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NOTE ON THE CHARACTERISTIC RANK OF VECTOR BUNDLES

ANIRUDDHA C. NAOLEKAR AND AJAY SINGH THAKUR

ABSTRACT. We define the notion of the characteristic rank, charranke (X)), of a real vector
bundle £ over a finite CW-complex X. This is a bundle dependent version of the notion
of characteristic rank introduced by Julius Korbas [9]. We obtain bounds for the cup
length of manifolds in terms of the characteristic rank of vector bundles and compute the
characteristic rank of vector bundles over the Dold manifolds, the Moore spaces and the
stunted projective spaces amongst others.

1. INTRODUCTION

Recently, J Korbas [9] has introduced a new homotopy invariant, called the characteristic
rank, of a connected, closed, smooth manifold X. The characteristic rank of a connected,
closed smooth d-manifold X, denoted by charrank(X), is the largest integer k, 0 < k < d,
such that every cohomology class © € H’(X;Zs), 0 < j < k is a polynomial in the Stiefel-
Whitney classes of (the tangent bundle of) X.

An important question is understanding the characteristic rank of manifolds. Apart from
being an interesting question in its own right, a part of the motivation for computing the
characteristic rank comes from a theorem of Korbas ([9], Theorem 1.1), where the author has
described a bound for the Zs-cup-length of (unorientedly) null cobordant, closed, smooth
manifolds in terms of its charateristic rank. More specifically, J Korbéds has proved the
following.

Theorem 1.1. ([9], Theorem 1.1) Let X be a closed smooth connected d-dimensional man-
ifold unorientedly cobordant to zero. Let I;T’"(X;Zg), r < d, be the first nonzero reduced
cohomology group of X. Let z (z < d—1) be an integer such that for j < z each element of
HI(X:Zs) can be expressed as a polynomial in the Stiefel-Whitney classes of the manifold
X. Then we have that J .

.

cup(X) <1+ "

Recall that the Zg-cup-length, denoted by cup(X), of a space X is the largest integer ¢
such that there exist classes x; € H*(X;Zs), deg(x;) > 1, such that the cup product
1 x2---x¢ # 0. We mention in passing that the Zo-cup-length is well known to have
connections with the Lyusternik-Shnirel’'man category of the space.

With the computation of the characteristic rank in mind, Balko-Korbas [2] obtain bounds for
the characteristic rank of manifolds X which occur as total spaces of smooth fiber bundles
with fibers totally non-homologous to zero, and also in the situation where, additionally, X
itself is null cobordant (see [2], Theorem 2.1 and Theorem 2.2).
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It is useful to think of the characteristic rank of a manifold as the characteristic rank “with
respect to the tangent bundle” and introduce bundle dependency in its definition. Bundle
dependency can be introduced as in the definition below.

Definition 1.2. Let X be a connected, finite CW-complex and ¢ a real vector bundle over
X. The characteristic rank of X with respect to the bundle £, denoted by charranke(X),
is by definition the largest integer k, 0 < k& < dim(X), such that every cohomology class
r € HI(X;Zs), 0 < j <k, is a polynomial in the Stiefel-Whitney classes w;(£) of £&. The
upper characteristic rank of X, denoted by ucharrank(X), is the maximum of charranke(X)
as £ varies over all vector bundles over X.

Thus, if X is a connected, closed, smooth d-manifold, then charrankyx (X) = charrank(X)
where T'X is the tangent bundle of X.

In this note we discuss some general properties of charrank¢ and give a complete description
(sometimes in terms of bounds) of charranke(X) of vector bundles £ over X when X is:
a product of spheres, the real and complex projective spaces, the Dold manifold P(m,n),
the Moore space M (Zgy,n) and the stunted projective spaces RP"/RP™. We now briefly
describe the contents of this note.

For a space X, let rx denote the smallest positive integer such that Hx (X;Z2) # 0. In
the case that such an integer does not exist, that is, all the reduced cohomology groups
H (X;Zs) =0, 1 <14 <dim(X), then we set 7x = dim(X) + 1. In any case, ry > 1.

Making the definition of the characteristic rank bundle dependent almost immediately shows
that a more general version of Theorem 1.1 is true which yields sharper bounds on the cup-

length in certain cases. We shall prove the following.

Theorem 1.3. Let X be a connected, closed, smooth d-manifold. Let & be a vector bundle
over X satisfying the following:

o there exists k, k < charranke(X), such that every monomial wy, (§) - - - w;, (§), iy < k,
of total degree d is zero.

Then,
d—k—1

cup(X) <1+ -

We note that if X is an unoriented boundary, then £ = T'X satisfies the conditions of the
above theorem with k& = charrankyx (X). In the above theorem we do not assume that X is
an unoriented boundary. We also show that the assumption in Theorem 1.1 that z < d —1
is always satisfied (see Corollary 2.11 and Remark 2.12).

