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QUANTUM RANDOM WALK APPROXIMATION
IN BANACH ALGEBRA

B. KRISHNA DAS AND J. MARTIN LINDSAY

ABSTRACT. Quantum random walks in a unital Banach algebra are considered.
Belton’s discrete approximation scheme is extended to sesquilinear quantum
stochastic cocycles through dyadic discretisation of time. We recover approxi-
mation results for Markov-regular quantum stochastic mapping cocycles, and
obtain a new random walk approximation theorem for a class of isometric co-
cycles which includes all the unitary cocycles which induce Lévy processes on
(the CQG algebra of) a separable compact quantum group.

INTRODUCTION

Quantum stochastic analysis was recently extended to Banach space by view-
ing processes as sesquilinear maps ([DLT]), thereby unifying the ‘standard’ quan-
tum stochastic theory of operator processes on a Hilbert space ([HuP]), mapping
processes on a C*-algebra or operator space ([Eva], [LW;]), see [Par], [Mey], [L],
and convolution processes on a quantum group or coalgebra ([Sch], [LiS]). In the
sesquilinear theory, stochastic cocycles are analysed via some elementary theory of
evolutions in unital Banach algebras ([DL4]).

The aim of the present paper is to extend Belton’s discrete approximation scheme
for quantum stochastic cocycles ([Bes]) to Banach-algebra-valued sesquilinear co-
cycles and to apply this to various discrete approximation schemes for operator co-
cycles and mapping cocycles on operator spaces by appropriate choices of Banach
algebra. For operator cocycles, we obtain new results, extending those of [AtP]
(cf. [Sah] and [Beg]) for isometric cocycles which are Markov-regular, equivalently
have bounded stochastic generator. The class of isometric cocycle covered, namely
direct sums of Markov-regular isometric cocycles, includes all those which imple-
ment the quantum Lévy processes on the CQG algebra of a separable compact
quantum group.

Accordingly, the processes considered in this paper are families (g;)¢>0 of sesquilin-
ear maps £ X £ — A for a unital Banach algebra A and exponential domain £ in
symmetric Fock space over L?(R,;k). The Hilbert space k serves as the multi-
plicity space of the quantum noise. Natural adaptedness and regularity conditions
are assumed, together with a time-homogeneous evolution property, or stochastic
cocycle condition.

The plan of the paper is as follows. After a brief section of preliminaries we recall
relevant results from [DLT] in Section 2. Discrete approximation of sesquilinear
cocycles is treated in Section 3, and in Section 4 we apply our results to random
walk approximation schemes for mapping cocycles. In the final section we consider
random walk approximation for isometric operator cocycles in the Markov-regular
case, and for a class of isometric cocycles in the non-Markov regular case.

2000 Mathematics Subject Classification. Primary 46L53, 81525.
Key words and phrases. Noncommutative probability, quantum stochastic cocycle, quantum
Wiener integral.
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Notations. For vector spaces V, V' and W we write V for CoV, v for (11)) (veV),
and SL(V',V; W) for the space of sesquilinear maps V' x V' — W (abbreviated to
SL(V; W) when V' = V). All sesquilinear maps are linear in their second argument.
Basic examples of such maps are those of the form |w)gr for T € L(V;V’') and
w € W where V and V' are inner product spaces:

qr: V' xV = C, (v',v) = (/,Tv) and |w):C — W, X\ Aw. (0.1)
For a subinterval J of Ry and n € N, we define the n-symplices over J as follows:
A(}L) ={teJ":t) <--- <t} and A[?] ={te "t < <ty},

abbreviated to A™ and A when J =R, . For a vector-valued function f on R
and subinterval J of R, we write f; for the function on R; which agrees with f
on J and vanishes outside .J.

For Hilbert spaces H and h and vector e € h, the operator

Ih®le):H=>H®h, u—u®e

is denoted by E., and its adjoint Iy ® (e| by E¢, with context dictating the Hilbert
space H. Thus E° € B(H® h;H) and E°Ey = (e, f)In.

1. PRELIMINARIES

We need a specific tensor construction for concrete operator spaces. Let V be an
operator space in B(H;H’) and set B = B(h;h’), for Hilbert spaces h and h’. The
matriz space tensor product of V with B is the operator space in B(H®h; H' @h') =
B(H; H)®B defined as follows:

V@m B:={T € B(H;H)®B: E‘TE, €V for all ¢ € ',c € h}.

Let W be another concrete operator space, (in other words an operator space re-
alised as a closed subspace of B(K,K’) for some Hilbert spaces K and K’). If
¢ € CB(V;W) then the map ¢ @m idp € CB(V @w B;W @w B) ([LWy]) is the
unique extension of ¢p®idg. The following extended composition is very useful.
For ¢; € CB(V;V @w B(h;;h})) (i =1,2),

¢1 0 @2 := (¢1 Om idp(nyny)) © p2 € CB(V;V @y B(h;h')). (L.1)
Here h = hy ® hy and b’ = h} ® h}, so B(hy;h}) ®wm B(h2;hh) = B(h;h').

