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Abstract

We prove that a quadratic A[T]-module @ with Witt index Q/TQ > d, where d is the
dimension of the equicharacteristic regular local ring A, is extended from A. This improves
a theorem of the second named author who showed it when A is the local ring at a smooth
point of an affine variety over an infinite field. To establish our result, we need to establish a
Local-Global Principle (of Quillen) for the Dickson—Siegel-Eichler-Roy (DSER) elementary
orthogonal transformations.
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1. Introduction

Let A be a commutative Noetherian ring in which 2 is invertible and let B be the poly-
nomial A-algebra A[X7,...,X,] in n indeterminates. Let @ = (Q,q) be a quadratic space
over B and let Qy = (Qo,qo) be the reduction of ) modulo the ideal of B generated by
Xi,..., X, In [19], A. A. Suslin and V. I. Kopeiko proved that if @ is stably extended
from A and for every maximal ideal m of A, the Witt index of A, ®4 (Qo, qo) is larger than
the Krull dimension of A, then (@, q) is extended from A. A shorter proof of this, due to
Inta Bertuccioni, can be found in [6] and another proof is in the thesis of the second named
author.

In the thesis of the second named author (see [13], [14]), it was shown that one can
improve this result to Witt index > d, when A is a local ring at a non-singular point of an
affine variety of dimension d over an infinite field. Moreover, a question was posed at the end
of the thesis whether extendability can be shown for quadratic spaces with Witt index > d
over polynomial extensions of any equicharacteristic regular local ring of dimension d.

In this article, we establish this question affirmatively.
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A few words on the proof: The analysis of the equicharacteristic regular local ring is
done by a patching argument, akin to the one developed by Amit Roy in his paper [16].
This argument reduces the problem to the case of a complete equicharacteristic regular ring;
which is a power series ring over a field, provided one can patch the information.

We found it useful to use Amit Roy’s elementary orthogonal transformations in [15] for
quadratic spaces with a hyperbolic summand over a commutative ring. These transformations
(over fields) are known as Siegel transformations or Eichler transformations in the literature:
we give a brief historical statement of the development.

These transformations (in matrix form) of quadratic spaces (V,q) over finite fields first
appeared on pg.12 in L. E. Dickson’s book “Linear groups: With an exposition of the Galois
field theory” (1958), which is an unaltered republication of the first edition (Teubner, Leipzig,
1901). Later in “Sur les groupes classiques” (1948), J. Dieudonné extended these results over
infinite fields.

These orthogonal transformations (in a matrix form) over general fields also appeared in
a paper of C. L. Siegel: Uber die analytische Theorie der quadratischen Formen II. Annals
of Math. 36 (1935), 230-263.

Another interpretation occurs in his work “Uber die Zetafunktionen indefiniter quadratis-
cher Formen”, II., Math. Zeitschrift, 1938, 398-426 (on page 408). Here he used it to define
the mass of representation of 0 by an indefinite quadratic form.

Martin Eichler studied these transformations of @ L H(k) in his study of the orthogonal
group over fields £ and made the first systematic use of them in his famous book “Quadratis-
che Formen und orthogonale Gruppen”, first published in 1952, and reprinted in 1974.

(Eichler credits Siegel’s 1935 paper for introducing these transformations in the notes on
§3 on pg. 212 of his book, and also refers to the 1938 Zeitschrift paper of Siegel on pg. 218.
He does not seem to be aware of Dickson’s work.)

Amit Roy studied C. T. C. Wall’s paper [21], who relied on Eichler’s book. Amit Roy
rewrote the transformations of Eichler in Wall’s paper. He then generalized these transfor-
mations in his thesis (1967) over any commutative ring R. We shall call these the DSER
elementary orthogonal transformations or just (Roy’s) elementary orthogonal transformation
group.

Note that these transformations of Roy have been further extended to form rings by
L. N. Vaserstein (when the ring is local), and A. Bak (to the general case) in their thesis
(respectively).

We show that the patching process is possible by establishing a Local-Global Principle for
the Elementary Orthogonal group of a quadratic space with a hyperbolic summand. For this,
we follow the broad outline of A. A. Suslin’s method in [18] which led to a K; analogue of
D. Quillen’s Local-Global Principle in [12]. Instead of using Suslin’s ‘theory of generic forms
which are elementary’, we follow the more ‘hands on’ approach via the yoga of commutators.
For this, we have to first find an appropriate generating set for Roy’s group; which is the
primary objective of §2 (That this set generates the group is proved in §3, via V. Suresh’s
lemma in [17]). We record the commutator calculus in §4, and refer the reader to rigorous
proof of these identities to an article we have placed in the arXiv [1]. These commutator
calculations enable us to prove the Local-Global Principle for Roy’s group of orthogonal
transformations over a polynomial extension.

As an interesting by-product, one realizes from the yoga of commutators in this elementary



orthogonal group that it mimics Tang’s well-known group in some features defined in [20],
and the unitary group of Bass defined in [5]. The first named author intends to pursue the
study of this group in more detail in a sequel article, where she hopes to establish A. Bak’s
type (see [4]) solvability theorem for the quotient group by the elementary subgroup.

Note: To make the reading effortless, we have placed the onerous (but straightforward)
computations in this group as an article on the arXiv (see [1]) which can be accessed by any
reader.

Finally, we have not attempted to study the ‘A-ring variant’ of this problem via the
variant elementary orthogonal group as defined by A. Bak in his thesis (see [3]). We feel
that it will throw more light on the interrelationship between all these groups; which will be
carried out in a separate venture by the first named author.

