¢)/ is a norm from K or not, its value
can be determined in terms of the local Hilbert symbols in completions of F
as in the following lemma.
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Lemma 5.1. Let F=Q(¢) and let K = F (x'/3) where x =ulmy - n;g,
with u a unit in Z[(], 2 = 1 —  is the unique prime over ¢ (so, 2*5), and
T, ..., g prime elements in Z[(]. Then

(a) { € Nk/r(K*) <= Npo((z;)) =1 (mod 25) forall i;

(b) if C'(1 + ) € Nk /r(K™), if and only if, every mi|x above has the
property that 7' (1 4 ¢)/ is a 5-th power modulo (ry) in Z[] for all i, j;

(c) (1) ramifies in K/F <= x # +1,47 (mod 1%).

Proof. Now ¢'(1+¢)J € Ng/r(K*) = (200 = 1 for all prime
ideals p of F.

Since ¢ (1 + ¢)/ is a unit, (%) = 1if p does not ramify in K /F.
We will now look at the prime ideals (1) and the (7x)’s.
Firstly, look at p = (7x), where mg|x. Then

(x—’ ¢ +c>_") _(weRl et f 4 )]

(€49) B (mr)
_(uw,("(lﬂ)f) L A+OT)
- (1) (k)

(n?’,c"(l +¢)f')
X ——————
(k)

_ (nk,c"(l +c)f')e" _1

(k)
(nk,a"(lﬂ)f) 4
(k)
(Ci(l +C)j,7fk) _1
(mx)

The last equality is equivalent to the conditions
. splits completely in F((¢ (1 + ()j)%)/F.

Since the last condition holds if and only if ¢*(1 4+ ¢)/ = > (mod (7y))
for some a € Z[¢] ([11][Theorem 118]), the necessity assertion in (b) for
Y14 ¢)/ to be a norm follows.

The converse assertion follows by the product law since (x_%i) =1
for all z|x implies (“52%) = 1 and hence, ¢ (1 + ¢)/ € N/ (K*).
To deduce (a) from (b), we note that, in particular, { € Ng,r(K™) if

and only if, all z; splits completely in F ((%) /F, which is equivalent to the
condition, Nr/g((7;)) =1 (mod 25), for all i.
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Finally (c) follows from ([11][Theorem 119]) which shows that (1) ramifies
in K/F iff x # +1, 47 (mod 1%). O

From the above lemma, we may immediately formulate the following
proposition.

Proposition 5.2. Let F = Q) and K = F (x%) of degree 5 as above.
Write x = ui”nfl ---ngg, A =1—¢, each w; € F is a prime element,
ei € {1,2,3,4} for1 <i < g, e, € {0,1,2,3,4} as before. Let d denote
the number of primes that ramify in K/F. Then the rank t of the group of
ambiguous ideal classes in Sk is given by:

t =d —1,d — 2 ord — 3 respectively as to the following three situations
LILIII:

I: each wy|x has the property that both { and 14 are 5-th powers modulo
(k) in ZI¢); _ '
II: each my|x has the property that some, but not all (' (1 + ()’ is a 5-th
power modulo (ry) in Z[{];
III: some mi|x has the property that none of the (' (1 + )/ is a 5-th power
modulo (ny) in Z[{].

These are further simplified to the expressionst = g, g —1,g—2o0rg—3
according as to the respective conditions A,B,C,D:

A: x # £1, 27 modulo (2°) and each w|x has the property that both ¢ and
1 + ¢ are 5-th powers modulo (wy)) in Z[{];

B: x = £1, &7 modulo (1) and each my|x has the property that both { and
1 + ¢ are 5-th powers modulo (wy)) in Z[{];
OR
x # +1, +7 modulo (1) and each n|x has the property that some, but
not all (1 + )/ are 5-th powers modulo (zy) in Z[{];

C: x # +1,+7 modulo (1) and some n|x has the property that none of
the ('(1 4 )/ is a 5-th power modulo (i) in Z[(];
OR
x = +1, 7 modulo (1) and each ny|x has the property that some, but
not all ¢'(1 4 ¢)/ are 5-th powers modulo (zy) in Z[{];

D: x = 1, +7 modulo (1) and some n|x has the property that none of
the {'(1 4 )/ is a 5-th power modulo (ny) in Z[(].

5.2 Examples

We demonstrate the above results by means of some examples. In each case,
the conclusion is confirmed by a SAGE program (which is known to be valid
under GRH); see table 1 compiled in section 5.5.
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Example 5.3. We consider K = Q(¢, 751). We observe that ¢ € Ng/r(K™),
and (14 ¢) = (2+4¢3)° (mod 7). Hence ¢* = 2,andt = g — 1 = 0. Thus,
Sk must be trivial by our result.

Example 54. Let K = Q(¢, 18%). Notice that in this case { ¢ Nk, r(K™).
We observe that,

A+ =0+ (mod 2),

S+ =(1-¢) (mod3).
Hence ¢* = 1 and t = g — 2 = 0. Thus, Sx = {1} from our result.
Example 5.5. Let K = Q(, 115). Note that in F = Q(5), 11 =
mimamang, with my = (3 + 2024+ 0 +2) = +2) 1 = (=2 + ¢ + 1),
w3 = (3 =+ ), my = (=20 =2 =) = (2¢% 4 ¢ + 1). Thus in this
case, g = 4.

Next, we note that ¢ = —2 (mod (¢ + 2)) is not a 5th power in Z[(],

because if it is a 5 power modulo (¢ +2), then 11|(n’ +2), for some integer
n € 7, which is not true.

We also notice that ¢ # x> (mod (—¢? + ¢ + 1)), because if so, then we
have modulo —¢2 + ¢ + 1,

= (a+b0) = (@ +b° 4 10a°h* + 10a°b> + 10ab™)
+ 5ab(a® + 2a%b + 4ab® + 3b°)¢.
Next we note that, for 1 < i < 4, we have,
1+ =¢*  (mod (= +¢ +1).
Hence (1 + ¢)’ is not a 5 power modulo (—¢2 + ¢ + 1).
Nextfor1 <i <4,0 < j <4, we see that,
CU+0) =1 (mod (¢ +2)).

Hence, ¢/ (1 4 ¢)/ is not a 5 power modulo (¢ + 2).
So in this case we have ¢* = 0andr = g — 2 = 2. So rank Sx > 2 by our
result.

Example 5.6. Let K = Q(¢, 19%). Note that in F = Q(¢5), 19 = w7,
with 71 = 3 +4¢2+4¢3), 1y = (—1 — 472 — 4¢3). Notice that in this case,
¢ ¢ Nk/r(K™). We observe that,

20 +0) =3 (mod my),

—2(14¢) =6 (mod 7).

Hence ¢* = landt =g — 1= 1.So 1 <rank Sx < 4 by our result.
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Example 5.7. Let K = Q(¢, 42%). Notice that in this case { ¢ Nk, r(K™).
From Examples 5.2 and 5.3, we see that ¢2(1 +¢) € Nk r(K™).
Hence g* = landt = g — 1 = 2. Thus, 2 < rankSg < 8 from our result.