If X is an unoriented boundary and there exists a vector bundle £ over X and k satisfying
the conditions of the above theorem, such that

charrank(X) = charrankyx (X) < k < charranke(X),

then the bound for cup(X) using charranke(X) is much sharper than that obtained by
Theorem 1.1. We note that over the null cobordant manifold S% x S™, d = 2,4,8 and
m # 2,4, 8 there exists a vector bundle ¢ satisfying the conditions of Theorem 1.3 (see, for
example, Example 4.5, Example 4.6 below).

If X is a space with ucharrank(X) = dim(X), it turns out that the cup-length cup(X) of
X can be computed as the maximal length of a non-zero product of the Stiefel-Whitney
classes of a suitable bundle over X. We prove the following.



Theorem 1.4. Let X be a connected, closed, smooth d-manifold. If ucharrank(X) =
dim(X), then there exists a vector bundle & over X such that

cup(X) = max{k | there exist i1, ...ix > 1 with w; (§) ---w;, (§) # 0}.

Making the definition of charateristic rank bundle dependent allows us, under certain con-
ditions, to construct homomorphisms on the group KO(X). It is clear from the definition
that charranke(X) = charrank,(X) if £ and 7 are isomorphic. Let Vectgr(X) denote the
semi-ring of isomorphism classes of real vector bundles over X. We then have a function

[ Vectr(X) — Zo

defined by f(£) = charranke(X) (mod 2). We observe that under certain restrictions on
the values of charranke(X) the function f is actually a semi-group homomorphism. More
precisely we prove the following.

Theorem 1.5. Let X be a connected finite CW -complex with rx = 1. Assume that for any
vector bundle & over X, charranke(X) is either rx —1 = 0 or is an odd integer. Assume
that ucharranke(X) > rx. Then the function

[ Vectr(X) — Zo
defined by f(§) = charranke(X) (mod 2) is surjective a semi-group homomorphism and
hence gives rise to a group homomorphism f: KO(X) — Zs.

The function f defined in the above theorem is in general not a semi-ring homomorphism
(see Remark 4.3). There is a large class of spaces that satisfy the conditions of the above
theorem. We prove the following.

Theorem 1.6. (1) Let X = RP". Then ucharrank(X) > 1 and for any vector bundle
& over X, the characteristic rank charranke(X) is either rx —1 =0 or is n.
(2) Let X = S' x CP". Then ucharrank(X) > 1 and for any vector bundle & over X,
the characteristic rank charranke(X) is either rx —1=0, 1 or (2n+1).
(3) Let X be the Dold manifold X = P(m,n). Then ucharrank(X) > 1 and for any
vector bundle & over X, the characteristic rank charranke (X)) is either rx —1 =0,
1 or (2n+m).

Recall that the Dold manifold P(m,n) is the quotient of S x CP" by the fixed point free
involution (z,z2) — (—x, 2).

In this note we concentrate on the computational part of charranke. We compute the
characteristic rank of vector bundles over products of two spheres S¢ x S™, the real and

complex projective spaces, the spaces S* x CP", the Dold manifold P(m,n) and the Moore
space M (Zz,n). We also prove some general facts about charrank(§).

The paper is organized as follows. In Section 2 we prove some general facts about charrank,.
In Section 3 we prove Theorem 1.3, Theorem 1.4 and Theorem 1.5. Finally, in Section 4,
we compute charranke(X) where X is either the product of spheres S x S™, the real and
complex projective spaces, the product S' x CP", the Dold manifold P(m,n), the Moore
space M (Za,n) and the stunted projective space and £ a vector bundle over X.

Convention. By a space we shall mean a connected, finite C'W-complex. All vector
bundles are real unless otherwise stated.
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2. GENERALITIES

In this section we make some general observations about charrank¢. Recall that, for a space

X, rx denotes the smallest positive integer for which the reduced cohomology HTx (X;Zs) #
0 and if such a rx does not exist, then we set rx = dim(X )+ 1. Then for any vector bundle
& over X we have

rx — 1 < charranke (X)) < ucharrank(X).

We begin with some easy observations.

Lemma 2.1. Let £ and n be any two vector bundles over a space X.
(1) If wy (&) =0, then charranke(X) =rx —1;
(2) If w(§) =1, then charranke(X) =rx — 1.
(3) If w(n) = 1, then charrankeg, (X) = charranke(X). Hence if KO(X) = 0, then
charranke (X) = rx — 1 for any vector bundle over X ;

(4) If £ and n are stably isomorphic, then charranke(X) = charrank,(X);
(5) There exists a vector bundle 6 over X such that charrankeqg(X) = rx — 1.