2. Preliminaries

Let A be a commutative ring in which 2 is invertible. A quadratic A-module is a pair
(M, q), where M is an A-module and ¢ is a quadratic form on M. A quadratic space over A is
a pair (M, q), where M is a finitely generated projective A-module and ¢ : M — A is a non-
singular quadratic form. Let M* denotes the dual of the module M. Let B, be the symmetric
bilinear form associated to ¢ on M, which is given by B,(x,vy) = q(z + y) — q¢(z) — ¢(y) and
dp, : M — M* be the induced isomorphism given by dp, (z)(y) = By(x,y), where z,y € M.
Given two quadratic A-modules (M, ¢;) and (M, ¢2), their orthogonal sum (M, q) is defined
by taking M = M; & My and q((z1,22)) = q1(z1) + q2(x2) for xy € My, x5 € Ms. Denote
(M, q) by (Mi1,q1) L (Ms,g2) and g by ¢1 L ga.

Let P be a finitely generated projective A-module. The module P & P* has a natural
quadratic form given by p((z, f)) = f(z) for x € P, f € P*. The corresponding bilinear form
B, is given by B,((z1, f1), (2, f2)) = fi(x2) + fa(x1) for x1,29 € P and fi, fo € P*. The
quadratic space (P@® P*, p), denoted by H(P), is called the hyperbolic space of P. A quadratic
space M is said to be hyperbolic if it is isometric to H(P) for some P. The quadratic space
H(A), denoted by h, is called a hyperbolic plane. The orthogonal sum h L h L --- L hofn
hyperbolic planes is denoted by A™. A quadratic space M is said to have Witt index > n if
M ~ My L H(P), where rank P > n. A quadratic space M is said to have hyperbolic rank
>nif M ~ M, L h?, where d > n. A quadratic space M is said to be cancellative if for any
quadratic A-spaces My, My with M 1L My ~ M; L M,, then M ~ M;.

Let @ be a quadratic A-space and P be a finitely generated projective A-module. Now
let M =@ L H(P). This is a quadratic space with the quadratic form ¢ L p. The associated
bilinear form on M, denoted by (-, -), is given by

((a,z), (b,y)) = By((a,b)) + By((z,y)) for all a,b € Q and x,y € H(P),

where B, and B, are the bilinear forms on @ and P. Let M = M(B,q) be a quadratic
module over A with quadratic form ¢ and associated symmetric bilinear form B. Then the
orthogonal group of M is defined as follows:

Oa(M) ={o € Aut(M) | q(o(x)) = q(z) for all z € M}, (2.1)

where Aut(M) be the group of all A-linear automorphisms of M.
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Let M be a free module of finite rank. By choosing a basis for M, we can define
SOA(M) = SL(M) N Os(M),

where SL(M) is the subgroup of Aut(M) consists of automorphisms of determinant 1. This
is a normal subgroup of O4(M) and is called the special orthogonal group of M. See [7] for
more details.

For any A-linear map o : Q@ — P(f : @ — P*), the dual map o : P* — Q* (' : P* ~
P — Q) is defined as o'(p) = p o a (B4 (¢*) = ¢* o B) for p € P* (p* € P*). Recall from
[15], the A-linear map o* : P* — Q (5* : P — Q) is defined by o* = d;;ooﬁ (B* = dg;oﬁtoe,
where € : P — P** is the natural isomorphism) and is characterized by the relation

(foa)(z) =B, (a*(f),z) for fe P ze€Q.

In [15], A. Roy defined the “elementary” transformations FE,, E; of @ L H(P) given by

E.(z) =z+a(z) Ei(2) =2+ B(2)
Eo(z) = Ej(x) = -p"(2)+ 2 — 386" (x)
Eo(f) =—a*(f) —z00*(f)+f Ei(f) =f

for z € Q,x € Pand f € P*. Observe that these transformations are orthogonal with respect
to the above quadratic form ¢ L p.

Now we recall the notion of generalized dimension function from [10]. Let P C Spec A
be a set of primes, N be the set of natural numbers and d : P — N U {0} be a function.
For primes p, q of P, define a partial order < on P as p < q iff p C q and d(p) > d(q). A
function d : P — NU{0} is a generalized dimension function if for any ideal I of A, V/(I)NP
has only a finite number of minimal elements with respect to the partial ordering <.

We found it difficult to give a meaningful set of commutator relations for the set of
generators {E,, E | € Homa(Q, P), 8 € Homa(Q, P*)}.

Let Q and P be free A-modules. In this case, we could conceive of a natural set of
generators, for which we could develop the commutator machinery. These generators will be
denoted by E,,,, EE” below. We proceed to define these now.

Notation 2.1. Let P and ) be free modules of rank m and n respectively, then we can
identify P, P* and @ with A™, A™ and A" respectively. Let {z; : 1 <i < n} be a basis for
Q, {gi: 1 <i<n} be abasis for Q*, {z; : 1 <i < m} be a basis for P and {f; : 1 <i <m}
be a basis for P*.

Let p; : A" — A be the projection onto the " component and 7; : A — A" be the
inclusion into the i component. Let a € Hom(Q, P). Let a;, i;; € Hom(Q, P) be the maps
given by

a;=mn;0op;oa and «a;; =1;0p;0Q0N;0DP;

for1<i<mand1<j<n. Clearly a = ¥ o = X2, X7 avi. Then o, of; € Hom(P*, Q)
is the maps given by

aj = (o), =a"omop; and af; = (a”);; =njop;oa’on op;.
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Then o* = 3" of = 3,37 ;. One can also see that this definition of a7, j; coincides
with the one obtained by applylng o =dp,” Lol € Hom(P*, Q) to o; and ;.