5.3 Constructing genus fields

We want to find elements xi,...,x; € K such that the genus field M; =

1 1
K(x{,...,x)).
In the following proposition, we restrict our attention only to those elements

X for which each &t that divides x is of the form, # = a (mod 5Z[(]) for some
ae{l,2,3,4}.

Proposition 5.8. Let F = Q(¢), andlet K = F (x%) be cyclic of degree 5
as above. Writing

Y B
x=ulm, TP mg',

where each w; = +1,+7 (mod /15), forl <i < fandm; # £1,47
(mod A°), for f +1<j <g.
Then, we have:

(i) there exist h; € {1, 2,3, 4} such that 7rf+17rl-hi = 41,47 (mod 1), for
f+2=<i=<g

(ii) if (1) ramifies in K /F and each my|x has the property that some, but not
all (14 ¢)/ are 5-th powers modulo (y)) in Z[(), then the genus field
M is given as

1 1 h 1 hg L
M] = K(?l'ls, ...,71';, (7Z'f+17l'f'j_22)5’ N (ﬁf+]7tgg)5) (1)

where h; € {1, 2,3, 4} is chosen as in (i);

(iii) in the other cases, the the genus field M is given similarly by deleting
an appropriate number of 5'" roots from the right-hand side of the
equation (1).

Proof. The proof of (i) is straightforward and we proceed to prove (ii).
Suppose first that (1) ramifies in K/F and that for each 7y |x, some (but
not all) ¢ (1 4 ¢)/ are 5-th powers modulo (7x)) in Z[¢]. Let M { denote the
field given on the right-hand side of equation (1); we shall prove that M| is
the genus field M, of degree 5’ over K which corresponds to Sk /ASk. Note
that, by the previous proposition, the number of 5 roots in this expression

1
is t. Next, we note that only z; ramifies in F (nis) /F for1l <i < f, and that
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only the primes 7z; and 7 741 ramify in F((annl.h")%)/F for f+2<i<g.
Hence, each of the fields

i 1 hpya L he L 1
F(nf), e F(n;), F((7rf+17rff22)5), cee, F((nf+17rgg)5), F(x53)

is linearly disjoint from the composite of the other fields. Thus,

1 1 h 1 he L 1
[F(nls,...,n;,(nf+17rff+32)5,...,(nf+17rgg)s,x5) D F]

— SH-I

This implies [M| : K] = 5". As [M; : K] = 5, we will have M| = M,
if we can show that Mi C M;. Now, by definition, M; is the maximal
abelian extension of F contained in the Hilbert class field of K. Since M i is
a composite of linearly disjoint abelian extensions, it is an abelian extension
of F. Therefore, to show M| = Mj, it suffices to show that M| is unramified
over K. But, this is true because each (x;) is 5th power of an ideal in K,
7 = +1,+7 (mod 25) for 1 <i < fand zypi7) = +1,+7 (mod 2%
for f+2<i<g.

Thus, we have proved (ii).

The remaining case (iii) is handled completely similarly; we just need to
delete an appropriate number of any 5 roots from the right-hand side of the
equation (1). O

Corollary 5.9. Let F, K, x be as in the proposition. Further, suppose the
genus field M| of K/ F is described as in the proposition. Then, fori = 1,2,
the genus fields M, are obtained recursively by deleting s; generators of the
field M;.

Proof. We have [M; : K] = 5517 7Si-1 and [M;y; : K] = 5" 51775,
1 1
Since each of the fields F(x[),..., F(x}), F((xpamy )%, ...,

F((x f+17r£l ¢ )%), F (x%) is linearly disjoint from the composite of the other
fields, the result follows. O

Now, we look for representative ideals ai, ..., a; whose classes form a
basis of the ambiguous ideal class group Sx[4]. Similarly, we also look
for representative ideals by, ..., b, —.._;; whose classes form a basis of
(A'Sk)[A] for i = 1,2. For this purpose, we find ideals whose classes
generate Sg)” fori =1,2,3.

We observe that the ambiguous ideal class group Sx[4] may be identified
with the group Sk ¢ of strongly ambiguous ideal classes, excepting the case
when at least one of (i(l + C)j € Nk r(K*),and ¢ & Ng,r(Eg), where
E is the group of units of K.

We note that a necessary condition for the exceptional case to occur is that
for any 7 |x, one has ¢'(1 4+ ¢)/ = @’ (mod (zy)) for some a € Z[¢] and
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some i, j. There are two possible situations when the exceptional case occurs.
Namely, if both ¢, 1 + ¢ are norms of elements from K*, but neither of them
is a norm from Eg, then Sx[A] is the direct product of Sk ¢ and two cyclic
groups of order 5. In other exceptional cases, Sg[4] is the direct product of
Sk.s and a cyclic group of order 5.

5.4 Using ideles to express in terms of Hilbert symbols

We saw in section 4 how to obtain matrices with entries in IF; whose ranks are
equal to the s;’s. In this section, where / = 5 and the genus fields are chosen
as above, we explain what these matrices simplify to.

Using the notation of Proposition 5.8, we choose prime ideals B; in K
such that ‘Bf = (7;) for 1 < i < g.If (1) ramifies in K/F, we let J denote
the prime ideal in K such that 5J = (4). If there exists ambiguous ideal
classes of K /F which are not strongly-ambiguous, we let B be a prime ideal
which is contained in one such class and is relatively prime to xp, ..., xs,

1 1
where M| = K(xlg,...,xf) and x1,...,x, € F.If¢g* =2and g = 0, we
choose 9B’ to be a prime ideal contained in another class (from 9B) of ideal
which is ambiguous but not strongly-ambiguous, and is relatively prime to
Boxi,...,xs.

Let 11(<T) denote the free abelian group generated by these prime ideals.
In other words, II((T) is generated by B1,...,B,, and J (in case (1)
ramifies in K/F), and B (in the case when there exist ambiguous ideal
classes which are not strong-ambiguous), and also B’ (in case ¢* = 2 and
qg = 0).

Let Dﬁ;) = 11(<T) /51 1(;). Viewed as a vector space over [, let Dg) have
dimension u. Then u = g,g + 1,8 + 2 or g + 3 in the four possibilities
mentioned above respectively. Now, the map Il(g) — Sk[4] sending each
ideal to its ideal class induces surjective homomorphisms

o : DY =10 /518 - Sg(a].

Recall the map ¢; : Sx[A] — Fg constructed in the proof of Theorem 4.1.
Define 1 := ¢ o wy : Dg) — L.

1
K(x>)/K

)
J

Forl <i <11 < j < g, let u;; denote the Artin symbol (

Further, suppose

K(xl%)/K

5 for 1 <i <t, if (1) ramifies in K/ F,

Hi(g+1) =
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and
1
K(x)/K . .
Hi(g+2) = E— forl <i <t, if Sk[AN\Sk.s #9,
and 1
K(x7)/K

Lin = 5 for1 <i <t, if [Sk[A]/Sk.s| > 5.

1

If y;; € F¢ are defined by the power symbol (7 = (xf)/"’f_l, let C; be the
matrix (y;;),1 <i <t,1 < j <u.lItis clear that C; is the matrix of #; with
respect to the ordered basis {8, ..., ‘Bz,g , J (if included),®B (if included),
and B’ (if included)}. Since w; is surjective, rankC; = rankA; = s (see
Theorem 4.1).