Proof. (1) follows from the definition. Clearly, (2) follows from (1). To prove (3) we note
that since w(§ @ n) = w(§) we have charrankeg, (X) = charrank¢(X). As KO(X) =0, we
have £ & € = &’. Hence

charranke = charrankeq,. (X) = charrank./(X) =rx — 1.
This completes the proof of (3). Next, if £& and 1 are stably isomorphic we have trivial
bundles ¢ and &’ such that { @ e = n @ e’. Hence (4) follows from (3). Finally, as X is

compact, given £ we can find a vector bundle 0 such that £ ® 6 = ¢. Hence (5) follows from
(4) and (2). O

Lemma 2.2. Let X be a space.

(1) If ucharrank(X) > rx, then dimg, H™X (X;Z2) = 1.
(2) If rx is not a power of 2, then ucharrank(X) =rx — 1.

Proof. If £ is a vector bundle over X with charranke(X) > rx, then by Lemma2.1 (1),
wry (§) # 0. This forces the equality dimg, H™*(X;Z2) = 1 and proves (1). It is known
that for any vector bundle £, the smallest integer k such that wg(£) # 0 is always a power
of 2 (see, for example, [11]). Lemma2.1 (1) now completes the proof of (2). O

Let Y be a space and and let X = XY be the suspension of Y. Then cup product of elements
of positive degree in H*(X;Zs) is zero. The following lemma is an easy consequence of this
fact and we omit the proof.

Lemma 2.3. Let Y be a space and X = XY . Let kx be the integer defined by
kx = max{k | dimg, H/(X;Z2) < 1,0 < j < k}.

Let & be any wvector bundle over X. Then, charranke(X) < kx. In particular,
ucharrank(X) < kx. O

Lemma 2.4. Let f : X — Y be a map between spaces. If f*: H*(Y;Zy) — H*(X;Zs2)
is surjective, then

charrank s«¢(X) > min{charranke(Y’), dim(X)}

for any vector bundle £ overY .
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Proof. As w;(f*¢) = f*(w;(&)), the surjectivity of f* implies that every cohomology class
in H*(X;Zso) of degree at most charranke(Y’) is a polynomial in the Stiefel-Whitney classes
of f*¢. If charranke(Y) > dim(X), then charranks«¢(X) = dim(X). If charranke(Y) <
dim(X), then charrank¢(Y) < charrank «¢(X) < dim(X). O

Before mentioning further general properties of the characteristic rank we record the char-
acteristic rank of vector bundles over the sphere. The description of the characteristic rank
of vector bundles over the spheres is an easy consequence of the following theorem due to
Atiyah-Hirzebruch ([1], Theorem 1), (see also [10]).

Theorem 2.5. ([1], Theorem 1) There exists a real vector bundle & over the sphere S with
wq(&) # 0 only for d=1,2,4, or 8. O

For the Hopf bundle v4 over S¢ (d = 1,2,4,8), the Stiefel-Whitney class w4(v4) is not zero.
Thus,
d ifd=1,2,4, or 8

ucharrank(sd) = { d—1 otherwise

Note that charrank(S%) = d — 1. We shall use the above description of characteristic rank
of vector bundles over the spheres in the sequel without explicit reference.

There are conditions under which one can obtain a natural upper bound on the upper
characteristic rank of a space. One such condition is the existence of a spherical class. Recall
that a cohomology class © € H¥(X;Zs) is spherical if there exists a map f : S¥ — X with
f*(z) # 0. Note that a spherical class z € H¥(X;Zy) is indecomposable as an element
of the cohomology ring. We shall show that the upper characteristic rank of a space is
bounded above by the degree of a spherical class.

Proposition 2.6. Let X be a space and assume that © € H*(X;Zy) is spherical, k #
1,2,4,8.

(1) There does not exist a vector bundle & over X with wi(§) = x.
(2) Then for any covering m : E — X, we have ucharrank(E) < k. In particular,
ucharrank(X) < k.

Proof. Assume that ¢ is vector bundle over X with wy(¢) # 0. Let f : S¥ — X be a
map with f*(2) # 0. Then f*¢ is a bundle over S¥ with wy(f*€) = f*(wi(€)) # 0. This
contradiction completes the proof of (1).

To prove (2), we first show that ucharrank(X) < k. Assume that £ is a vector bundle over
X with charranke (X) > k. Let f: Sk — X be a map with f*(x) # 0. By Lemma 2.4, we
have

charrank p«¢ (S*) = k.
This is a contradiction as k # 1,2,4,8. Hence ucharrank(X) < k. Now f factors through
the covering 7 : E — X. Let f =mog. As g*on*(z) = f*(x) # 0, we conclude that 7*(z)
is spherical. This completes the proof of (2). O

We remark that the case (2) in the above proposition also follows from (1).