We need the following observation of Wills and Skalski, proved in [Besg].

Lemma 1.1. For a sequence of completely bounded maps (¢n)n>1 and infinite-
dimensional Hilbert space h, if ¢, @m idgny — 0 strongly then ||¢y ||, — 0.

For more on matrix spaces see [LWj], or [L]; an appropriate reference for operator
spaces is [EfR].
We note the following elementary fact for ease of reference.

Lemma 1.2. Let A be a Banach algebra, let xo € A and let a be a step function
Ry — A with discontinuity set D. Then the integral equation

t
O =0+ [ dsf(slats) (2 0)
0
and the differential equation

f0) =9 and f'(s) = f(s)a(s) (s €Ry\ D),

have the same unique solution in C(R+; A).
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2. SESQUILINEAR QUANTUM STOCHASTIC CALCULUS IN BANACH SPACE

In this section we recall sesquilinear quantum stochastic theory from [DLT]. Fiz
now, and for the rest of the paper, a complex Hilbert space k referred to as the
noise dimension space, a Banach space X and a unital Banach algebra A.

For a subinterval J of Ry, let K; := L?(J;k) and, for f € K, write ffor the
corresponding k-valued function given by f(s) = f/(;) The space of step functions
in K is denoted by S; (we take right-continuous versions) and we denote by SHJD
the subspace of step function with the set of discontinuities lies in positive dyadic
rationals D;. The symmetric Fock space over K; is denoted F;; the exponential
vectors e(f) = ((n!)"/2f%"),50 (f € K;) are linearly independent and &; :=
Lin{e(f) : f € Sy} and &Y := Lin{e(f) : f € SY} are both dense in K;; when
J =R, we drop the subscript J.

A family of maps q = (q¢)¢>0 in SL(E; X) is an X-valued sesquilinear process, or
SL process in X if, for all ¢, g € S and ¢t € Ry,

(1) u(e(0")s2(9)) = (=5l o)s £(010.40) E(T o) E(.001)
It is a continuous SL process in X if, for all ,¢’ € &,
(ii) s+ qs(¢’,€) is continuous.

We denote the linear space of SL processes in X by SLP(X, k), and the subspace
of continuous SL processes by SLP.(%X,k), and, for q € SLP(X, k), define

qf = Clt(f(gfo,t[)af(g[o,t[)) (9/7.9 € Slomt S R+)7

where Sjoc C L (Ry;k) denotes the space of (right-continuous) step functions.
Thus q € SLP.(X,k) if and only if ¢ € SLP(X,k) and q¢9 € C(R;X) for all
9,9 € Sige.

Multiple quantum Wiener integrals are the key to construct the solution of a
sesquilinear differential equation; these are defined as follows. For n € N, v,, €
SL(KE"; %) and t > 0, define a map A?(v,) € SL(E; X) by sesquilinear extension
of the prescription

Af(vn)(e(g"),(g)) = exp(g’, g) /A["] ds v, (77" (5).5°"(s) (g9 €5),

[0.]
for the convention
hm(s) i=h(s1) @ @ h(sn), (s €AM).
For vg € SL(C; X), A%(vp) is the constant SL process |vg(1,1)) q;.

The following estimate is evident:

A7 ) e(9'), (o)) | < [exple’ 9) O3 (9, 0)

n

(teRy)

where

— —

C(g'sg) = max {on (D) @+ @ c(n),d(1) @ - @ d(n) | :
c(1),...,c¢(n) € Rang’, d(1),...,d(n) € Rang}. (2.1)

This leads us to define SLW(X, k), the space of time-independent Wiener inte-
grands, is the space of sequences U = (vy,)n>0, in which v, € SL(k&"; X) for each
n € Zy and
a
Vg ,ges Vaer, Z FC'”” (¢',9) < . (2.2)
n>0
Thus for U = (vn)nz0 € SLW(X, k), At(U) = pw. D, 50 AY(vn) (t > 0)
defines an SL process A(Uf) in X.
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Now the construction of the solution of a sesquilinear quantum stochastic dif-
ferential equation, which essentially shadows the Picard iteration method, is as
follows. For v € SL(k;A) define v® = (V@")n>o by v20 := |1 4) q; and, for n € N,

v K& x k& 5 A is the ‘sesquilinearisation’ of the map
L —
K™ x k™ — 'Aa (C)ﬁ) — H V(Ci777i>'
1<i<n
Then
V@n v n
Cy "y 9) <C"(d9) (n€Zy. g g€B),
so v® € SLW(A,k); set g := A(v®).
Definition. Let v € SL(k;.A). Then q € SLP.(A,k) is a solution of the left
sesquilinear quantum stochastic differential equation
da; = qedAL(2), g0 = [La)ar (2.3)
if, for all ¢, g € S and t € Ry,

at(e(g"),€(9)) = (e(¢'),e(9))1a +/O ds qs(e(g"),2(9))v(9'(5), G(5))-

Theorem 2.1 ([DLT], Theorem 5.1). Let v € SL(k; A). Then q* is the unique
solution of the sesquilinear quantum stochastic differential equation (2.3).