Let z = X7 ,d;z € Q for d; € A(1 < j <n). Then a is given by a(z;) = 219 = £, b,
for b;; € A(1 S i <m)and az) = X0 X0 dibyx, oi(2) = X5 djbija; and ag;(2) = djbija;.
Let a*(f;) = w; for some w; € Q. If f=X"cfi for ¢; € A(1 < i <m), then ¢; = (f, z;)
and so o (f) = XL (f, zy)w;. If w; = 87 y;2; for some y; € A, then wi; = y;2; € Q.

For 1 <:<mand 1< j <mn, the maps o; and «;;’s are given by

ai(f”)_{o it £ O‘”(f’“)_{o ik

Let f € Hom(Q, P*). Set 5*(x;) = vz for some v; € @, let v;; denotes the element 7, o p;(v;).
Now defining the maps 3, 85, 87, 3;; similarly and extending these to the whole of Q®P® P*,

i Mg

we get the maps as follows: For z € Q, z € P, fe P*;1<i<mand1<j<n;

aii(z,2, f) = (0, (wi, z)x;,0), Bij(z @, f) = (0,0, {vij, 2) fi) ,
ai(z,z, f) = (0,(wi, z)x;,0), Bi(z,z, ) =(0,0,{vi, 2) fi),
az,z, f) = (0,52 (w;, 2)x;,0),  Blz,z,f)  =(0,0,57 (v, 2) fi) ,
aj(z, 2, f) = ((f, 2:)wi;, 0,0), (2w, f) = (@, fi)vi, 0,0),
ai(z,2, f) = ((f,2:)w;, 0,0), Bi(z,x, f) = ((z, fi)v:,0,0),
a'(z,2, f) = (EL(f,2:)w;,0,0), B (2,2, f) = XLz, fi)v;,0,0).

Also, Q(wij) = %<wij>wij> and Q(Uz’j) = %(Uzﬁ“zﬁ-

For o € Hom(Q, P), the orthogonal transformation E,,; on @ L H(P) is given by

1
Eon'j(z7x7f) = (I_Oéfj +aij 2az] > (Z z, f)

= (z — (f, w)wij,  + (wij, 2)x; — (f, 2:)q(wiz)xsi, ).
For § € Hom(@, P*), the orthogonal transformation F 5, of QL H (P) is given by

E;ij(%l"af) = ([ = B+ Bij — lﬂijﬁ;j) (z,2, f)
= (2 = (fi »)vij, @, [+ (vij, 2) fi — (2, fi)a(vi) fi ) -

3. Roy’s Elementary orthogonal transformations

In this section, we consider the orthogonal group of @) L H(P), denoted by O4(Q L
H(P)), where @ and P are free A-modules of finite rank. Precisely,

Oa(@ L H(P)) ={o € Aut(Q L H(P)) | (¢ L p)(o(z,y)) = (¢ L p)(z,y) V (2,9) € @ L H(P)}.

Since ) and P are free modules, the elements of O4(Q L H(P)) can be represented as
matrices over A by choosing a basis for Q and P. Then we can identify O4(Q L H(P)) as a
subgroup of GL 420 (A).



A B C
Lemma 3.1. An (n+2m) X (n+2m) matrir T = | D F G | belongs to O4(Q L H(P))

H J K
if and only if any of the following equations hold.
o 0 0
(a) TWT = 4, for v = [0 0 I, where ¢ is the matriz corresponding to the non-
010

singular quadratic form q on @ and (? é) 1s the matrixz of the hyperbolic form p.

gbflAtgb gblet gblet A B C

(b) Clo K' G'" |.|\D F G| =1Id
B¢ Jt F? H J K
Proof. Follows immediately from the definition of O4(Q L H(P)). O

Let EO4(Q L H(P)) be the subgroup of O4(Q L H(P)) generated by E, and E}, where
a € Hom(Q, P) and f € Hom(Q, P*). We call this group elementary orthogonal group and
these transformations elementary orthogonal transformations. If () and P are free modules

of rank n and m respectively, we have the elementary transformations of the type E,,, and
EEij for1<i<m,1<j5<n.

Next, we compare the elementary orthogonal group of Roy’s elementary transformations
and that of the Dickson-Siegel-Eichler transformations which is defined as follows:

Definition 3.2. [7, Chapter 5| Let (M, B, q) be a non-degenerate quadratic module over A
and let O o(M) be its orthogonal group. Let w and v be in M with u isotropic and B(u,v) = 0.
For r = q(v), define the Dickson-Siegel-Eichler transformation 3,,, € End(M), by

Yuor(r) =2+ uB(v,x) —vB(u,z) — urB(u, ).
One can easily verify the following properties of Eichler transformations.
(1) Bupgw) € Oa(M),

(1) B v.q00) D) = Duotw,g(o)+a(w)+hvw);

(iii) E;jj,q(v) = Yy, —v,q(v);

(V) 00040 " = Zoucugw) for o€ O4(M).
Observe that ¥ = Id.