Suppose that 7 : S — X is a k-sheeted covering with k& odd. If X is orientable, then
T+ Hy(S%Z) — Hg(X;Z) is well known to be multiplication by k. Since k is odd the
homomorphism 7* : H4(X; Zy) — H%(S%; Zy) is an isomorphism. The following is now a
consequence of the above proposition.

Corollary 2.7. Assume that 7 : S — X is a k-sheeted covering with k odd. If X is
orientable and d # 1,2,4,8, then ucharrank(X) < d. O
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Let L = L,,(f1,...,£,) denote the Lens space which is a quotient of S?"~! by a free action
of the cyclic group Z,, by orientation preserving maps (see [7], pp. 144). Then, we have a
m-sheeted covering 7 : S?"~1 — L with L orientable. We have the following corollary.

Corollary 2.8. Let L be the Lens space as above of dimension greater than 1. If m is odd,
then for any vector bundle £ over L, the total Stiefel-Whitney class w(§) = 1.

Proof. As L has dimension 2n—1 # 1, by Corollary 2.7 we have that ucharrank(L) < 2n—1.
The description of integral homology groups of L ([7], pp. 144) readily implies that L is
actually a Zg-cohomology (2n — 1)-sphere. As ucharrank(L) < 2n — 1, we must have
wan—1(£) = 0 for any vector bundle £ over L. This completes the proof. g

When a spherical class has degree k = 1,2,4, or 8, there can exist vector bundles of
characteristic rank greater than or equal to the degree of the spherical class. For example,
the sphere S* with k = 1,2,4, or 8 has upper characteristic rank equal to k. The complex
projective space CP" has a spherical class in degree 2, however ucharrank(CP") = 2n (see
Example4.4). When a spherical class exists in degree 1,2,4 or 8 we have the following.

Lemma 2.9. Let X be a space and assume that x € H*(X;Zsy) is spherical where k =
1,2,4,8. Then for any vector bundle & over X with charranke(X) > k, we have wy,(§) # 0.

Proof. Let f: S¥ — X be a map with f*(z) # 0. By Lemma 2.4, charrank s+¢(S*) = k.
This implies that wy(f*¢) # 0. Hence wy (&) # 0. O

When X is a connected, closed, smooth d-manifold the characteristic rank charranke(X') of
X takes values in a certain specific range. We prove the following.

Theorem 2.10. Let X be a connected, closed, smooth d-manifold. Assume that 2rx < d.
Then, for any vector bundle § over X, charranke(X) is either d or less than (d —rx).

Proof. Let £ be a vector bundle over X with charranke(X) > d — rx. We shall show that
charrankg (X) = d. Since the groups H7(X;Z3) = 0 for d — rx < j < d, the proof will be
complete if the non-zero element in H%(X;Zs) is a polynomial in the Stiefel-Whitney classes
of £&. As charranke(X) > d —rx > rx, then by Lemma 2.2, H"X(X;Zs) = Zy. Hence, by
Poincare duality, H¥ "% (X;Zs) = Zs. Let a,b,z denote the non-zero cohomology classes
in degrees rx, d — rx and d respectively. The non-degeneracy of the pairing

H™(X;Zs) ® H" "X (X;Zs) — HY(X;Zs)
implies that a - b = x. As charrank¢(X) > d — rx > rx we have, by Lemma2.1 (1),

wry (§) # 0 and hence wy, (§) = a and b = p(wi(§),w2(£),...) is a polynomial in the
Stiefel-Whitney classes of €. This shows that

L= Wrx (E) p(’LUl(f), w2(§)7 .. )
is a polynomial in the Stiefel-Whitney classes of £&. This completes the proof of the theorem.
O

Let X be a connected, closed, smooth d-manifold. If X is an unoriented boundary, then any
monomial in the Stiefel-Whitney classes of X of total degree d is zero. Hence the non-zero
element in H%(X;Zs,) is never a polynomial in the Stiefel-Whitney classes of X. We thus
have the following corollary.

Corollary 2.11. Let X be a connected, closed, smooth d-manifold. Assume that 2rx < d.
If X is an unoriented boundary, then charrankyx (X) < d —rx. a
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Remark 2.12. If X is as in the above corollary, then as rx > 1, we always have
charrankyx (X) < d — 1. Thus, the assumption in Theorem 1.1 that z < d — 1 is always
satisfied.

3. PROOF OF THEOREM 1.3, THEOREM 1.4 AND THEOREM 1.5

In this section we prove Theorem 1.3,Theorem 1.4 and Theorem 1.5. The proof of The-
orem 1.3 is essentially the same as the proof of Theorem1.1. We reproduce it here for
completeness.

