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Motivation

@ positive universal products

@ Muraki five: (T), (B), (F), (M) and (AM)

@ Schoenberg correspondence holds for the five PUP.

@ quantum Lévy processes on dual groups (D. Voiculescu)
@ formula for quantum Lévy processes in the additive case
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Without the concrete formulas of the five PUP

assume Schoenberg correspondence

@ construct Lévy processes by generators (inductive limit)
@ consider minimal version of the quantum Lévy process
@ perform x-approximation

@ realize quantum Lévy process on the Fock spaces
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Positive Universal Products

Definition (PUP)

The positive universal product e maps linear functionals (¢1, ¢2) to
p1 @ o Ay U A — C such that:

f1 : Dy — A4, jo : Do — Ao are algebraic homomorphisms.
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Positive Universal Products

Definition (PUP)

The positive universal product e maps linear functionals (¢1, ¢2) to
p1 @ o Ay U A — C such that:

@ (10 p2) @3 =10 (p2ep3) (UP1)
@ (p1ep2)0ja, =p1and (o1 e p2)o0ja, = 2 (UP2)
@ (p10j1)e(p20)2)=(p1ep2)o(jiLV)2) (UP3)
@ 1, po states = pq e o, state (Pos)

f1 : Dy — A4, jo : Do — Ao are algebraic homomorphisms.
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@ B unital *-algebra
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Dual Semi Group

(D. Voiculescu)

(B, A,9)
@ B unital *-algebra
@ A : B — Bu B comultiplication
@ §: B — C counit
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Schoenberg Correspondence

Definition (Generator)

A conditionally positive hermitian linear functional ¥ with W (1) =0 is
called a generator.
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Schoenberg Correspondence

Definition (Generator)
A conditionally positive hermitian linear functional ¥ with W (1) =0 is
called a generator.

Theorem

V generator < e.a!Y state, forallt >0
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Quantum Lévy Process

Definition
Ust)ges<t : (B, A, 0) — (A, ) algebraic homomorphisms
@ evolution: Jrs * st = Jrit
@ independence of ji1 12, fio.13, - - - » jin,tn+1 t0 One PUP
@ stationarity of distribution
@ weakly continuous

fxg:=(fug)oA
0<ty<b < <ty
Pofst=Pofors
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Construction of Quantum Lévy Processes

Let ¥ : B — C generator, Schoenberg correspondence holds and
(B, A, 0) dual semi group

@ pst = e, (=¥
@ M:={X C |0, T], X finite }, partial ordered w.r.t. C
@ inductive system (A,, ®5)oecm
@ Astcopyof B, A, :=As, s, ... UAs, s,
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Construction of Quantum Lévy Processes

Let ¥ : B — C generator, Schoenberg correspondence holds and
(B, A, 0) dual semi group

@ gt i= e*(t—s)\u
e M:={X C |0, T], X finite }, partial ordered w.r.t. C
@ inductive system (A,, ®5)oecm
@ Astcopyof B, A, :=As, s, ... UAs, s,
@ O, =5 5, 0...005 .5,

@ 0 <e fye: Ay = Ac with

foe(€) =0 UA;cLUO)(1®RCc®T)
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Construction of Quantum Lévy Processes (2)
@ inductive limit (A, f,, ®)

o 5 =
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Construction of Quantum Lévy Processes (2)

@ inductive limit (A, f,, ®)
@ quantum Lévy process: Vb e B,0 < s < t put

Js,t(b) := fis 13 (D)
Jss(b) :=4d(b)1

@ let D be a pre hilbertian space with unit vector Q, Ly(D)- linear,
adjoint-able functions

@ GNS construction for ® = exists *-representation = : A — La(D)
with

(b)) =<Qn(b)2> VbeA
e define QLP js : B — (La(D), < Q,(-)Q >) by

Jst i=modst
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Minimal Version, Notation

Definition (Minimal Version)
@ F:=span{js, s,(b1) - jsp.t,(bn)2, NEN, b € B, s; < t;Vi}
o jS,t . B—) La(F)

[m] = -
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Minimal Version, Notation

Definition (Minimal Version)
o F:= span{js1,52(b1) . ‘jsn,tn(bn)Q, neN, bje B, si <tVi}
o js}t . B—) La(F)