We may regard the elementary orthogonal transformations E,, and EE” as Dickson-
Siegel-Eichler transformations. More precisely, the orthogonal transformation F,, of M =
() L H(P) given by

Eoy (2,1, f) = (2 = (f, wi)wij, v+ (wij, 2)x; — (f, 25)q(wij) i, f)



can be written as X, w,; q(w;,)(2, T, f). For,

(Z ) (0 wi>0)<(wij’ 070)7 (27937 f)) - (wij7070)
((0,2:,0), (2,7, f)) = (0,2, 0)q(wi;){(0, z:,0), (2, z, f))
=(z = (fsx)wij, ©+ (wij, 2)x; — ([, xi)q(wig)zi, ).

Similarly, the orthogonal transformation Egij of M given by

EZEU(Z,% f) == {fix)vj, x, [+ (v, 2) fi = (=, fi)a(vi) fi )

can be written as Xy, v g(v;;) (2, T, f).

These elementary orthogonal transformations also satisfy the properties listed above.
Moreover, as we saw in the previous section, they satisfy a more general set of properties
analogous to Property(ii).

The transformations defined by A. Roy [15] can also be viewed as unitary transvections
[5, Section 5] of certain types of quadratic modules over a unitary ring (A, \,A). See [5,
Section 4] for further details of unitary rings.

Let M =V L H(P). If z = (v;p,q) € M, we have f(x,z) = f(v,v)+ (¢, p) p. Suppose P
has a unimodular element py. i.e. there is a gy € P such that (go, o) = 1. For any elements
po € Pywy € V and ag € A with ag = f(wo, wp) mod A,

f(p07p0) € A7
(wo, po) =0,
f(wo, wo) = agmod A.

le Wi ,q(wij) (Z x f)

If x = (v;p,q), then

O po,a0,wo (:C) =x+ p0<w07 ‘T;) - w0X<p07 33'> - pOXCLO(pm .CE>

Now take A = 0, A = 1, f(wo, wo) = ag and (wp, wo) = 2 f(wo, wy) = 2ag. Then we get

Eaij(z7$7f) = U i (ww wzg Wi (Z l‘ f)
2 17
E;z‘j (27 f7 CL’) = O-fi,<vijévij>7vij( 7f7 37)
Now we state the splitting property and extend the Lemma 1.4 of [17] regarding Roy’s
transformations. We use the notation E(«) for either E, or EY, where o € Hom(Q, P)

or Hom(Q, P*) respectively. Combining Lemma 1.2 and Lemma 1.3 of [17], we have the
following:

Lemma 3.3 (Splitting property [17]). For aq,as € Hom(Q, P) or Hom(Q, P*) we have

aq aq (8% (8%

Blar+ar) =B () B B(5) = 8(F) Bl B (F).
The following lemma extends Lemma 1.4 of [17].

Lemma 3.4. With the notation as above, the group EO4 (Q L H(P)) is generated by E(c;),
with o € Hom(Q, P) or Hom (Q, P*); 1 <i<m and 1< j <n.



Proof. For @ € Hom(Q, P) or Hom(Q, P*), we have a = Y, 2?21 a;; from the previous
section. By repeated applications of the splitting property, we have

ple=p () (5 £ () B () £ ()
B (M) B B (M) B ().

This proves the lemma. O

4. Commutator relations between elementary generators

All the main results in this paper depend on various commutator relations between the
generators of EO4(Q L H(P)). The computations for these relations are messy and the
general expressions and their detailed proofs are given in a note posted in the arXiv at [1].
In this section, we state some of the commutator relations which will be used in the sections
to follow.

Lemma 4.1. Let Q, P be free A-modules of rank n and m respectively; o, 6 € Hom(Q, P)
and B,y € Hom(Q, P*). Then for any given i,j,k,| with i # k for 1 < i,k < m and
1 < 3,1 < n; we have the following commutator relations between the elementary orthogonal
transformations E,,;, Es,,, E; and E

Vet
(i> [Eaij7 E5kl] =1+ 5“@2} - aij(sl:lf
(i) [Ej,. B2 =1+ 7Bl — By

Proof. (i), (ii) and (iii) follows from Lemma 2.1, Lemma 2.3 and Lemma 2.7 of [1] respectively.
[

Corollary 4.2. Under the same assumptions as in Lemma 4.1 and for a,b,c,d € A, we have
the following:

(1> [EaaijaEkal] = [EcaijaEd&CJ Zf ab = Cd;

(i) [Baas,» Bygy, | = [Eeays Eag,,] if ab = cd,

(i) [Eg, Eiy| = [Eisyo By | i ab=cd

Proof. (i), (ii) and (iii) follows from Corollary 2.2, Corollary 2.5 and Corollary 2.8 of [1]
respectively. O

Lemma 4.3. Let Q, P be free A-modules of rank n and m respectively; «,6 € Hom(Q, P)
and fB,v € Hom(Q, P*). For any given i,j,k,l,p,q withi # k, k # p for 1 <i,k,p <m and
1 < 4,1,g < n; we have the following commutator relations:

(i) [Egij’ [Ealw E5qu = B, |:Egij’ Em} )
2



(i) [Bayr [Bo B3, = By [Py B ]

(iii> _EEW [Ej;kz’ Eapqﬂ - E:kj |:Eg;i]" Eig]:| ’

(iv) _E%" [Egkz’E;qu - Egkj [E%"Ezkj} )

2

where
Akj = QalpgBijs p; = OriBpgi; € Hom(Q, P),

Vij = Vi Bij and i = By € Hom(Q, P7).