Proof of Theorem 1.3 Let x = x1 - x2---xs # 0 be a non-zero product of cohomology
classes of positive degree and of maximal length. Then z € H?%(X:;Zj). If not, then
by Poincare duality one can find a y in complimentary dimension such that x -y # 0
contradicting the maximality of s. By rearranging, we write

where deg(a;) < k and deg(3;) > k + 1. We note that n # 0. For otherwise the product
a = aq -+ which is now polynomial in wq(§),...,wx(§), will be a non-zero element

of total degree d contradicting the assumption on £. Therefore, if 3 = 31 ---3,, then
deg(8) > k+ 1. Thus deg(a) < d — (k+1). Thus

cup(X) = m+n
< deg(a)/rx +deg(8)/(k +1)
= deg(a)/rx + (d — deg(a))/(k + 1))
= ((k+1—-rx)deg(a)+dr))/rx(k+1)
< ((k+1—TX)(d—(k‘+1))+d’l“x)/7“x(]€+1)
= 1+ %X—l.
This completes the proof. O

Remark 3.1. In the case that X is an unoriented boundary and assuming that £ and k&
are as in the above theorem and satisfy

charrankrx (X) < k < charrank(X)

then the bound for cup(X) using the integer k is sharper than the bound in Theorem 1.1
(see also Example4.5 and Example 4.6 below).

Proof of Theorem 1.4. Let £ be any vector bundle over X with
charranke (X)) = ucharrank(X) = dim(X).

Let cup(X) = k. We shall show that some product of the Stiefel-Whitney classes of £ of
length k is non-zero. Let
r=x1 x0Tk #0

be a non-zero product of cohomology classes z; € H*(X;Zo) with deg(x;) > 1. As
charranke (X) = dim(X), each x; can be written as a sum of monomials in the Stiefel-
Whitney classes of €. Thus x can be written as a sum of monomials in the Stiefel-Whitney
classes of £ each of length at least k. As x # 0, it follows that some monomial in the Stiefel-
Whitney classes of £ of length k is non-zero. This completes the proof of the theorem. [J

Remark 3.2. (1) The proof of the above Theorem 1.4 actually shows that in the case
ucharrank(X) < dim(X) and

r=x1Tp#0
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with 1 < deg(z;) < ucharrank(X), then for any vector bundle £ over X with
charranke(X) = ucharrank(X) some product of the Stiefel-Whitney classes of £
of length k is non-zero.

(2) The conclusion of the Theorem 1.4 is not true if ucharrank(X) < dim(X). If X = S*,
k # 1,2,4,8, then ucharrank(X) = £k — 1 < k, cup(X) = 1 however w(§) = 1 for
any vector bundle £ over X.

Proof of Theorem 1.5. First note that the assumptions that rx = 1 and that
ucharrank(X) > rx implies that the function
[ Vectr(X) — Zo
defined by
f(&) = charrank¢(X) (mod 2)
is surjective. We shall now check that f is a semi-group homomorphism. To see this let &
and 7 be two bundles over X. We have the following cases.

If £ and 7 are both orientable, then so is £&n. Hence w(£®n) = 0. Asrx = 1, it follows that
charrankeg,,(X) = 0. The same argument shows that charranke(X) = 0 = charrank, (X).
Thus in this case we have f(E & n) = (&) + f(n).

Next suppose that both £ and n are non-orientable. Then £ & n is orientable and hence
f(£®n) = charrankeg, (X) = 0 as rx = 1. On the other hand as £ and 1 are non-orientable
we have

f(&) = charrank¢(X) = n = charrank, (X) = f(n).

Thus, as n is odd, we have the equality f(§ ®n) = f(§) + f(n).

Finally, assume that £ is orientable and 7 is not. Then &£ @ 7 is not orientable and hence

fledn) =1, f(§) =0and f(n) =1. So in this case we have f({ ®n) = f(§) + f(n). This
completes the proof that f is a semi-group homomorphism.

This gives rise to a surjective homomorphism

[ KOX)— Zy
defined by f(§ —n) = f(§) — f(n). This completes the proof. O
Remark 3.3. The (group) homomorphism f : KO(X) — Zg restricts to a surjective

homomorphism g : KO(X) — Zs. It is easy to see that
ker(f) = {¢ —n | £ and 7 are both orientable or both non-orientable}
and ker(g) = {{ — rk(§) | £ is orientable}.

4. COMPUTATIONS AND EXAMPLES

In this section we give a proof of Theorem 1.6 and compute the characteristic rank of vector
bundles over X where X is: the product of spheres S x S™, the real or complex projective
space, the product space S' x CP", the Moore space M (Zy,n) and the stunted projective
space RP"™/RP™.

We begin by describing the characteristic rank of vector bundles over X = S% x S™. First
note that if d = m, then as rx = d and dimg, H%(X; Zs) = 2, it follows from Lemma 2.2 (1)
that ucharrank(X) =rx —1=d— 1.