The notion of sesquilinear quantum stochastic cocycle and its relation with
sesquilinear quantum stochastic differential equations is discussed next.

Definition. A process q € SLP(A, k) is a (left) sesquilinear stochastic cocycle in
A if it satisfies

as

where (L¢):>0 is the semigroup of left shift on L?(R; k). Moreover if g € SLP.(A, k)
is a sesquilinear stochastic cocycle in A then q is said to be Markov regular.

! ! 'g ~Lsg',Ls
9=14 and q2;7=0q799,779  (¢',9 € Sioes 5, L €RY),

We denote the classes of left SL cocycles and Markov-regular left SL cocycles
by SLSC(A, k) and SLSC(A, k) respectively. Note that, for ¢, ¢ € k, ¢¢¢ is a
semigroup in A4; we refer to {qc/’c : ¢/, c € k} as the family of associated semigroups
of gq. Then the cocycle q is Markov regular if and only if each of its associated
semigroups is norm continuous.

Sesquilinear cocycles are constructed by solving sesquilinear quantum stochastic
differential equations and, under certain regularity conditions the converse holds.
We summarise this in the following theorem, where we write Bconj for bounded
conjugate-linear.

Theorem 2.2 ([DLT], Theorems 6.2 and 6.3). Let v € SL(k; A). Then q” €
SLSC.(A, k) and its associated semigroup generators are given by

Beroe=v(c,0)+(d,)la  (d,cek). (24)

Conversely, let ¢ € SLSC.(A, k), and suppose that there are separating families of
maps (¢; € B(A; X;))icz and (¢}, € B(A;X},))irez for Banach spaces X; and X,
such that, for alle’ e € E,teRy, i €T and i’ € T',

(1) @5 © qt(€/7 ) € B((‘:, xz) and (P;/ o qt('7 E) € Bconj (57 %{L/)a

(ii) the maps s — @; 0 qs(e’,-) and s — ¢}, 0 qs(-,€) are continuous at 0.

Then q = q¥ for a unique map v € SL(E; A).
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Now we consider the vacuum-adapted analogue of sesquilinear processes and
establish their relationship with standard sesquilinear processes. These are used
in the next section to obtain random walk approximation first for vacuum-adapted
sesquilinear cocycles.

Let SLP(X, k) (SLP(X,k)) denote the vacuum-adapted analogue of the spaces
of (continuous) SL processes in X that we have been considering, namely the classes
of families (q¢)¢>0 in SL(/k\; X) satisfying

(g 4:(=(9)2(9)) = ar(=(lp. )+ (0.40) for all g’ €S and ¢ € Ry,
and for continuous processes,

(i) s+ qs(e,e) is continuous, for all €,¢" € €.

Adaptedness switching
q—q7 where q5(c(g'),£(9)) := a(e(gfo.o) €(go0))>

gives a linear isomorphism SLP(X,k) — SLP®(X, k), which restricts to an iso-
morphism SLP.(X,k) — SLP$(X, k). Vacuum-adapted multiple quantum Wiener
integrals are defined by sesquilinear extension of the prescription

~Qm m
MUED) @) = 3 [ dson@6.5°76) (0geS)
m>0 [0,t[
for U = (vm)m>0 € SLW(X,k), yielding a process A%(U) € SLP(X,k). In

particular, for A € SL(E; A), we may define g* := A®(A®) € SLP(A, k). Thus,
for g’,g €S,

) 0) = 3 [ as @ 6.57(6) (25)
[0,¢]

m>0
which is continuous in ¢, and satisfies g5 (e(¢'),£(g)) = 14 and

iq?’A(E(g'), £(9) = a7 M), 2(@IA(9'(1),§(1)) € Ry \ (Discg’ UDiscg).

dt
(2.6)

Proposition 2.3. Let v € SL(k;.A). Then
(qu)ﬂ _ qﬂ,u+5.

Proof. Let ¢g’,g € S and let D = Disc g’ UDiscg. It follows from adaptedness, (2.6)
and Theorem 2.1, that the functions

v\ 2 Q40
Fiote (7)), (e(gfo.0),€(gp00) and Fo it (g, - ) (e(9fo.cp)»e(9p0.47))
satisfy the hypotheses of Lemma 1.2. The result follows. O

3. DISCRETE APPROXIMATION

In this section we show how sesquilinear quantum stochastic cocycles may be ap-
proximated by quantum random walks, by shadowing Belton’s approach to discrete
approximation ([Beg]). The notations

Py € B(F), €lg) € Fy, and A € B(k)

(where J is a subinterval of R} ), stand for the vacuum projection Pco where Q =
€(0), the truncated exponential vector (1,g,0,0,---) for g € K, and the quantum
It6 projection Pioygk. (Below J will be a vanishingly small interval.)