We next construct ideles ass, , .. ., asg,,ay, as, ay € Jk, the idele group
of K, such that

1
! K(x)/K . .
(a%;:K(xi)/K)Z e forl<i<t,1<j<g,
B,
1
1 K(x)/K . 1
(a3, K(x)/K) = ’T forl <i <t,(an, K(x)/K)
1
K(x’)/K
= (X’T)/ forl <i<t,
1
1 K(x’)/K
(aw, K(x7)/K) = % forl <i <t.

This is done as follows. Let

—

ag, = (---,1,x5,1,..)for1 < j <g,

the idele which is 1 at all places except at the place corresponding to ‘Bj,

.. 1
where it is x5. Let
aj:( ,I,Xj,l,...),

the idele which is 1 at all places except at the place corresponding to J, where
we insert an element x5 € K, such that J|x5, but J2 { x3. Let

a%z(”'ﬁlax%51,'-')a
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the idele which is 1 at all places except at the place corresponding to 8, where
we insert an element xg3 € K, such that B|xg, but B2 { xss. Let

a%/ =(.‘. Dlﬁ'x%/ﬁ 13"')9

the idele which is 1 at all places except at the place corresponding to %/,
where we insert an element xq € K, such that B'|xgy, but B> fxe.
Now

1 1 1
(a;, K(x)/K)IF (x]) = (Ng/r(as), F(x})/F),
where NK/F(a%j) isthe idele (..., 1,x,1,...) of F which is 1 at all places
except at the place corresponding to (7 j), where it is x. We denote Nk /r (ass;)
by Ag;- Similarly,
1 1 1
(a3, K(x)/K)F(x) = (as, F(x})/F),

where a; = Nk r(az) = (..., 1,x;,1,...) with x; = Nk /r(x3). Also,

(as, KO/ K)F () = (a, F:0)/F),

where a; = Nkg/r(as) = (..., 1, xz,1,...), where 7 = Ng,r(B), with
Xz = Nk /r(xs). And finally,

1 1 1
(ay, K () /K F(x;) = (az’, F(x)/F),
where a;» = Ngp(ag) = (..., 1, x4, 1,...), where 7" = Nk, r(B’), with
Xz = Nk /r(xp).
1
We now consider 7 = (x;” )i ~!. From our calculation we can replace
1
tij by vij = (az;, F(x})/F)forl <i <t,1<j<g,
1
Hi(g+1) BY Vi(g+1) = (az, F(x)/F)for1 <i <1,
1
Hi(g+2) by Vi(g+2) = (az, F(xis)/F) forl <i <1,
1
Hi(g+3) bY Vi(g+3) = (an', F(x)/F) for1 <i <1.

So we have,
1
¢V = (x7)"i ! forall i, j.
Since the ideles az;(1 < j < g),a;,az,a, are local ideles, we may

1
identify the expressions (x; yi~! with the degree 5 Hilbert symbols
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. 1 !
(%), (%), (%), (xl(;i’)[ ) for the local fields Fy;(x;)/Fy;, Fi(x;)/
1 1
Fj, Fr(x)/Fy, Fp/(x;)/Fy respectively.

Finally we want to simplify, (xa’;i )s (xz;[x)” ) and (x’(”x,’;/ )-

We may write x; = /lygz;fl, where y,, z; are integers in F, congruent
to +1, 42 (mod ). Since x; = +1,+7 (mod A°), let @ = x;, and write
a = 1+ Ay ora = £2+ 1y (respectively). Since y is a root of a polynomial
f(Y) € Op,[Y], such that f(Y) = Y> — Y — ¢ (mod A), we have f'(y) =

1
—1 # 0 (mod A). Thus F;(y) = F;(x;) is unramified over F;. Thus we

have, (%5) = (%55) = 1 (See, [19][page 209, Exercise 5]). So,

: WANET WA A
(xl:xi)z(xl, )(xhyi) (xlazﬂ) =<xl5 )’ forlflft
(4) (4) (4) (4) (4)
Now, we write x, = 7 y,, where y, is relatively prime to z. Since B was
chosen relatively prime to x1, ..., x;, then « is relatively prime to x; for all i.

Hence
XinXa N _ (%7 (X2 _ (%7 .
((m)‘((n))((n))‘(m)’f"”flft‘

Finally, let us write x,» = 7'y,, where y, is relatively prime to 7. Since B’
was chosen relatively prime to x1, ..., x;, then ’ is relatively prime to x; for
all i. Hence

(x,-,x,,/) _ (x,-,?t/) (xinyﬂ,'/) _ (Xi,ﬂ'/) forl <i <t
@) @) )\ @) @) ) T

With these notations, we may describe the matrix whose entries are power
residue symbols and, whose rank gives us the rank of the piece H; (see 3.1)
of the /-class group.

Theorem 5.10. Let F = Q(¢), K = F(x%), x =ulbm ~--7r;g as above.
1 1

Let M| = K(xlg, .. .,xf) denote the genus field of K/ F, where [M| : K] =
5, xi € Fforl <i <t andx; = 1,47 (mod 1°). Let B, B’ be ideals
as above defined respectively when there exist ambiguous ideal classes which
are not strongly-ambiguous, and when q* = 2,q = 0. Let (1) = Nk /r(°B)
and (z') = Ng/rp(B'), where Nk ,F is the norm map from K to F. For
1 <i=<t1<j<g,letv; denote the degree 5 Hilbert symbol (%)
Further, suppose

i
Vi(g+1) = (x(lT)) for 1 <i <t, if (A) ramifies in K/ F,



438 Manisha Kulkarni, et al.

and

x'a T . . T T
Viggt2) = (W) for1<i <t if SO\SE), #0,

and

xi, ' . e e
Vin = ( (’n/) )forl <i<t ifISQ/SE > 5.

1
If yij € F¢ are defined by the power symbol {7 = (xif)”ff'_l, and C is the
matrix (yij), 1 <i <t,1 < j <u, we have

s1 = rankH| = rankC;.

Finally, we discuss how the above theorem can be generalized to determine
the ranks s;’s for i > 1. Observe that

Sk[2] D (ASk)[A] D (A2SK)[A].

Since cl(®By), ..., cl(®B,), cl(J) (f included), c/(®B) (if included), and
B’ (if included) generate Sg[A], there exists a basis of (A~!Sg)[A],

{cl(Tin), ..., cl(Ti1—g—...—s;,_,)} consisting of elements which are [Fs5-linear
combinations of ¢/(By), ..., cl(By), cl(J), cl(B), cI(B'), fori =2, 3.
LetI'; 1, ..., I'i t—s,—...—s;,_, be some representative ideals for the respective

classes. With these choices, we have the following theorem expressing the
ranks s; in terms of matrices over [Fy:

Theorem 5.11. Let F = Q(¢), K = F(x%), where x = uxl”nf‘ ---ngg
as above. Let M1 be the genus field of K/F and, fori = 1,2, let Mjy1 =
1

1 1
K@Gyj,..., y,s_sl_,.,_si), as in Theorem4.2. Let Uit 1.1, ..., Viq1,1—5 ——s; bE
as in the previous paragraph. Denote

K(])/K

forl1 < j k<t—sy—- - —sj.
LCivik

ik =

1
If yjx are defined by (' = (y))**~!, and Civ1 = (yjr),1 < j,k <
t—sy—---—s;, then

Si+1 = rankH,-+1 = rankCl-+1.
Proof. We have the map

i1 s (A Sg)A] — Fg
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constructed in the proof of Theorem 4.2. Clearly, C;4 is the matrix of ¢; 1
with respect to the ordered basis

Livi1s - Tig—sy— e )
Thus, from Theorem 4.2,
si+1 = rankCj 1. O

Remarks. In conclusion, the above theorems show in principle how to
compute ¢, 51, 52, $3. We can use them to find the rank of Sk using the formula
obtained from Proposition 3.1; namely,

rankSxg = 4t — 351 — 250 — 53.