Lemma 4.1. Let X = 8% x 8™ with d < m. Then,
d—1 ifd+#1,2,4,8,
ucharrank(X) =< m—1 ifd=1,2,4,8, m #2,4,8
d+m ifd,m=1,2,4,8.

Proof. The lemma follows from the obeservations made after Theorem 2.5. We note that
rx = d and consider the maps

g4 1, g8 x g T, gl

sm L, g4 gm T2, gm.
where i is the map = — (x,y) for a fixed y € S™ and 71 is the projection to the first factor.

The map j is similarly defined. The homomorphisms i* and j* are isomorphisms (with
inverses 7 and 75 respectively) in degree d and m respectively.

Assume that d # 1,2,4,8 and let £ be a vector bundle over X. Then as wgy(i*§) = 0, it
follows that wq(£) = 0. Thus by Lemma2.1 (1) we have charranks(X) =rx —1=d — 1.

Next assume that d = 1,2,4,8 and m # 2,4,8. Let vy denote the Hopf bundle over S
As wq(vq) # 0 it follows that wg(nfvg) # 0. Thus charrank,,(X) > m — 1. Since
m # 1,2,4,8, for any vector bundle & over X we must have w,, () = 0. This completes the
proof that charrankzs,,(X) =m — 1 and that ucharramk(X) =m — 1.

Finally, let d = 1,2,4,8 and m = 1,2, 4, 8. Let v4 and v, denote the Hopf bundles over S¢
and S™. Then, clearly wq(mivg@®mivm) # 0, Wy (T V@5 vm) # 0 and Wotm (7] va®T V) #
0. This shows that in this case charrank(X) = d 4+ m. This completes the proof of the
lemma. O

We shall now prove Theorem 1.6. Recall that the Dold manifold P(m,n) is a (m + 2n)-
dimensional manifold defined as the quotient of 5™ x CP™ by the fixed point free involution
(z,z) — (—x, z). This gives rise to a two-fold covering

Zy — S™ x CP" — P(m,n),

and via the projection S™ x CP" — S™, a fiber bundle

CP" — P(m,n) — RP™
with fiber CP™ and structure group Zs. In particular, for n = 1, we have a fiber bundle

S? — P(m,1) — RP™.
The mod-2 cohomology ring of P(m,n) is given by [6]

H*(P(m,n); Z) = Lole,d)/ (") = &+ = 0)

where ¢ € H'(P(m,n);Zs) and d € H?(P(m,n); Zs).

We shall make use of the following result which shows the existence of certain bundles with
suitable Stiefel-Whitney classes.

Proposition 4.2. ([13], p. 86) ([15], Proposition 1.4) Over P(m,n),

(1) there exists a line bundle £ with total Stiefel-Whitney class w(§) =1+ ¢;
(2) there exists a 2-plane bundle n with total Stiefel-Whitney class w(n) = 14+c+d. O
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Proof of Theorem 1.6 Let X = RP"™ be the real projective space. Then rx = 1. Let

¢ be a vector bundle over X. If £ is orientable, then w;(§) = 0 and hence, by Lemma2.1

(1), charrank¢(X) = 0. On the other hand if if £ is non orientable, then wq(§) # 0 and

hence charranke (X) = n as H*(X;Zs) is polynomially generated by the non zero element

in H'(X;Zs). This proves (1).

Next let X = 81 x CP", then rx = 1. The Zy cohomology ring of X is given by
H*(X;Zs) = H*(S'; Z2) ® H*(CP"; Zg) = Zs[a, b]/(a®, "),

where a is of degree one and b is of degree two. Let £ be a vector bundle over X. Evidently,
charranke (X) is completely determined by the first two Stiefel-Whitney classes of &.

We look at several cases. If wq(§) and wy(§) are both non zero, then the description of
the cohomology ring H*(X;Zsy) forces charranke(X) = 2n + 1. If wi(§) = 0, we have
charranke(X) = 0. If wi(§) # 0 and wo(§) = 0, then charranks(X) = 1. This completes
the proof of (2).

Finally, the proof of (3) is similar to the case (2) above in view of Proposition4.2. Indeed,
as wi(n) # 0 and wa(n) # 0 we have charrank,(X) = 2n +m. As wi(§) = ¢ # 0 and
wy(§) = 0 we have charranke(X) = 1 as ¢ = 0. This completes the proof of (3) and the
theorem. g

Remark 4.3. (1) We remark that, in the case (2) of the above theorem, there exists a line
bundle v over X such that w;(§) # 0. Thus, charranke(X) = 1. We can also find a 2-plane
bundle 1 over X such that wq(n) = 0 and wa(n) # 0. Thus charrank, (X) = 0. Then for the
Whitney sum v & n we have wi(y & n) = wi(y) # 0 and wa(y & 1) = wa(n) # 0 and hence
charrankg,(X) = 2n+1. The bundles v and 7 can be obtained as the pull backs of suitable
canonical bundles over S = RP! and CP” via the projections. Thus, over X = S' x CP",
there exist vector bundles having all the three possible characteristic ranks.