The discrete counterpart to the symmetric Fock space F is the countable tensor

product T := @, kn, with respect to the stabilising sequence (wg,ws,-), in
which k,, = k and w,, = ((1)) € k, for each n. Meyer and Journé referred to this
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as toy Fock space ([Mey]). Set Yoy := C, for n € Zy set T, o] = Qi) ki (with

respect to the stabilising sequence (wp,wWn41,-+)),
oo
Win,oof = Q) wi € Tpnoof
i=n
and A[#L oo = Pewy, o € B(T). Also, for m € {0,1,--- ,n— 1}, set

n—1 n—1 o
Wim,n| ‘= ®UJi; Yim,nl = ®R and Tfm,n[ — @n 1ki.

Thus, for I,m € Z, with 0 <[ <m < oo,
T ="To,0 @ Lt,m[ @ Lm0

For h > 0and n € N, let JM ¢ B(T;F) and Jy(Lh) € B(Yo,n[; Fio,nn) be the
isometries determined by the inner product preserving prescriptions

oo

J(h)(®c/(\j)) = ®§(h—1/20(j)[jhy(j+l)h[) for (c(j))jzo € coo(k);
j=0

j=0 Jj=

n—1 n—1
J,(Lh)(®0(j)) = ®5<h—1/2c(j)[jh,(j+1)h[>, for ¢(0),---,¢(n—1) e k.
i=0

Jj=0 J=

There are induced maps

=M, 20 SL(CF) i A) = SL(Ej0,nh(@Finn,oof; A) € SL(E; A) (3.1)
determined by
M) @n',¢@n) = v IO (0, m), respectively,
= (W) (¢ @1, ¢ @m) = vn (I IO Pan)
(¢',¢ € Eounp1'sn € Flnhoo])- For n € Zy, let P™" € B(K) be the orthogonal
projection with range k ® 1j,p (n+1)s (under the identification K = k ® L3(Ry)),
and let P" be the orthogonal projection whose range consists of the subspace of

functions which are constant on all intervals of the form [mh, (m + 1)h[ (m € Z4).
In terms of the notation

—_
—
—

(n+1)h
sl i=ht [ dtglt)  (geK nezy)
nh

for the average of g over the interval [nh, (n + 1)h], we have the identities

Ptg = gln; Bl anyn, PM=st. Y P,
n=0

Tre(g) = Q) Vhgln; h] and JyJre(g) = ®5(g[n; h] ® 1[nh,(n+1)h[)7

n=0 n=0

and the following key facts (¢f. [Be1]); our proof exploits the following version of
Euler’s formula: for z,w € C,

wh) s wash—0 = (1+hz)*M/" 5 e as h — 0.
Lemma 3.1. As h — 0, P" — Ix and JyJ;; — Ir in the strong operator topology.

Proof. For contraction operators, strong operator convergence to an isometry fol-
lows from weak operator convergence with respect to a total family of vectors.
Accordingly, let ¢ € k, 0 < r < t and ¢’,g € S. The first part follows from
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the inequality |(Ix — P")cpqfl| < 2v/h[le|| (h > 0). For the second part, set
D:={Ty <--- < Ty} =Discg’ UDiscg and Typ = 0, then for 0 < h < mesh D,

(Tne(g"), Jne(g)) = eo(h) (1 + hay(h)) -+~ en—1(h) (1 + han (h))
where, for k=0,--- ,N—-1land j=1,---,N,
) h]— ./h
€k(h) — (1 +h<g/(Tk>7g(Tk)>)LTk+1/ 1=11+Tx/h]
a;j(h) = (g'[|T;/hl; h], g T;/n); ).

In view of the uniform bound |a;(h)| < [|¢'[|sc|lg]lcc and the fact that k(| Tji1/h] —
|14 Tx/h]) = (Ths1 — Ti) as h — 0, the result follows from Euler’s formula:

and

N—-1
(Jre(g), Jie(g)) — [ eTrr =Tt (TaTo) = ola9) = (c(g'), e(g))
k=0
as h — 0. O

In order to establish a combinatorial identity for tensor powers of a sesquilin-

ear map v € SL(E; A), we need some positioning notation for tensor components
(cf- [LWa]). For m,n € Z4 with m < n define

5.6 € SL(k; A), 0%, . € SL(YS, ;i A) and 63, o € SL(Tjm oos A), by

[m,n[

n—1
§=114)qa, 6% =1]14)qar 6¢n,n[ = ® 6+, and (5[#%00[ =11a)gar

iem [m. o0
where the notation (0.1) is invoked and A[fmoo[ € B(Y[m,00[) denotes the orthogonal

projection with range Cwyy, o[- For v € SL(/k\; A),neZy and o« C{0,--- ,n—1},
define v[a,n] € SL(TFO,W A) by

'y
V[, n] =708 - @yn—1 where v{ voose

5t ifida
with the convention v[@, 0] := 2% € SL(C; A), (z,w) — zZwl 4.