Proof. (i), (i), (iii) and (iv) follows from Lemma 3.1, Lemma 3.3, Lemma 3.5 and Lemma 3.7
of [1] respectively. O

Corollary 4.4. Under the same assumptions as in Lemma 4.3 and for a,b,c,d,e, f € A,
we have the following:

(i) -E;‘ﬁij, [Evays Ees,, ] -Eéﬁij’ [Eeays Ef(gpqﬂ if abc = def and a*bc = d%ef,

i) |Buns» | Bosrs iy, || = | By | Besiis B, || f abe = def and a?be = dPef,

i) [E*, (B . E
L a‘B’LJ

by ' cpq

)
)
} - :E;lkﬁij’ [E:m’ Efapq]] if abc = def and a’bc = d26f,
)

() | Bacys | B B2

CYpq

= [Ed%., [Eg‘ﬁkl, E;WIH if abc = def and a*bc = d%ef.

Proof. (i), (ii), (iii) and (iv) follows from Corollary 3.2, Corollary 3.4, Corollary 3.6 and
Corollary 3.8 of [1] respectively. O

5. Local-Global Principle for Roy’s Elementary Orthogonal Transformations

In this section, we establish that £O 41x(M[X]), where M = ) 1. H(P) such that @ and
P are free modules of rank n and m respectively, satisfies the Local-Global principle.

Theorem 5.1 (Local-Global Principle). Let (X) € Oax)(M[X]). If for all mazimal
ideals m Of A, Q(X)m € OAm(Mm) . EOAm[X](Mm[X]) s then G(X) S OA(M) 'EOA[X](M[X]).

Before beginning the proof we make the following remark.

Remark 5.2. Replacing 6(X) by 6(0)7'6(X), we may assume that 6(0) = 1. Further for any
ring A, 0(X) € O4(M)EO41x)(M[X]) and 6(0) = Id implies that §(X) € EO 4px(M[X]).
For, if 0(X) = ve(X),v € O4(M) and e(X) € EO4;x)(M[X]), then v = 0(0)e(0)~! =£(0)~".

In view of this remark we can rewrite the Theorem 5.1 as follows:

Theorem 5.3 (Local-Global Principle). Let 0(X) € Oapx)(M[X]) with §(0) = Id. If for
all maximal ideals m of A, §(X)m € EO4,1x](Mw[X]), then 0(X) € EOs1x)(M[X]).
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We begin with some lemmas.

Lemma 5.4. Let G be a group and a;,b; € G, fori=1,...,n. Then
[T aibi =TIy ribir; ! [T ai
where r; = H;:1 aj.
Proof. Direct computation. O]

Lemma 5.5. The group EO 4x(M|[X]) is generated by the elements of the type
YE (Xa; (X)), where v € EO4(M), a;j(X) € Hom(Q[X], P[X]) or Hom(Q[X], P*[X]).

Proof. Let §(X) be an element of EO 41x](M[X]) such that §(0) = Id. Then
Q(X) = H;:l E (aikjk (X)) - HZ:I E (aikjk (0) + Xa/ikjk (X))
=1L, E (—ai’“];(o)> E(Xdy, (X)) E (—a”“’“ 0)>( by Splitting property )
= HZ; arby,

where
ap = E(a”’;(o)) : by =E (X (X)) fork=1,..r,
ap = FE (az’“ “2’“ 1(0)) E <aikgk(o)> fork=2,...,r,
a1 = B (““3“”) ) bry1 =1

By Lemma 5.4, we have
0(X) = IT,5 mE (X iy (X)) 3 TIL ane
where 7, = H?Zl aj € EO4(M) and [, ax = [Ty B, (0)) = 0(0) = Id.

Therefore
0(X) =15 wE (Xos, (X)) %"
O]

Lemma 5.6. Let o, § € Hom(Q, P), B,y € Hom(Q, P*) and s be a non-nilpotent element of
A. Fizr € N. Leti k,p, € {1,2,....m} and j,l,q; € {1,2,...,n} for everyt € N. Then for
sufficiently large d, there exists a pmduct decomposition for E ( XU) E (sda:Ykl) E (—;%Xij)
in EO 4, (M;) given by

a a -
FE (S_TX7‘3> E (S SUYkl) E <_;ij) = EE (Sdtmtzptm) )

where X, Y, Z € {«, 8,7,6}, a,x € A and the elements x, € A fort € N are chosen suitably.
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Proof. To prove the lemma it is enough to consider the following cases:

Case 1: (X,Y) € {(a, ), (a,9),(3,8), (B:7)}
E(£X,;) E (s%0Yy) E (£X45) " = [1, E (%21 Zpq,)-
Subcase (a): 1 # k

a a -1 a
FE (S_T’XZ]> E (Sdl’Ykl) E <§ng> = [E (;XU> ,E (Sdl’Ykl)] E (SdJTY}Cl)
= [E(as"X;;) , E (s'2Yi)] E (s"2Y)
(by Corollary 4.2 (i) and Corollary 4.2 (iii))
=1I_, E (s thptqt) for d;, > 0.

This equation holds for any positive integers p,q with p+q¢=d —r.
Subcase (b): i =k

E (%XZJ> E (S x}/;cl) E (:_TXZ]> [ ( z]) ,E <3de}gl):| FE (Sdl’Ykl)
=F (8 xYkl)
(by Lemma 4.1(i) and by Lemma 4.1 (iii))

Case 2: (X,Y) € {(a,0),(B,)}
E(5Xy) B (s"0i) B (SEX]) =TT, E (5%, Zy, ).