(2) The function f : Vectr(X) — Za constructed in the proof of Theorem 1.5 is in general
not a semi ring homomorphism. For example, let v denote the canonical line bundle over
X = RP" (n odd). Then wi(y) # 0 and hence f(y) = 1 € Zy. Now, wi(y ® v) =
w1(y)+wi(y) = 0 and therefore, f(y®7) =0 € Zy. Clearly, 0 = f(y®7) # f(v)- f(y) = 1.

Example 4.4. Let X = CP" be the complex projective space. Then rx = 2. Let £ be
a vector bundle over X. Then charranke(X) = 1 if wa(§) = 0 and charrank¢(X) = 2n if
wy(X) # 0. For the canonical (complex) line bundle v over X we have charrank,(X) = 2n.

We now give some examples where the bound for the cup length given by Theorem 1.3 is
sharper than that given by Theorem 1.1.

Example 4.5. Let X = 52 x 5% and let m; : X — S? be the projection. Let, as usual, o
denote the Hopf bundle over S2. Then, charrankyx(X) = 1, and charranke(X) = 5 where
¢ = mira. The bundle £ satisfies the condition of Theorem 1.3 with k£ = 5. Then the bound
for the cup length, cup(X), of X given by Theorem 1.1 is 4 and that given by Theorem 1.3
is 2.

Example 4.6. Let X = S* x S%. Let ¢ = 7w}y ® mvs. Then, charrankry(X) = 3 and
charranke(X) = 12. Then £ satisfies the condition of Theorem 1.3 with & = 7. Then

the bound for the cup length, cup(X), of X given by Theorem 1.1 is 3 and that given by
Theorem 1.3 is 2.

Example 4.7. Let X = ég(RE)) be the oriented Grassmannian consisting of oriented 3-
dimensional vector subspaces in R®. Let & := 75 3 be the canonical oriented 3-plane bundle
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over X. In this case, H'(X;Zy) = 0 and wo(€) generates the vector space H?(X;Zs),
and hence, charranke(X) > 2. Now let 752 and 753 be the canonical bundle over the
Grassmannian G3(R®) and G3(R®) respectively. By fixing an inner product on R®, let
f : G3(R%) — G5(R®) be the diffeomorphism which takes a 3-dimensional subspace to the
orthogonal 2-dimensional subspace. Since, w(vs,3) and wi(752) generates the vector spaces
H!(G3(R®) and H'(G2(R?) respectively, we have f*(wi(vs52)) = wi(753), where f* is the
induced isomorphism of cohomology rings. The height, ht(wi(ys2)), of the first Stiefel-
Whitney class w1 (752) € H*(G2(R?); Zs) of the bundle 759 is equal to dim(G2(R%)) = 6
([14, pp. 103, Proposition]) and hence, ht(w;(y53)) = 6. Hence, by [9, Lemma 2.1], the
cohomology class wo(€)? € HY(X;Zs) is zero. Then the bundle ¢ satisfies the condition of
Theorem 1.3 with k& = 2. Hence, the bound for the cuplength, cup(X), given by Theorem
1.3 is 2.

In the following example we shall compute a bound for the cuplength of a manifold which
is not cobordant to zero. This manifold does not statisfy the hypothesis of the Theorem
1.1.

Example 4.8. Let X = G3(R!) be the Grassmannian consists of 3-dimensional vector
subspaces in R!1. By [12, Theorem 1.1(ii)], the Grassmannian G3(R!!) does not bound. Let
€ := 711,3 be the canonical 3-plane bundle over X. Since the Zy-cohomology ring H*(X; Zs)
is generated by the Stiefel-Whitney classes wg(§), w1(§), wa(§), ws(€), the charranke(X) =
dim X = 24. By [14, pp. 111 , Corollary], the cohomology element wq (&) - wa(£)3 - w3 (&)
is the longest nonzero cupproduct in H*(X,Zsy). Hence, any monomial in wi(§) and wy(§)
of total degree 24 is zero. Then the bundle £ satisfies the condition of Theorem 1.3 with
k = 2. Hence, the bound for the cuplength, cup(X), given by Theorem 1.3 is 22.

We now compute charranke (X') where X is the Moore space M (Za,n), n > 1, and £ a vector
bundle over X. We recall that X is a (n — 1)-connected (n + 1)-dimensional C'W-complex.
We refer the reader to [7] for the basic properties of Moore spaces. We prove the following.