However, concrete determination of s;, s3 seems to be difficult. In particular,
it would be useful to find explicit generators for the groups (A'Sg)[A] for
i > 1. We also obtain a bound for the rank of Sx in terms of ¢ and s; as
follows,

2t — 51 <rankSg < 4t — 3s;.

5.5 Applications — explicit results

We apply our result in various situations to give sharp bounds for the rank of
the 5-class group.

Theorem 5.12. Let p; = +7 (mod 25) for 1 <i < r be primes andr > 2.
Letn = p‘ll1 <o py, where 1l < a;i <4forl <i <r.Let F = Q(¢s) and

K =F (n%). Assume that all ambiguous ideal classes of K /F are strongly
ambiguous. Then, the A*-rank of Sk is r — 1 and 2r —2 < rankSg < 4r — 4.

If there are ambiguous ideal classes which are not strongly ambiguous,
then s1 < 2, and the J*-rank of Sk is greater than or equal to r — 3 and
max(2r —4,r — 1) <rankSg < 4r — 4.

Proof. Firstly we notice that n = £1, £7 (mod 25). So 4 does not ramify
1

in K/F. Looking at the fields K; = F( pf), one can easily see that ¢ and
1 + ¢ are fifth powers modulo p; foralli = 1,...,r. Thus ¢* = ¢ = 2 and
t=d-3+q* =r—1.

To compute s1, let x; = p; where 1 < i < r — 1. Using [19][Chapter
14, Section 3] one can easily check that (%) =1forl <i<r—1and
1 < j <r.Thatis the (r — 1) x r matrix Cj is the zero matrix. So, s; = 0.

Thus, we get J2-rank of Sk ist —s; = r — 1. Since 2t — 51 < rankSg <
4t — 351, we obtain that 2r — 2 < rankSx < 4r — 4.
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The second part of the statement follows from the fact that 0 < g < 1, and
then the matrix Cj is of size (r — 1) x (r + ¢* — g), which can have rank at
most 2. |

Theorem 5.13. Let p; = £7 (mod 25) for 1 < i < r be primes and let q;
be primes such that q; = £2 (mod 5) but q; # £7 (mod 25) for1 < j <.
Letn = p{' "'P;qu;n .-q¥, where | < aj,b; < 4for1 <i <r and
| < j <s Letn # +1,+7 (mod 25). Let F = Q((5) and K = F(n?).
Assume that all ambiguous ideal classes of K/F are strongly ambiguous.
Then, the 22 rank of Sk isr+s—1and2r+2s—2 <rankSg < 4r+4s —4.

If there are ambiguous ideal classes which are not strongly ambiguous,
then s\ < 1, and the A*-rank of Sk is greater than or equal to r + s — 2 and
max(2r +2s —3,r+ s — 1) <rankSgx < 4r +4s — 4.

Proof. Firstly we notice that A ramifies in K/F. Since N(g) # 1 (mod 25),
1 1
¢ ¢ Nk/r(K*). Looking at the fields K; = F(p]) and L1 = F(q;),
L= F((qlq;’j)%, where 1 < hj < 4 are chosen sqch that q;q;’j = 41,47
(mod 25), j # 1, one can easily see that some ¢*(1 + ¢)/ is fifth power

modulo p; foralli =1,...,randg; forl < j <s.Thusg* =¢ = 1and
t=d-3+q¢*=r+s—1.

. hj
To compute s1, let x; = p; where 1 < i <randy; | = ey where
2 < j < s. Using [19][Chapter 14, Section 3] one can easily check that
(L8 =1forl <i,j <r,(%%)=1forl <i=<r,1=<j=<s,
Pj qj
(B8 =1forl <i<s—11<j<rand (%) =1forl <i <s-—1,
Pj q

1 <j <s.Thatis, the (r +s5 — 1) X r + s sub Iilatrix of Cy is zero matrix.
Since x;, y; = £7 (mod 25), using [2][Exercise 2.12, pg. 353-354] one can
easily check that ("’;—’1) (y’;—)) = 1. Therefore, s; = 0.

So, we see that the A2-rank of Sx is# —s; = r + s — 1. Since 27 — 51 <
rankSg < 4t — 3s1, we obtain that 2r + 2s — 2 <rankSg < 4r + 4s — 4.

The second part of the statement follows from the fact that ¢ = 0, as, then
the matrix Cy is of size (r +s — 1) x (r + s 4+ 2), which can have rank at
most 1. O

Theorem 5.14. Let p; = £7 (mod 25) for 1 < i < r be primes and let
q; be primes such that q; = £2 (mod 5) but g; # £7 (mod 25) for 1 <
Jj <swiths > 2 Letn = p’fl .-.pf’qf‘ .-‘qf‘, where 1 < a;,b; < 4 for
l<i<randl < j <s.Letn = £1,£7 (mod 25). Let F = Q(¢s5) and
K =F (n%). Assume that all ambiguous ideal classes of K /F are strongly
ambiguous. Then, the 22 -rank of Sk isr+s—2and2r +2s —4 <rankSg <
4r +4s — 8.
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If there are ambiguous ideal classes which are not strongly ambiguous, then
s1 < 1, A%-rank of S is greater than or equal to r + s — 3 and max(2r +
2s —5,r +s5 —2) <rankSx <4r +4s — 8.
Proof. Firstly, we notice that 1 does not ramify in K/F. Since N(q) # 1
1
(mod 25), ¢ ¢ Ng/r(K*). Looking at the fields K; = F(p;) and L1 =

1 . .
F(g}),Lj = F((qlq?’)%, where 1 < h; < 4 are chosen such that qlq;’f =
+1,+7 (mod 25), j # 1, one can easily see that some ¢ (1 + ¢)? is a fifth

power modulo p; foralli = 1,...,r and a fifth power modulo g; for 1 <
j<s.Thusg*=¢g=1landt=d—-3+q*"=r+s—2.
To compute s1, let x; = p; where 1 < i <randy; | = qlq?j where

2 < j < s — 1. Using [19][Chapter 14, Section 3] one can easily check that
(L) =1lforl <ij<r () =1lforl <i<rl<j<s () =1
forl§i§s—2,1§j§rand(%)=lf0rl§i5s—2,1§j§s.
That is, the (r + 5 — 2) x (r + s) matrix Cy is the zero matrix. So s; = 0.
We obtain that the A2-rank of Sk is 7 — s; = r +s — 2. Since 2t — 51 <
rankSg < 4t — 351, we get 2r 4+ 2s — 4 <rankSg < 4r +4s — 8.
The second part of the statement follows from the fact that ¢ = 0, and then