Definition (Notation)
Fora={t <t <--- <t} define

3’5 (jOl OH) = (jfntz OH)*"'*(jtnvth ° ﬁ)'

Stefan VoB (University of Greifswald) Quantum Lévy Processes on Dual Groups QP 2010

14/23



Outline

© Main Result

@ x-Approximation

Stefan VoB (University of Greifswald)

Quantum Lévy Processes on Dual Groups



r-Approximation

Assume: unital x-Alg.hom. x : C — B with

doKk =\

Stefan VoB (University of Greifswald)

Quantum Lévy Processes on Dual Groups



r-Approximation

Assume: unital x-Alg.hom. x : C — B with
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dual semi group (B, A,0) (C,A\, N
generator \ Yok
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r-Approximation

Assume: unital x-Alg.hom. x : C — B with

dork =AM\
dual semi group (B, A,0) (C,A\, N
generator \ Yok
1 \
QLP, min. version st Ks.t
Q.Prob.Space (La(E), @), (La(F),9"),©

k-approximation means, one gets an isometry

W:F —E.
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Definemap W : F — E:
i.e. for disjoint intervals 1 = [s1, ], kb = [S2, to] put

W(ks1 b (C1 )ksz,fz(CZ)e)

:Iim(( A (jam)> (c1)( * (jaon)> (c2)9>
net *lis.4) szt aepartition([0,T])

(with ¢1, ¢ € C, T > max{sy, t;, S, b} )
andsoonforall x ¢ F
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Definemap W : F — E:
i.e. for disjoint intervals 1 = [s1, ], kb = [S2, to] put

W(ks1 b (C1 )ksz,fz(CZ)@)

S PR
net \ \ eyl *lisp ) aepartition([0,T])

(With c1,.€C, T> max{s1, ty, So, tg} )
andsoonforall x ¢ F

Theorem
The equation

< W(x), W(y) >=<x,y > Vx,yeF

holds, and so there exists an isometry W : F — E.
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Basic Idea for Proof
Be x©, y© € F such that
W(X@) = Iri7rert] (FaQ)aepartiﬁon([O,ﬂ)

W(y@) = I,ig; (GaQ)aeparﬁﬁon([O,T]) :
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Basic Idea for Proof
Be x©, y© € F such that
W(X@) = Iri7rert] (FaQ)aepartiﬁon([O,T])

W(y®©) = lim (GaS2) aepartiion(jo, ) -

By continuity of the scalar product < -, - >,

t
< W(x©), W(yo) > & (< Faf2, G2 >)aepartition([0,T])

< Xx0,y0 > (< Q, H.Q >)aepartition([O,T])
|

I
net

<O, x7y0 >=d'(x*y) (q)(Ha))aepartiﬁon([O,T])
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Realization on Fock spaces
(B, A, 0) dual semi group, W generator. Let By := ker(6)

dual semi group | (T(Bo), Dprim, T(0)) (T(Bo), T(A'), T(0))
generator v Vo id
\ {
QLP, min. version Js,t Ks.t
Q.Prob.Space (La(E), @), (La(F), "), Q
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Realization on Fock spaces
(B, A, 0) dual semi group, W generator. Let By := ker(6)

dual semi group
generator

QLP, min. version
Q.Prob.Space

(T(Bo), Lprim, T(0))  (T(Bo), T(A"), T(0))

v Vo id

\ {

Js,t Ks,t
(La(E)7¢)’Q (La(F)vq),)’Q

® Fock;, i € {(T),(B),(F),(M),(AM)}
@ E C Focki(L2(Ry) ® D), F C Focki(L?(R,) ® D)
@ for Fockry bg € By there is

Js,t(bo) = annihilation + creation + preservation + (t — s)W(bp)id

. Twy . .
W (ks Q) = Ilrr; < * (oo Id)Q>
ne «

(note: Q is cyclic)

a€epartition([s,t])

Stefan VoB (University of Greifswald)

Quantum Lévy Processes on Dual Groups QP 2010

21/23



Summary

@ The ~— approximation is an isometry between the recursive
images of two Lévy processes with their respective vacuum
vectors.
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Summary

@ The ~— approximation is an isometry between the recursive
images of two Lévy processes with their respective vacuum
vectors.

@ In particular: realization of quantum Lévy processes on Fock
spaces.
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Thank you.
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