For n € Z and a subset a of {0, -+ ,n—1} (understood as @ if n = 0), we define
two associated subsets of {0,--- ,n}:

a:=aU{n} and a :=a.
Lemma 3.2. For v € SL(k; A) andn € Z,
(1/+5J‘)@" = Z via,n).
ac{0,--- ,n—1}

Proof. Set v := v+ 6. We prove the result by induction on n. The identity holds
for n = 0; suppose therefore that it holds for n = 1,--- ;p. Let 8 C {0,---,p},
then for o := 8N{0,--- ,p—1} there are two mutually exclusive possibilities: either

8= a or = a, moreover
via,p+1] =vla,p|@v and v[a,p+1] = v|a,pl @5t
Thus
S+ = Y (vdp+u+vap+1)
Bc{0,,p} ac{0,,p—1}

= Y vaplew+st) = B®er = s
ac{0,---,p—1}

and so the identity holds for n = p + 1, as required. O
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For o« CC Z, set

via] = u[a,n]@&im[ € SL(Y (5, Yin,oo[i A) (3.2)
where n = 1 + max «, with the convention max () := —1.
Now let A > 0 and, for m € N, set
<h>A([gfz[ = U [hay, h(14+a1)[ X -+ - X [ham, h(1+ay,)], where N = [t/h],
ac{0,--- ,N—1}
la|=m

and ¢ A([g = A([g) i Note that the union is a disjoint one; it approximates the
corresponding m-symplex:

hmt™=1/(m —1)! if m <t/h;

[0,¢] t™ /m if m>t/h.

Al < Al with | AT\ PAE | <{

Definition. Let U = (’Um)m>0 € SLW(A, k). The step-size h, discrete multiple
vacuum-adapted quantum Wiener integral of U is defined by sesquilinear extension
of the prescription

AP ) = D [ gy 80 7°"().5°"() (g9 €9).

m=0

Recalling the bounding constants (2.1), the following estimates are now evident:

IMAR W) (), o)l < Y- Crim(g s g)t™ /m! (3.3)
m=0

IAL@(E(9), £(9)) — AR E( )=o) <
> IO Y i) (4)

1)!
1<m<][t/h] m>[t/h]
The standard h-scaling operator for discrete approximation is defined as follows:
Spi=h7Y2At 4+ A= 0 1 € B(k) = B(C & k).
k

For v € SL(/k\; A) define its h-scaling by Xp(v) :=v o (S, x Sp) € SL(E; A).
Proposition 3.3. Letv € SL(E; A), and let t >0, ¢ € Eprg and €’ € £. Then,
PWAR(2, (1)) (e e) = Z vio](Jre', Jie)  where N = [t/h].
ac{0,..., N-1}

Proof. Let ¢’ € S and g € P"S. First note that, for each m € Z,

[MA(W) ds Zh(V)@m (.é\l@m(s)’ /g\®m(s)) _

[0,¢]
1+oz]

S T[T s mmE e i)

ac{0,-,N-1} 1<j<m haj
#a m

Now, for o = {ay, -+ ,am} C {0,--- ,N — 1},

h(1+a;) - h(14a;) =N
/h ds; () (7 (7). 3(s7)) = / ds; S5, (v) (7 (55), h-12g(ay, )

aj haj

= v(glaz h). gaz. 1)
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0 ——  ph(1+ay)
~ * / * /
[ s me)@6).80s) = vlal(iela). el
1<j<m Y ha
The result follows. O

Recall the definition of ®={" defined in (3.1).

Definition. Let v € SL(E; A). The vacuum-embedded quantum random walk with
generator v and step size h is the process Mg € SLP(A, k) defined by

- h
Pgt7 = (L/)hJ (V@WH) (t=0).

As an immediate consequence of Lemma 3.2 and Proposition 3.3, we see that
vacuum embedded random walks enjoy a discrete multiple Wiener integral decom-
position.

Proposition 3.4. Let )\ € SL(E; A), e’ € € and € € Eprg. Then
(h >q§2 Aot (e,e) = (h)A?()\gb)(S/’g) (t €Ry).

We can now establish the vacuum-embedded sesquilinear random walk approxi-
mation result. The following notations are used:

= {f €S:Discf c D}, EP = Lin{e(g) : g € S} and D~y = DN]0, o0

where D denotes the field of dyadic rationals. Thus SP and £ are dense in K and
F respectively.