Table 1. Number fields and their class groups.

n n(F) Sk
2,3,4,7,8,9,16,17,23,27 1 1
43,47,49,53,73,81,97 1 1
13,37,67,83 1 1
18, 24, 26,51,68,74 2 1
6,12,14,21,28,36,39,48,52 2 Cs
54,56,69,72,91,92,94,98 2 Cs
34,46,63,86 2 Cs
301 2 Cs
19,29,59,79,89 2 Cs5 x Cs
57,76 3 Cs5 x Cs
38,58,87,133 3 C5 x C5 x Cs
42,78,84 3 C5 x C5 x C5 x C5 x Cs
11, 41,61,71 4 Cs5 x Cs
31 4 C5 x C5x C5xC5xCs
82,93,99 5 Cs5 x Cs
22,44,62,77 5 Cs5 x C5 x Cjs
33,88 5 C5 x C5 x C5 x Cs
66 6 C5 x C5x C5xC5xCs
5,25 1 1
10,15,20,45,75,80 2 1
40,50,65,85 2 1
35 2 Cs
30,60,70,90 3 Cs
55,95 3 Cs5 x Cs
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Table 2. Structure of 5 class group

of K.

p Structure of Sk as R module
19 R/(A%)
29 R/(3?)
59 R/(A%)
79 R/(3?)
89 R/(A%)
109 R/(3%)
139 R/(23)
149 R/(3%)
179 R/(3%)
199 R/(3?)
229 R/(3%)
239 R/(A%)
269 R/(3%)
349 R/(A%)

the matrix Cy is of size (r +s — 2) x (r + s + 1), which can have rank at
most 1. O

The following table provided by SAGE gives the computation of various
class groups. We have F = Q(¢5), K = F(n%). We denote by n(F) the
number of distinct prime divisors of n in F and Sk the 5-class group of K
respectively.

We observe from Table 1 that, if p = —1 (mod 5), then rank of class group
is at least 2. That motivated us to prove the following result (see also Table 2
below). The table is obtained using SAGE with K = Q((s)(p%), where
p = —1 (mod5) and R = Z[{5]. The second column describes the
R-module structure of the 5-class group Sk .

Theorem 5.15. Let p be a prime congruent to —1 (mod 5). Let F = Q(¢5)
and K = F (p%). Assume that all ambiguous ideal classes are strongly
ambiguous. Then 25 divides the class number of K. More precisely, the
22 -rank of Sk is 1 and we have, 2 < rankSg < 4.

Proof. Itis known that any prime of the form p = —1 (mod 5) can be written
as

p=a*>+ab—b*
with a, b € Z, non-zero with (a, b) = 1. Note that this implies that (a, p) =

(b, p) =1
Let ¢ = a — b, define

1 =a{3+a(2+b and 7r2=a4“3+a(2+c.
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Now we observe the following two identities:
a*+bc=a’*+bla—b)=p and a*—ab—ac=a*>—alb+c)=0.
Thus,

Timy = (a{3 +aCZ —|—b)(a(3 —|—a(2—|-c)
= 2a® +bc) + a* (¢ + ) + (ab + ao) (P + )
= (@ +bc)+ (@®—ab—ac)1+¢ +¢%h

This gives us prime decomposition of p in F. Now to compute the 12-rank of
Sk, we compute ¢ and s7.

If p = —1 (mod 25), then N(z;) = p> = 1 (mod 25) fori = 1,2.
SOC S NK/F(K*).

If p # —1 (mod 25), then N(z;) = p> # 1 (mod 25) fori = 1,2.
So¢ ¢ Nk r(K™).

In both cases,

21+ = Z (mod 7;) and —¢*(1+4¢)= 2 (mod 73).

5

Note that % and ¢ are in ). Since 5 { p—1,x — x° is an isomorphism of

IE“;. Hence g and g are fifth power modulo 7| and 7, respectively. Thus in
both cases we see that, —¢2(1 +¢) € Nk r(K™).

Combining these facts, we see that in both cases, t = g — 1 = 1.

In the case, p # —1 (mod 25), we have ¢* = ¢ = 1. Inthe case p = —1
(mod 25), we have ¢* = ¢ = 2 and 4 does not ramify in K /F.

1
Let M denote the genus field of K/ F. Itis of the form M| = K (x; ). Since

M| is unramified over K, only the primes that ramify in K can divide x;.
Suppose p = —1 (mod 25). Then, only 7| and 7, ramify in K. So x; is

_ XLPY (XLP
of the form x; = 7{"' 7. To compute s1, we need to compute (<2 L ) ( o )-

Letc; = (—1)"‘1)6—1 = (=% z5* . Since 7, = ¢ — b (mod 71), with
¢ —b € F}, we see on using [19][Chapter 14, Section 3] that, (xl p) =

(c_l)(l’ —1/5 = 1. This was because the residue field is sz and (p? — 1)/5

b p) = 1. So in this case the

is a multiple of p — 1. Similarly we find that, (
(1 x 2) matrix C| is the zero matrix. Hence s1 = 0
Now suppose the p = —1 (mod 25), then 4 also ramifies in K. So in this

case, x1 is of the form, x; = /lan;“ngz To compute s1, we need to compute

(%)’ (letzp) and (x(l/l)}) Leter = (=1)" 57 = (=D)%17y? "4, Since

o =c—b (mod 7),withc — b € Fj; and (/1)4 =5 (mod 7), we see that
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(c)*®»=D = 1. That is (22) = (c1)P*=D/5 = L1. Since it is a fifth root
of unity in IF,[¢]*, it can not be —1. Thus, (L2 lp ) = L. Similarly we see that,
(*12) = 1. To compute (X(IT)) we compute (%) and ((” )) and use the

T
x1,4

product formula. We compute ( & )) similarly to get, ()(”’)) =1fori=1,2.

Thus (x(‘/l)} ) = 1. So in this case the 1 x 3 matrix C is the zero matrix. Hence
s1 =0.

Thus s; = 0 in either case which means that the A2-rank of Sk is7—s; = 1.
Lastly, we observe that,

2 =2t —s1 <rankSg <4t — 351 =4,
that is 25 divides the class number of K. ]

The following theorem may be useful in studying elliptic curves over
towers of the form K, := Q(e*"/ 5 x5 ). It is motivated by a comment of
John Coates that Iwasawa theory implies the triviality of Sk, for all n for all
x considered in the theorem.

Theorem 5.16. Let F = Q(¢5) and let K = Q(¢s, x%) where x is a positive
integer which is not divisible by the 5" power of any prime in F. Suppose
that the prime A = 1 — 5 ramifies in K. Then Sg = {1} if, and only if,
x = p? where p is a prime number such that p = £2 (mod 5), but p £ £7
(mod 25) and 1 < a < 4. Further, 5 is totally ramified in Q((2s, x%)forx as
above.