Subcase (a): 1 # k
For instance,

a a - _
B (Say) B (s"c6u) B <?az~j> = Fsa, Bitys, B,
[E7QZJ’ E: Iﬁkz] E:dﬂﬁﬂkz
= [Easvas;s Biaupy,| Fuags,, (by Corollary 4.2 (ii))
=11, E(s"xZ,,,) for d; > 0 and v < 5.
Subcase (b): i =k
For instance,
a a - . _
E (8—057;]') FE (Sdﬂfﬁil> FE <S—aij) == E*raz;EsdacB-lE%laij‘ (51)
Set d = Ny + Ny + N3 such that Ny > r 4+ 2 and Ny + N3 > 2r + 4. Now, replacing E*

sdafBy

by [Eszvlakl, [ESNM%, ESN3,Y;q:|i| [Esda:ﬁgl’ Eswlakl} in Equation (5.1), using Lemma 4.3 (i), we

have
- 1
E7azj sdx,BlEs,_a” - E76¥” [Eleaklv |:E8N2x,6’;‘l7 EsN3'y;qi|] [Esd:tﬁgl’ ESNlOékl:| B, Ta”
Then we will see that the following are in the required product form.

11



(i) Es

ST Qg

Epig, Ea'

701”

(ii) Efraij [ESNQIBZ’ESNS'V; } B,

'razg

1
(iil) Eaq, [ExﬂlENa] E-.
2

raw

ESNlakl] ESNlakz

For, (i) Esa,Bvia, By, = [Bay
= [Easp/a_j, Esq/akl} Eni,,, (by Corollary 4.2(i))
=11, E (s"2:Zp,q,) for d, > 0 and v < 5.

This equation holds for any positive integers p’, ¢’ with p' +¢ = Ny —r.
(ii) E%aij ESNQZ,/BE, ESNB,Y;q} E;l |:E 20y [E Nag g E sNayz H [ESNQ:EB;Z, ESN3’Y;q:|

|:Esp”a ) |:Esf1”m[3* Es””’y;q]i| |:E5N2:c,8;‘l7EsN3fy;qi|
( by Corollary 4.4 (ii))
=11 E (s"x:Zp,q,) for d; > 0 and v < 14.

This equation holds for any positive integers p”, ¢’ and r” with 2p” +¢" + 1" = Ny + N3 — 2r.

.o 1
(111) B Qi {Esdxﬂfl’ ESNlakz:| Ea G [Erau’ {Esdxﬁ;l’ Eleakl:|:| {Esdxﬁi*l’ ESNlOsz:|
2 2 2

|:Esp///a y |:Es‘1”/:rﬁ§l’ ESTNIOékl:|:| |:Esdxﬁ§l’ ESNlakl:|

( by Corollary 4.4 (i))
=11, E (s™@Zp,q,)for d, > 0 and v < 14.
This equation holds for any positive integers p”, ¢ and " with 2p”" +¢" +r" = N1 +d—2r.

Hence Equation (5.1) is of the form [];_, F(s%x,Z,,,) for d; > 0 and v < 52.
[

Lemma 5.7. (Dilation Lemma) Let A be a commutative ring and Q, P be free modules of
rank n and m respectively. Let s be a non-nilpotent element of A and M = @Q L H(P).
Let 0(X) € Oux(M[X]) with 6(0) = Id. Let Y,Z € Hom(Q, P) or Hom(Q, P*). If
0,(X) = (0(X))s € EOax), (M[X],), then for d > 0 and for all b € (s)*A, we have
0(bX) € EO 4y (M[X]).

(
Proof. Let 0,(X) € EO4,1x] (M[X]). Then 0,(X) =[], E (e, (X)), where
a;, . (X) € Hom(Q[X], Ps[X]) or Hom(Q[X], P¥[X]) for all k € N, i, € {1,2,...,m} and

Jk € {1,2, ,n}

Let aj, (X) = i, (0) + Xaf ;, (X). By the splitting property, we can write

B (o (0) = B (2258 b (xal, 00) £ (25

12



2 Ik 2

Then 0,(X) = [[.*' B (“—(0)> E(Xd, , (X)) E (“‘—“”>

By Lemma 5.5, one has

0,(X) = [T.2 wE (Xad,;, (X)) %'

where v, = H?Zl a; with

a = K <—ai1j21 (0)> ; ary1 = F <—airg(0)) )

ap = E(M)E(%) fork=2...,r

Hence we can write
0,(s°X) = [[\5 wE (s s'Xal . (s7X)) ;" for d>> 0.

Claim : If € = Hle E(¢;),cj € My, then for {E (sdeij) £71, we have a product decompo-
sition given by

¢E (sda:Zij) T i‘il E (sdfthitjt) (5.2)
with d; — oo for d > 0, z; € A.

Proof of the Claim. We do this by induction on k.
Let &€ = & ... &, where § = E(¢;). When k = 1, by Lemma 5.6, we have a product
decomposition

& FE (sd:r:Z@'j) &= ;\;1 E (sdithitjt)
with d; — oo for d > 0. Now assume that the result is true for kK — 1. i.e. we have

5152 P Sk—lE (SdZEZZ‘j) (flfg .. -5]9—1) 1_[)\]C B (S JZtZtht)

with d; — oo for d > 0. Now by Lemma 5.6, we can write

G (s'0Z;) & =TI B (s 00 Zig,) = papsa - o (say).