Theorem 3.5. Let \ € SL(/k\; A) and let (hy,vn) be a sequence in D X SL(/k\; A)
satisfying
Yn, (Y — 61) = X pointwise on kxk and hy, =0 asn— .

Then, for alle' € £, ¢ € EP and T € R,

sup || g (e e) — ap E’,&)H—)O as m — oo.
t€[0,T]

Proof. Set ¢’ =¢(g’) and € = £(g) where ¢’ € Sand g € SP, let T > 0 and let n € N
be sufficiently large that P"»g = g. By Proposition 3.4 and the definition in (2.5),
we must show that sup,cpo 1) @(n,t) — 0 as n — oo, where

a(n,t) = |[PAL(AD) (¢ e) — AZ(A®)(€,e)|| and Ay, := S, (5 — 1.
Define constants
C1(n) == max {||(An —A)(,d)] : ¢ € Rang,c € Rang} and
C3(n) := max { max{||A(¢ ,c)HHz\n(c ,0)||}: ¢ € Rang’,c € Rang},

and set U = A2 — A\®. Thus vy = 0 and the bounding constants for the resulting
quantum Wiener integrals satisfy Cum (g, g) < mCy(n)Ca(n)™ ! (m € N), and

Ci(n) =0 and Cy(n) — max {|\(¢,3)||: ¢ € Rang/,c € Rang} asn — occ.
Therefore, using (3.3) and (3.4), and setting C*(¢’, 9) := C(¢', 9),
sup a(n,t) < sup (H A?(A? = 2®) (o) + H(<h">A§2 - A?)(A®)(€',€)H)

tel0,T) te[0,T]

< Ci(n chz m1—+h ZmCAg 9"

m=1

Tm—l
(m—1)

which tends to 0 as n — oo, as required. O
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Next we define identity-embeded quantum random walks and obtain the identity-
embeded quantum random walk approximation result.

Definition. Let v € SL(/k\; A). The identity-embedded quantum random walk with
generator v and step size h, is the process ("lq7 € SLP(A, k) defined by

(h)qY .— =(h) (,Y®Lt/hj) (t > 0).

e "= =(t/n)
Note that, from the definitions, for ¢’,g € S, and N = |t/h],
Ml (e(9'),€(9) = Mai7 (e(g'), £(9)) (€(Gfnnoop) EGNR000)- (3.5)

Theorem 3.6. Letv € SL(I(\; A), and let (hn, 'yn) be a sequence in Dsg X SL(E; A)
satisfying

Yh, (9 — t) = v pointwise on kxk and hp, — 0 asmn— oo,
where 1 :=|14)q; € SL(k; A). Then

sup ||"g)m (e e) — al (e )| = 0 as n— (€ €EecEP TeRy).
t€[0,T]

Proof. Let ¢’ €S, g €SP and T > 0. From Theorem 2.3 we have

a7 ((9),2(9)) = 0" (2(9'),2(9)) (€(9h o) G e)) (£ E€RY)
Therefore, by (3.5), it suffices to show that
sup [[PZ(73 () (29 2(9)) — gt (g, (9))]| = 0.
t€[0,77]
This follows from Theorem 3.5, since
Yh, (fn — 01) = Zp, (Y — t) + 8 — v+ pointwise as n — co.
(]

Remark. Given v € SL(E; A) and any sequence (h,) in Rsg, letting 7, € SL(E; A)
be the map defined by

(2 ()= () D) (7))

we have ¥, (v, —t) = v for each n € N; we may call the sequence (7,,) resulting
from the choice h, = 27" (n € N), the dyadic random walk approximation.

4. RANDOM WALK APPROXIMATION FOR MAPPING COCYCLES

In this section we obtain random walk approximation results for mapping cocy-
cles on a concrete operator space V from discrete approximation results obtained
in the previous section.

Recall the matrix space tensor product and extended composition of maps de-
fined in Section 1. Let B(h;h’) be the ambient full operator space of V. For a map
P € L([A); CB(V;V®wm |§)))7 we use the following subscript notation ¢¢ := ¥((),{ €
D. Define 34(¢) € L(D; CB(V;V @m [K))) by Sh()¢ := (Iy @ Sp)ts,¢() and,
in the extended composition notation (1.1) define the identity-embedded quantum
random walk with generator 1y and step size h to be the cb column-bounded process
given by

). — (h)
PR g0 @) = Ty @ TN (Vs @ 0 57 T) () @ Qv o)

(x € V,g €S) where N = |t/h].
In case ¢ € CB(V;V @y B(k)), the random walk is given by

Wk () = (Iy @ JW) N (@) (Iy © J$)" @ Ivnoof,  where N = |t/h)].
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Remark. The random walk "k is (completely) contractive if the map 1 is; simi-
larly, it inherits (complete) positivity/*-homomorphic properties from ¢ when V is
a C*-algebra; when 1 is unital, {")k¥ is ‘almost unital’:

Wk (1) = Iy @ TP T @ Iy oo where N = |t/h)].
For ¢ € L(ﬁ; CB(V;V ®m |E>)), the mapping cocycle which satisfies the QSDE
dk; = ki dAy(t), ko= 1%

where (% is the ampliation (see [LW], or [L]), is denoted k.