Proof. Suppose that x = p“, where p is as described above. Then, clearly
A ramifies in K/F from Lemma 5.1(c), since x # =1,47 (mod 25).
Furthermore, ¢ is not in Ng,r(K™) once again by Lemma 5.1, since
Nrjg(p) # 1 (mod 25);s0 ¢* < 1.Thust =d —3+¢* = ¢ — 1. It
follows that ¢* = 1 and t = 0. Since, t = 0, we see that Sy = {1}.

Conversely, suppose that A ramifies in K/F and Sk is {1}. Then we
must have ¢t = 0 (since, rank Sx > t). We also note that, in this situation
x # =%1,4£7 (mod 25). Let g be the number of distinct primes of F,
which divides x. Then d = g 4+ 1 (since A ramifies in K/F). Thus
O0=t=d—-3+4q¢g*=g+qg*—2,orinother words, g + ¢* = 2.

If g = 2, there are three possible cases.

(i) x = —1 (mod 5) is a prime. Then as in Theorem 5.16, we see that,
t=1.
(ii) x = p®q®, where p = £7 (mod 25) and ¢ = +2 (mod 5) but g # +7
(mod 25) By Theorem 5.13 with r =5 = 1, we see that r = 1.
(i) x = p%g®, where p,q = £2 (mod 5) but p,q # +7 (mod 25) and
x # +1, :i:7 (mod 25). By Theorem 5.13 with » = 0 and s = 2, we see
thatr = 1.
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Table 3. Structure of 5-class group of K.

n=pxgq Structure of Sx as R module

7% 19 R/(A) x R/(1?)
7 x 29 R/(Z) x R/(3)
7 % 59 R/(A) x R/(1?)
7x79 R/(A) x R/(A3)
7 x 89 R/(Z) x R/(3%)
7 x 149 R/(A) x R/(1?)
43 x 149 R/(Z) x R/(33)
107 x 149 R/(A) x R/(1?)
7 x 199 R/(Z) x R/(32)
43 x 199 R/(A) x R/(1?)
107 x 199 R/(A) x R/(A?)

Thus, we must have g = 1; that is, x = p® with p = £2 (mod 5).If p = £7
(mod 25), then x = +1, £7 (mod 25), contradicting the assumption that A
ramifies in K /F. So we obtain that, x = p“, where p is a rational prime such
that p = +2 (mod 5), but p # £7 (mod 25) and 1 < a < 4. This completes
the proof excepting the last assertion which is checked easily using a finite
computation. O

Remark 5.17. If we remove the assumption that A ramifies in K/F, then
S is trivial if and only if x = p® with p = 2 (mod 5) or x = p®q”, where
p,q = £2 (mod 5) but p, g # £7 (mod 25) and x = %1, 7 (mod 25).
By Theorem 5.12, with r = 1, it follows that, if g = 1, then x = p, with
p = £2 (mod 5) has ¢t = 0. On the other hand, in case g = 2, we see from
Theorem 5.14 (with r = 0 and s = 2) that in the case mentioned, r = 0.
Compare with Table 1.

The following theorem is similar in flavor to that of Theorem 5.15 (see
also Table 3 below). The table is obtained using SAGE with K = Q({s)(né),
where n = pg with p = £7 (mod 25), ¢ = —1 (mod 5) and R = Z[{5].
The second column describes the R-module structure of the 5-class group Sk .

Theorem 5.18. Let p be a prime congruent to £7 (mod 25) and q be
a prime congruent to —1 (mod 5). Let F = Q(¢5) and K = F((pq)%).
Assume that all ambiguous ideal classes are strongly ambiguous. Then, 125
divides the class number of K. More precisely, the A*-rank of Sk is 1, and
3 <rankSg <5.

Proof. Suppose firstly that g = —1 (mod 25). Then, g factors as wizp in
F as in Theorem 5.15. Since p = £7 (mod 25), p is prime in F. We have
N(p) = p* = 1 (mod 25) and N(z;) = ¢> = 1 (mod 25) fori = 1, 2.
Thus( € N[(/F(K*).
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As in Theorem 5.15, we see that 1 + ¢ is a fifth power modulo 7| and

modulo 7. Considering the intermediate field K| = F( p%), we see that the
Hasse formula from section 5.1 for this situation gives tj = d; — 3 + q;‘ =
g} — 2. Thus g = 2, that is, 1 + ¢ is a fifth power modulo p. Thus 1 + ¢ €
Nk, r(K™). We note that in this case A does not ramify.

If g £ —1 (mod 25), then N(z;) = ¢g> # 1 (mod 25) fori = 1,2. Butin
this situation, —¢2(1+¢) € Nk/r(K*). So g* = 1 and 1 ramifies. Combining
these facts, we immediately see that, in both cases,t =g —1=3—-1=2.

Next we want to compute s;. Let x; = p and xo = nf 17[;!2 as in the
proof of Theorem 5.15. When ¢ = —1 (mod 25), to compute the matrix C1,
we need to compute the Hilbert symbols, (*:24), (fL29) (IL1) - (2:L1)

P 7 T P
(=29), (x2 :L1) . Using the formula given in [19][Chapter 14, Section 3] , we

T
can see as in Theorem 5.15, that

(x1,PQ) _ (xl,PCI) _ (X1,P61) _ (x2,PQ) _ (xz,PCI) _1
P T ) T ) ’

and (%) # 1. Thus, the 2 x 3 matrix C; has only one nonzero entry.
So S1 = 1.
When g # —1 (mod 25), C; has one more column consisting of (x(l;) )

and (x&)}) We see as in 5.15, (x("’;)i) = 1 and since x; = £7 (mod 25),

("(‘i’) ) = 1 as well. Then. the 2 x 4 matrix C; in this case also has only one
nonzero entry. So s; = 1.

Thus we see that in both cases, the A2-rank of Sk is f — 51 = 1. Lastly, we
observe that,

3=2t—s; <rankSg <4t — 351 =5. t

Remarks. If there are ambiguous ideal classes which are not strongly
ambiguous, then in Theorem 5.15, 51 can possibly be equal to 1; in that case,
the rank of Sy would be 1. Similarly, in Theorem 5.18, s1 can possibly be 2;
in that case, the rank of Sx would be 2. But, we have not been able to find
any example for either of these situations; perhaps, under the hypotheses of
Theorem 5.16 or of Theorem 5.17, all ambiguous ideal classes are strongly
ambiguous.

6. 5-class group of pure quintic fields

In this final section, we apply the results of the last section (especially
Theorems 5.12, 5.13 and 5.14) to deduce results on some quintic extensions
of Q. Let L be a degree 5 extension of Q such that [L(¢(5) : L] = 4
and Gal(L(s5)/L) = Z/4Z = G. Let K = L(¢s5). Write G =< o >.
Let @ be the character G — ZZ which maps ¢ to 3 modulo 5. Note that

v’ () = —
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Lgmma 6.1. Let C be a Zs5[G] module. Let C(0') = {a € C : 6a =
w'(o)a) fori =0,1,2,3. Then C = CT & C(w) ® C(w?) ® C(w?) where
we have written C for C(a)O) ={a e Cloa =a)}.