Hence we have

(&1& .. &) E (s%2Zy) (616 .. o) = (Gl Gon) aptn iy (G )T
= (66 o) (&b &) NG &)
po(&iéa. . &)t (G &)
iy (b1 &)™

Now applying induction to each of the expressions &€ ... &1 (£1&2 - . .fk_l)fl as [ varies
from 1 to A, we have a product decomposition as in Equation(5.2). Therefore we can write

95 (SdX) = Zill ?il E (Sdt‘rtZitjt)
for d large enough. The terms sy, for 1 <t < )\ is contained in M [X] as required. Hence
0(bX) = [0 [T, E (s%:Zi,5,) € EOax) (M[X))
for all b € (s)?A. O

13



Proof of the Theorem 5.3. Let m be a maximal ideal of A. Choose an element s, from A\ m
such that
0(X)sn € EOA,x), (M[X])-

Define
K(X,Y)=0(X +Y)o(Y) .
Clearly x(X,Y)s, € EOAS[X,y}m(MS[X]m) and k(0,Y) = Id.
Now by applying Dilation Lemma with A[Y] as the base ring, we get
H(me, Y) S EOA[X,Y] (M[X, Y]) ,

where by, € (sY) for some N > 0.
Since A is the ideal generated by {sm }memax 4, there exists maximal ideals my, ..., m, and
elements sy, € A\ m; such that A =3’ (sw,). Therefore

A= S
=1

for any N; > 0. Hence for by, € (sn]\{z) with IV; > 0, there exists elements d,...,d, € A
satisfying

> diby, = 1.
i=1
Observe that #(d;bn,X,Y) € EOqxy)(M[X,Y]) for 1 <i <.

Q(X) =9(Z§:1 dibmiX) 0 (22:2 dibmiX)_l 0 (22:2 dibmiX) 0 (22:3 dibmiX)_l e
0 (dy—1bm, , X + dvbg, X) 0 (dvbw, X) ' 0 (dybm, X)
:H:;ll ’%(dibmin Ti)lﬁ(drmeX, O)?

where T; = Y7, . dpbn, X. Hence 0(X) € EO 4x1(M[X]) .

5.1. A Local-Global principle for EO(Q L h™) - O(h™)

Theorem 5.8 ([14], Theorem 2.5). Let A be a ring with generalized dimension > d. Let
(Q,q) be a diagonalizable quadratic A-space. Consider the quadratic A-space @ L H(P),
where rank (P) > d. Then

Oa(@ L H(P)) = EO4(Q,H(P))-Oa(H(P))
= {ef | e € EO4(Q, H(P)), 5
{65 | €& EOA(QvH(P))a/B

c O4(H(P))}
€0
= Ou(H(P))-EOA(Q,H(P)).

Lemma 5.9. (Dilation Lemma) Let A be a commutative ring with generalized dimension
> d and Q be a free module of rank n. Let (Q,q) be a diagonalizable quadratic A-space. Let
s be a non-nilpotent element of A and m > d. Let 0(X) € Oax)(Q® A[X] L h™)-O41x(h™)
with 0(0) = Id. If 0,(X) = (0(X))s € EOyx) (Q @ A[X], L h™)-Oax) (h™), then for d >0
and for all b € (s)*A, we have (bX) € EOx(Q ® A[X]| L h™) - Oqrx)(R™).
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Proof. The proof is similar to Lemma 5.7. For, if 05(X) = ¢(X)A(X) with

e(X) € EOqx (Q @ A[X], L h™), B(X) € Oyx, (h™), then 0(0) = I = £(0)3(0); whence
0,(X) = {e(X)e(0)"}{B(0)"*B(X)}. In other words, we may assume at the onset that
£(0) = Id and 5(0) = Id. The rest of the proof follows from Lemma 5.7. O

Theorem 5.10. (Local-Global Principle) Let A be a commutative ring with generalized
dimension > d and let (Q,q) be a diagonalizable quadratic A-space. Assume that @Q is a
free module of rank n. Let m > d and let (X) € Oux(Q ® A[X] L h™) with 6(0) = Id.
IfVm € Max(A), am = BnYm, where fn € EOax) ((Q @ A[X])w L 2™), ym € Oaxy (h™)
with B(0) = Id,y(0) = Id. Then a = By with 8 € EOAx](Q®A[X]) L A™),y € Ox(h™).

Proof. The proof follows in similar lines as Theorem 5.3 except for the following. Let m be
a maximal ideal of A. Choose an element s, from A\ m such that

Q(X)Sm € EOA[X]sm (Q ® A[X] . € hm) OA[X}Sm (hm)

s

Define
R(X,Y)=0(X+ Y)H(Y)*l.

Then
K(X,Y) = exmeany (5.3)

for e1,69 € EOAx,y)(Q ® A[X, Y] L h™) and 71,12 € Oarx,y)(h™). Since
EOAxy)(Q ® A[X, Y] L h™) - Oaixy)(h™) = Oax,y)(R™) - EOax v1(Q ® A[X, Y] L A™),
by Theorem 5.8, we can write Equation (5.3) as
R(X,Y) = ergom

for some €} € EOaxy1(Q ® A[X,Y] L h™) and 1y € Oaix,y)(R™).
Then x(X,Y),, € EOA[XvY]sm (Q® A[X, Y]sm 1L hm) - OA[X:Y]sm (h™) and k(0,Y) = Id.
Therefore, by applying Lemma 5.9 with base ring A[Y],

K(me, Y) € EOA[X’y}(Q 1 A[X, Y] 1 hm) . OA[va}(hm),

where by, € (sY) for some N > 0.