Given an element ¢ of L(ﬁ; CB(V;V ®m |A>)) define the associated sesquilinear
map vy € SL(D; CB(V)) by vs(n,¢) = E"¢:(.) (n,¢ € D). Then the associated
sesquilinear process of k? is q“¢ (see Proposition 5.3, [DLT]), that is q“¢(¢’,¢) =
E°kP_(.) for all t € Ry and ¢,&’ € &p.

Theorem 4.1. Let ¢, 1,9, -+ € L(f); CB(V;V ®m |/|Z>)) and hy,ha,--- € Dsg be
such that

Verek,cebd HECA/(EM (V0 — ) — ¢>)g(~)HCb —0 and h, =0 asn — oo.

Then the following hold, for oll T > 0.
(a) Foralle' € € and e € EY,

sup HEE/(<h">k;€§ — k‘ze)(-)HCb —0 asn — oo.
t€[0,T]

(b) Suppose that the cocycle k?, as well as each map 1y, is completely contrac-
tive. Then, for all w € B(F),

—0 asn — oo.

sup [|(idv @uw) o (k" — k7|,
]

tel0,T
(c) Suppose that V is a C*-algebra, the cocycle k® is *-homomorphic and each

map Py, is completely positive and contractive. Then, for all a € V and
EeEh®F,

sup ||k (@) — kf (a)€]| = 0 asn — oo
t€[0,T]

Proof. (a) This is precisely the conclusion obtained from applying Theorem 3.6 to
the associated sesquilinear maps and process.

(b) This follows from (a), by the remark preceding the theorem and uniform
boundedness.

(c) In this case, by the operator Schwarz inequality, if a € V, £ € h ® F and
n € N, then

(5 (0) — K(@)EII? < we © (s — 1)(a"a) + 2 Rewqaee © (5 — ) (@)
for ri, := MY and k = k¥, so (¢) follows from (b) and uniform boundedness. [

Remarks. Quantum random walk approximation for mapping cocyles is obtained
in [Beg]; in [DLg] strengthened forms of these results are obtained, in an ab-
stract operator space setting. For comparison, we summarise these now. Without
the dyadic restriction on (h,), Belton obtains slightly stronger conclusions under
slightly stronger hypotheses. He assumes that ¢,¢1,%s, - € CB (V;V AMm B(E))
and proves that if

| (Zh, (Wn —¢) — ¢) @m idp i (X)|| =0 and h, -0 asn — oo, (4.1)
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-~

for all X € V®wm B(k), then
sup ’|(<h">k;lj§ - k/’fe)(m)H —0 asn — o0 (xeV,e €&, T>0)

te[0,T]

whereas, if
HEhn(wnfL)fqﬁHCb%O and h, -0 asn — oo (4.2)
then
sup H<h">k;€§—szEHCb—>O as n — 00 (e€&,T>0),
te[0,T)

and if either V is a C*-algebra and each map is 1, is *-homomorphic with range
in the spatial tensor product V ® B(E), or V is a von Neumann algebra and each
map 1), is normal and *-homomorphic, then k? is *-homomorphic, moreover he
constructs such a sequence (1, ),>0 for maps ¢ enjoying the standard form of sto-
chastic generator (see [L]) for generators of Markov-regular quantum stochastic
flows (i.e. unital *-homomorphic quantum stochastic cocycles). As noted by Bel-
ton, if dimk = oo then the hypotheses (4.1) and (4.2) are actually equivalent, by
Lemma 1.1.

5. RANDOM WALK APPROXIMATION FOR ISOMETRIC OPERATOR COCYCLES

In this section we consider isometric operator cocycles which are Markov-regular,
equivalently have bounded stochastic generator, and the class of direct sums of
Markov-regular isometric cocycles. Direct sums of unitary cocycles arise naturally
in the theory of Lévy processes on compact quantum groups, where they implement
quantum Lévy processes on the underlying Hopf*-algebra ([Dall]).

Fix a Hilbert space ). For G € B(h ®§), its h-scaling is the operator ¥, (G) €
B(h®@k) defined by $5(G) 1= (Iy ©8,)G (I, ®Sh). Given G € B(h@k), the random
walk generated by G is constructed in terms of the extended compositions of G’s,
defined recursively as follows:

G = (G0 T ) (5 @ Ton) (I © G*™) (2 8 I
with G*° := I,, where ¥ here denotes the tensor flip b ok = k® b.