Proof. We omit the easy proof. O

Lemma 6.2. Let Sx and Sp denotes the 5-class group of K and L
respectively. Then, S| = S} and S; /581 = (Sk/5Sk)™.

Proof. We have a natural inclusion S; < Sk as 5 is relatively prime to
[K : L] = 4. Moreover, S; < S} asca = aforalla € S;.Leta € S;g,then
a= 4(A%a) =(1+0+0+ 0'3)(%61) = N(%a). Thus, a € S;.. So S = S;.
Now, S1./551 = S5 /5(SE) = (Sk /58k)™. O

6.1 Decomposing Sk under the affine group of IF'5

Now let L is a pure quintic field, that is L = Q(n%), where n is a
positive integer which does not contain any 5 power. Let F = Q(¢s) and
K=F (n%) = L(¢s). Then K is a cyclic extension of degree 5 over F and
we can use the theory developed in the previous sections to determine Sk .
Let o be a generator of G = Gal(K /L) and 7 be a generator of Gal(K/F).
We observe that, K/Q is Galois. We fix the generators o, 7 in Gal(K/Q)
satisfying the relations

LetAi=1-r1.
Note that Sk, 5Sk are Zs[G]-modules. Consider the filtration
Sk D ASkg D A28k D 138k D 58k = A*Sk.

3

Using the relations 67 = 7°¢ and 7 = 1 — 4, we note that

cla = (2> =3A+3)sa) =3ica (mod %),
oci’a =5\ca — 6)%ca +213ca=—2%ca (mod A%),
oc’a =104ca — 15%ca +71%ca =2/36a (mod 1*).

Note that 1/ Sg for 0 < i < 4 are Zs[G]-modules. Using Lemma 6.1, we get
for0 <i <3,

3
A8k /58K = (A Sk /58SKk)T & @DV Sk /5Sk) (@),
j=1
A Sk /2 Sk = (0ISk /AT ST @ DG Sk /2 S (@),
j=1
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The natural projection A!Sx/5Sx — A'Sg/A 1Sk is surjective with
kernel A1 Sk /5Sk. Restricting to the + part, we get the surjective map
(ASx/5Sxk)T — (ASg/At1Sk)t with kernel (A7!Skx/5Skx)T. Since
(Sx/55K)T, (AiSk /A T1SK)T are of exponent 5, we have,

3
rankS;, = rank(Sk /55k)* = D rank(A'Sk /A Skt
i=0
The rank of (Sx/ASk)™ can be read off from the generators of the genus
field, which we will describe at the end. We first determine the rank of
(ASx /AFIS)T fori > 1.
As before, consider the map induced by multiplication by A:
A Sk ATS e — 2 sk 212y
a (mod A'F'Sk) > Aa (mod A t2Sk).
Since 6 Aa = 3J0a (mod A?), we see that A induces surjective maps

0; : (Sx/ASk) (@) = (ASk/2*Sk) (™! fori =0,1,2,3.

We note that Z?:o rank Ker8; = s;.
‘We have,

rank(ASg /2?Sg)t = rank(Sk /ASk)(w®) — rank Kerfs.

Similarly, since 0 A%a = —A%ca (mod 1%), we see that 4] induces surjective
maps

a; : (ASk/22Sk) (@) = (A2Sk /23Sk) (@' F?) fori =0, 1,2, 3.

We note that Z?:O rank Kera; = 7.
We have,

rank(A%Sk /23Sk)t = rank(ASk /4% Sk)(w?) — rankKeray
= rank(Sx /ASk)(w) — rankKerd; — rankKera,.

Finally, since ol3a = 2)3ca (mod /14), we see that /13 induces surjective
maps

Bi : (A2Sk /23 Sk) (@) — (A3Sk /21 Sk) (@ ) fori =0, 1,2, 3.

We note that >3, rank Kerf§; = s3.
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We have,

rank(A3Sg /A*Sk)T = rank(A*Sg /A3 Sk ) (w) — rankKerp,
= rank(ASk/ PEN K)(a)3) — rankKerasz — rankKerf
= rank(Sg /ASk)(w?) — rankKert,
— rankKerasz — rankKerf

Putting these together, we get

rankS; = rank(Sg /ASk) — (rank Kerf; + rank Kerf, + rank Kerfs
+ rank Kera; + rank Keras + rank Kerf).

Observing that rank(Sg /ASk) = ¢, we see that rankS; < ¢. Also, noting that
21'3:0 rank Kerf; = s1, we obtain another upper bound for the rank of Sy as

rankS; <t — s1 + rank Kerfy < rank(Sx /ASx)" + (t — s1).

On the other hand, using Z?:O rank Kera; = s7 and Z?:o rank Kerf; = s3,
we see that,
rankS; >t —s1 — sp — 3.

Thus, we have proved the following theorem.

Theorem 6.3. Let L = Q(n 5 ), where n is an integer which does not contain
any fifth power. Let F = Q(¢s) and K = F(n%) = L({s). Then,

t —s1 —sp —s3 <rankS; < min (¢, (t — s1) + rank(Sgx /ASx) ).
Corollary 6.4. When t = sy, rankS; = rank(Sg/ASk)™.

Proof. Sincet = 51, ASk = 58k and s = s3 = 0. Thus Kera; = Ker; =0
for all i, j. Moreover, /ISK//IZSK = 0. So,

rankS; = rank(Sg /ASk)T + 1 — 51 = rank(Sk /ASk) ™. O

6.2 Kummer duality to bound rank of (Sg /ASk)™

Finally we describe how one can determine rank(Sg /ASk)™ or give an upper
bound for this rank. Let M be the maximal abelian unramified extension of
K with exponent 5. By class field theory, we have, Sx/5Sx = Gal(M/K).
By Kummer theory there exists a subgroup A of K*,

(K*) C A C K¥,
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such that M = K (/A). We have a bilinear pairing
A/(K*) x Gal(M/K) — {5" roots of unity}
(6, ) > b, ] = (x5)* 1

By Kummer theory A/(K*)> and Gal(M/K) are dual groups with respect to
this pairing. Thus identifying Sg /5Sk with Gal(M/K) we see that A/(K*)?
and Sg/5Sk are dual groups in the bilinear pairing. Let M; be a field
K C My C M and M /K is Galois. By Kummer theory, there is a subgroup
B of A such that
(K> cBCACK*
and M; = K (~/B). Moreover, there is a group T, satisfying 55x C T C
Sk, such that S /T is dual of B/(K*) and Sx/T = Gal(M;/K). One can
easily check that [x?, u°] = [x, u]°, where o is the generator of Gal(K /L),
x € B/(K*)> and u € Sk/T, u° = z,'uz, where z, € Gal(M/L) is a
element which maps to ¢ under the natural projection.
Writing

(B/(K*))" = {b e B/(K*)’|b” = b},
(B/(K*)*)(w) = {b € B/(K*)’|b° = b},
(B/(K*))(@®) = {b € B/(K*)°|b° = b},
(B/(K*))(@) = {b € B/(K*)|b° = b?},
we have the following lemma:
Lemma 6.5. Let

B/(K*)> x Sx/T — {5 roots of unity inK}
(x, 1) =[x, u]

be the bilinear pairing described above. Then (B/(K*)’)T is dual to
(Sk/ T)(w) under the pairing. Similarly, (B /(K*)?)(w?) is dual to (Sg / T)(w?),
(B/(K*))(w) is dual to (Sg/T)T and (B/(K*))(?) is dual to (Sx / T )(w?)
under this pairing.