6. Extendability of Quadratic Spaces

In this section, we apply the Local Global principle to prove the principal result [Theo-
rem 6.2] on the extendability of quadratic A[T]-spaces of Witt index > d over an equichar-
acteristic regular local ring of dimension d.

We begin with the following crucial observation.

Lemma 6.1. Let A be a reqular local ring containing a field. Let (Q),q) L h be a quadratic
AlT]-space. If (Q/TQ L h) is hyperbolic, then (Q,q) L h is hyperbolic.
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Proof. In [11], D. Popescu showed that if A is a geometrically regular local ring (over a field
k), or when the characteristic of the residue field is a regular parameter in A, then it is a
filtered inductive limit of regular local rings essentially of finite type over the integers (or
over k).

In view of this, we may regard (@, q) L h to be a quadratic B[T]-space over some regular
local ring B essentially of finite type over k with (Q/T'Q,q/(T)) L h hyperbolic. In view of
Proposition 1.3 of [13], (@, q) L h is hyperbolic over B[T|, whence over A[T]. O

Theorem 6.2. Let (A,m) be an equicharacteristic reqular local ring of dimension d and
2 € A*. Then every quadratic A[T]-space (Q,q) L h™ with Witt index n > d is extended from
A.

Proof. Let {m,ms,...,mq} be a regular system of parameters generating the maximal ideal
m of A.

Let A! denote the (my,...,m)-adic completion of A. Observe that A¢ is isomorphic to
the power series ring k[[ X1, ..., X4]] by Cohen structure theorem, where k is the residue field

A/m of A. Observe also that A’ is the (m;)-adic completion of AL,
We now recall Amit Roy’s garland of patching diagrams in [16]:

A [T] AT

Al [T] Ad 1 \
Al / A? [T] Ad-2 [T] \ Ad, 1)
\ - e

7 AT — At AL T
Az, [T) AgL [T
~ A
a1 At
Al (7] - A T)

We use it below. Let us concentrate on the patching square P;(A)[T]:

Al [T] Al+1 [T]
(AN m [T] — (A ), [T

For all [ this is a cartesian square as rings. Moreover, by [9], it is also a cartesian square
of quadratic spaces. This will enable us to analyze the quadratic A-space.

We prove the result by induction on d — [, starting with [ = 0. In this case A is a
complete equicharacteristic regular local ring, whence a power series ring over its residue
field. We appeal to [13, Theorem 1.1].

Assume the result for d — [ = m. For d — (I + 1) = m — 1, consider the patching diagram

We fix some notations as folows:

For a regular parameter 7 of A, let Q' = Q® AYT], Q° = Q, Q' = Q ® A';[T] and for a
quadratic A-space @1, we denote @ ® A by Q1.
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Let (Q L h")/(T) = Q1 L h™, where Q, is the quadratic A-space Q/(T). Since A™!
is local, @™ ! is diagonalizable [2, Proposition 3.4]. Since A™~' is regular, by Karoubi’s
theorem [8, Chapter VII, Theorem 2.1], (Q L h™)™~! is stably extended from A™!. Let

@ LA™ LA = A" T @ (i La™") n>d.
Then
(@ Lwym L) = ((am ), [me (@), L)) n>d

By [14, Theorem 3.3|, we get the isomorphism

(@Liym), = (), me (@), L))

Using the extendability for quadratic spaces over A™[T| via induction hypothesis, we have

Tm

T (Q LA™ = AMI] @ (™ L ™).
Now by identifying the quadratic spaces (((Q 1 h”)m_l)ﬂm ®(Am’1)7rm i (A" x, [T])) and
((Q LI @ gy A™ [T])Wm with <(Q LI @ ey ((A™), [T])) , via the patch-
ing for quadratic spaces from [9], we have maps &, T corresponding to o, 7 and
o7 '€ Omy,, i ((Q1 L ™)™ ).

Since ((A™)r,.),, is local, <(Q1)m7rm)m is diagonalizable and hence, by Theorem 5.8,

O (((@™),)p L") =BO (((@1™),), L") -O (")
Therefore we can write
(67 71) = b,
where ayn € EO(am),, ) 1) (((le)ﬂm) 1 h”) for some o € Ogam), 1 (((le)ﬂm) L h”)
with a(0) = Id and By € O(am),, ) ) (h") for some 8 € Ogam), ) (R") with 3(0) = Id, via

the same argument as in Lemma '5.9.
Then, by Theorem 5.10, we have

57 = ap

with @ € O (((@:1™),, ) L k"), a(0) = Id, B € Oamy,, ) (h") and 5(0) = Id. Now via the
‘deep splitting’ technique introduced in [13], we can write 67! = 3 € O(h").
Now we have
QLA™ ~ (((QLAM™™)_ | 1d,(QL h”)m>

((
~ ( (A1) ((Q mh L h”) LaB, AT @ ()™ L h”))
~ (", []lh"ﬁQl[]lh")
~ le YT L (R, B,h") = Q"™ '[T] L Qs

17



where Q5 is the quadratic A™~1[T]-space defined by the patching technique. Now

Q" NT) L Qy LA ~Qm™ ' LA ~Q™ 'T] L h"t.

By cancellation of quadratic spaces over local rings [15], we have Qo L h ~ h"™!. Since

B(0) = Id, Qo/(T) ~ h". Thus, by Lemma 6.1, Q is extended from A™~! whence so is
(Q L h™)™~1. Hence the result is true for [ + 1. Then the theorem follows by induction. [J
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