Definition. Let G € B(} ®/k\) and h > 0. The identity-embedded quantum random
walk with generator G and step size h, is the operator process " X¢ defined by

W XE = (Iy @ JW)VF*N(Iy © JP) © Iry, . (t=0,N = |t/h]).

The quantum stochastic operator cocycle generated by F € B(h ® k), denoted
X7F is the unique strong solution of the operator quantum stochastic differential
equation

dX; = XiAr(t), Xo=Iyer
which is ‘strongly regular, that is satisfies X; . := X, E. € B(h; h®F) and (X, E:)i>0
is locally uniformly bounded (see [L]). For any such F there is its associated
sesquilinear map
ve € SL(k; B(h)), (¢,m) = ECFE,,
so that B< XFE, = q'7 (¢/,¢) for all e,¢’ € £.

Theorem 5.1. Let F' € B(b@?) and let (hpy,, G) be a sequence in Dsg X B(h@i)
satisfying

ESh,, (G — Iy g) By = ECFE, and hyp —0 as m— o0 (¢, €k).

Then for all T > 0,&' € € and € € EP,

sup |\E€l(<hm>XtG5’" — ng)H —0 asm — oo.
te[0,T] ’ ’
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Proof. Let v,vy, € SL(E; B(h)) be the sesquilinear maps associated to F and G,
as above. Then the hypothesis of Theorem 3.6 is satisfied for v and ~,. The result
therefore follows from the fact that E‘S/UWXSEm = (hn)g)m (&' €) for all m,n € N,
geef andt e Ry.

O

Remark. In [AtP], Theorem 13, a similar approximation result is obtained under
the following hypothesis on the convergence of scaled generators:

sup H (Zh,, (G — 1,

F)EuH —0and h,, >0 as m — oo.
[lu]<1

hak) HS (kb k)

This assumption is considerably stronger than ours when k is infinite-dimensional.
Let X be the Markov-regular quantum stochastic isometric cocycle with sto-
chastic generator F' € B(h ® k) having block matrix form
- 17x *
Ja iH—3sL*L —L*W
L W -1
where H € B(h) is bounded selfadjoint, L € B(h;h @ k) and W € B(h ® k) is

isometric. Now define isometries associated to F' as follows (cf. [Sah] Theorem
4.2, [Bey] Example 6.2 ):

(5.1)

1/2 ih
Gl =l (e gH 9] (5.2)
where Ry, := [2 _é* ] Then a straightforward calculation confirms that
Sh(G" = Iigi) = F+O(Vh) as h— 0. (5.3)

Theorem 5.2. Let X be a Markov-reqular isometric quantum stochastic operator
cocycle. with stochastic generator F € B(h ®/k\) and let (hy,) be a sequence in Dsq
converging to 0. Then there is a sequence of isometries (Gy,) in B(h ®E) such that
forallt e Ry and £ €hR F,

<h”>XtG"§ — Xi€ as n — oo.

Proof. By the isometry of X, it suffices to find contractions (G,,) in B(h ®E) such
that
(€, () XEn — X,)€) = 0asn — oo (5.4)
for all £,€ € hRE. Isometry for X implies that its stochastic generator F' has the
form (5.1). Set Gy, ;== G as in (5.2). Then, by (5.3), (hn,Gy) and F satisfy the
hypothesis of Theorem 5.1 and so (5.4) holds, as required.
O

When bh decomposes as an orthogonal sum @n% bn, B,,50 QS;Crir(bp, k) de-
notes the class of quantum stochastic isometric cocycles U on b of the form D, U",
where U™ is a Markov-regular isometric cocycle on b, @ F, for each n. We finish by
showing that this class is approximable by isometric quantum random walks. To
this end, we use the notation

ben :=={(un) €h:u, =0forn > N}.
Corollary 5.3. Let b = €D,,5 by, let
U = @U” S @@SICMr(bTH k)u
n>0 n>0
and set

N
O =PcPe@PIL, . (h>0NEeN),
n=1 n>N
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where G%h) is the isometry defined as in (5.2), in terms of the stochastic generator
of U™. Then, for any sequence (hy) in Dsqo converging to 0,

(hN)

MIXTN ¢ LU as N o0 (E€h@F,t€R,).

Proof. Let £ € h ® F and € > 0. Choose p € N and & € hg, ® F such that
[I€ —¢&'|| < € and set

p
US? 1:@(]?@@%”@?63(5@]:) (t € Ry),

n=1 n>p
noting that (U)o € QS;Cu(h, k). Then
U =USPE (teRy),

G(h) G(h)
X, SN = MX, <0 (N> p,h>0,t € Ry),
and, by Theorem 5.2,

(hN)
<hN)XtGg" £ = USPE as N — oc.

The result therefore follows by the uniform boundedness of all the operators con-
cerned and the arbitrariness of e. O

Remark. It is not hard to see that the strong-operator convergence in these two
results is again locally uniform in ¢.
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