Proof. Letx € (B/(K*)*)* and u € (Sg/T)*. Then [x, u] = [x, u°] =
[x, u]° =[x, u]?, since ¢® = ¢3. Thus [x, u]* = 1, hence [x, ] = 1. Thus
(B/(K*)*)* and (Sx/T)" are orthogonal in this pairing.

Now, let x € (B/(K*)°)* and u € (Sk/T)(w?). Then [x,u] =
7, (0] = e, 117 = (I, w177 = [x, w2, since ¢ = ¢3. Thus
[x, u] = 1. We see that, (B/(K*))* and (Sg/T)(w?) are orthogonal in this
pairing.
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Finally, let x € (B/(K*)*)* and u € (Sk/T)(w?). Then [x, u] =
(x?, (1)1 =[x, ©?1° =[x, u]~", since ¢ = ¢3. Thus [x, u]*> = 1, hence
[x, ] = 1. Thus (B/(K*)°)* and (Sg/ T)(w?) are orthogonal in this pairing.

The other cases are similar and the duality claimed easily follows. O

1 1

Let My = K(x{,...,x;) be the genus field of K /F, that is Sx/ASg =
Gal(M/K). Suppose xi, ..., x, are the rational numbers among the x;’s.
Then, rank(B/(K"‘)S)+ = w. Suppose Xy+1,...,Xx, are the x;’s whose
factors only contain rational numbers and primes of the form a¢? + a¢> + b.
E 2 3 o2 o
Noticing that for an element 7 = al~ +al” + b, wegetn® =1 # 7n°,

we have

rank(B/(K*)*)(@?) =r — w

and
rank(B /(K*)*)(0) ® (B/(K*)*)(@®) =1 —r.

Hence
rank(Sg /ASk)T <t —r.

In particular, we obtain the theorem:

am

Theorem 6.6. Let L = Q(n%), where n = p{' - pp; qfl gl where
pi = £2 (mod 5), g; = —1 (mod 5) and 1 < a;,b; <4 fori e{l,...,m}
and for j € {1,...,u}. Let F = Q(¢5) and K = F(n%) = L(s5). Then
rank(Sg /Sg)" = 0 and

t—s1 — 5 = 23 —rank of Sy < rankS; < 22 — rank of Sk =t —s].

Proof. As proved in proposition 5.8 and Theorem 5.15, all the generators of
the genus field M, are either rational integers with prime factors p; or contains
factors of g; in F. But, as we proved in Theorem 5.15, factors of ¢;’s are of
the form a¢? +a¢> +b. Hence, with r as defined before the theorem, we have
r = t. Notice that both (Sg/ASx)™ and (Sx/ASk)(w?) are 0 in this case.
Therefore, we have

t —s1 >rankS; =t — 51 — rank Keray

= (t — 51 — s2) +rank Kerag >t — s; — 52. O

Remarks. (i) We would have better results if we can get more information
about rank (Sg /ASk)™.

(i) Under the assumption that all ambiguous ideal classes are strongly
ambiguous, we computed the A%-rank of Sx in Theorems 5.12, 5.13,
5.14, 5.15 and 5.18. If there are ambiguous ideal classes which are not
strongly ambiguous, the maximum value of s; is given.
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Corollary 6.7. Let L = Q(N %). In the following cases Sp is trivial or
cyclic.

e Let N = p% where p = +2 (mod 5) is a prime, 1 <a <4.

o Let N = ¢{'qy* where gi = £2 (mod 5) but ¢; # £7 (mod 25), 1 <

ai <4fori =1,2suchthat N = %1, 17 (mod 25).

Let N = p“ where p = —1 (mod 5) is a prime, 1| <a < 4.

Let N = p{' p5* where p; = £7 (mod 25), 1 < a; <4 fori = 1,2 such

that N = +1,£7 (mod 25).

e N = p” where p = +£7 (mod 25) , g = 42 (mod 5) but g # +7
(mod 25)and 1 <a,b < 4 such that N # £1, 17 (mod 25).

o N = q,'qy* where q; = £2 (mod 5) but q; # +7 (mod 25), | < a; < 4
fori = 1,2 such that N # £1,+7 (mod 25).

o N = p{'p5*q® where p; = £7 (mod 25), ¢ = £2 (mod 5) but g # %7
(mod 25) 1 < a;,b <4 fori =1,2suchthat N = £+1,+7 (mod 25).

o N = p“q{'qy* where p = £7 (mod 25), g; = £2 (mod 5) but q; # +7
(mod 25), 1 <a,a; <4fori =1,2suchthat N = +1,+7 (mod 25).

o N =q{'q5°q5’ where g; = £2 (mod 5) but g; # +7 (mod 25), 1 < a; <
4fori =1,2,3, such that N = £1, 17 (mod 25).

o Let N = p%qb where p = —1 (mod 5) and ¢ = +7 (mod 25) are
primes, 1 <a,b < 4.

Proof. In all these situations, rank(Skx/ASx)™ = 0. From Theorem 5.12,
5.13, 5.14, 5.15 follows that for each of these cases except the last case t = 0
or 1. In the last case, we see from Theorem 5.18 that t = 2 and s; > 1. Thus
rankS; < 1. The result follows. Note that, in first two cases the class groups
are trivial. O

Remark. Let f be a normalized cuspidal Hecke eigenform of weight k and
level N. Let K r denote the extension of Q5 generated by the g-expansion
coefficients a, (f) of f.Itis known that K ¢ is a finite extension of Q5. In the
case N is prime and 5||N — 1, it is known [16] that there exists unique (up
to conjugation) weight 2 normalized cuspidal Hecke eigenform defined over
@5, satisfying the congruence

a(f)=1+1 (modp)

where p is the maximal ideal of the ring of integer of K¢, and [ # N are
primes. In this situation it is also known that K ¢ is a totally ramified extension
of Qs and let [K s : Qs] = es. Calegari and Emerton [1] showed that es = 1 if

the class group of Q(N %) is cyclic. They also showed thatif N = 1 (mod 5),

(N=1)/2 1
=1

and the 5-class group of Q(N %) is cyclic, then [ [,_ is not a 5" power

modulo N. This corollary gives us information when 5-class group of Q(N %)
is cyclic for various N.
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Table 4. Structure of 5 class group of L.

n SL
2x7 1
3x7 1
7 x 43 1
2x3x7 Cs
2x13x7 Cs
7 x 107 Cs
3x13x7 Cs xCs
19, 29, 59, 79, 89, 109, 139, 149, 179, 199, 229, 239, 269, 349 Cs
7x19,7x29,7x59,7x%x79,7 x 89,7 x 149, 7 x 199 Cs
43 x 19,43 x 29,43 x 59,43 x 79,43 x 89,43 x 149,43 x 199 Cs
11,41,61,71, 101, 151, 191, 241, 251, 271 Cs
31, 131, 181 Cs5 x Cs
211, 281 Cs5 x C5 x Cjs
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