Proposition 4.9. Let X denote the Moore space M (Za,n) with n > 1. Then,
n—1 ifn#2,4,8

> fn=
ucharrank(X) = ¢ — ; ZZZ _ Z
= 7 ifn=28

Proof. The Moore space X is a (n+ 1)-dimensional CW-complex with n-skeleton S™. Let
1: 8™ — X denote the inclusion map. Using the cellular chain complex, for example, it is
easy to see that the homomorphism

i*: HY(X;Zo) — H"(S™; Z2)
in degree n is an isomorphism.
Assume that n # 2,4,8. It follows from what we know about the characteristic rank of

vector bundles over the sphere that if £ is a vector bundle over X, then w,(§) = 0. Hence,
charranke(X) = n — 1. This proves the first equality.

Next let X = M(Z3,2). Then X is a simply connected 3-dimensional C'W-complex. We
shall make use of Proposition1 [4] to show that there exists a bundle £ with ws(§) # 0.
This will prove the second inequality. To see this consider the ordered element

(a,0,0,0) € H*(X;Z9) & H'(X;Zy) & H'(X;Z) ® H(X; Z)
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where a € H?(X;Zs) = Zs is the non-zero element. Using the criteria in Proposition 1 [4],
it is straightforward to verify that (a,0,0,0) is in the image of the map

v:[X,BSO(6)] — H?*(X;Z) ® HY(X;Zy) ® HY(X;Z) ® H5(X;Z)
defined by v(§) = (w2(§), wa(§),p1(€),e(€)). This completes the proof of the second in-
equality.

Next let X = M (Z,4). Then X is a 3-connected, 5-dimensional CW-complex. We now use
Proposition 1 [4] once again to show that for any vector bundle £ over X, we have wy(§) = 0.
This will complete the proof of the third equality. Consider the ordered element

(0,6,0,0) € H*(X;Z2) ® HY(X;Z2) @ HYX;Z) ® HY(X; Z).
where b € H*(X;Zs) = Zs is the non-zero element. We note that if i, : H*(X;Zs) —
H*(X;Zy4) is induced by the inclusion of the coefficient groups, then i, is an isomorphism
as can be easily checked. It is then immediate, from the conditions in Proposition 1 [4],
that (0,b,0,0) cannot be in the image of ~.
Finally let X = M (Zs,8). Then X is a 7-connected, 9-dimensional C'W-complex. Methods

similar to the second case, and using Theorem 3 [5], show that there does not exist a vector
bundle £ over X with wg(&) # 0. This completes the proof of the proposition. O

Proposition 4.10. Let X denote the stunted projective space RP™ /RP™ with 1 < m < n—2.

Then
m ifm+1#248

< 2 ifm4+1=2
charrank(X) < 4 ifmt1=4
< 8 ifm+1=8

Proof. The stunted projective space X is m-connected with (m + 1)-skeleton X (m+1) —
SmHl I f o gmtl — x(mH+) X denotes the inclusion map, then it is easy to check
that the homomorphism f* : H™Y(X; Zy) — H™T1(S™*L: Zy) is an isomorphism. Thus,
the non-zero element in H™*!(X;Zs) is spherical. The first equality of the proposition now
follows from Proposition 2.6.

We note that if j : RP"/RP™ < RP"*!/RP™ denotes the obvious inclusion, then j* is an
isomorphism in degrees i < n in cohomology with Zs-coefficients. We claim that RP"™ /RP™,
has a spherical class in degree m + 2 when m + 1 = 2,4,8. This will complete the proof
of the proposition. Since the map j* is an isomorphism in suitable degrees, the claim will
follow once we show that RP3/RP!, RP® /RP3 and RP? /RP” have spherical classes in degrees
3,5,9 respectively. We shall show the existence of a spherical class of degree 3 in RP3/RP!,
the other cases are dealt with similarly.
Let X = RP3/RP!. The integral homology groups of X can be computed to be
7 ifi=0,2,3

H(X;7) = { 0 otherwise.

Since X is simply connected the Hurewicz homomorphism
o (X)) — Hip(X;Z)

is an isomorphism for k¥ < 2 and ¢3 : m3(X) — H3(X;Z) is surjective. We shall show
the existence of a map f : S — X such that f. : H3(S?;Z2) — H3(X;Zs) = Zs is an
isomorphism. This will imply that f* is an isomorphism in degree 3 (with Za-coefficients)
and complete the proof. First observe that, since the integral homology of X is torsion
free, the mod-2 reduction homomoprhism « : H3(X;Z) — H3(X;Z9) is surjective. Let
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f € m3(X) be such that aps(f) # 0. We claim that f: 3 — X is the required map. To
see this note that if o € 3(9%) is a generator, then aps fi(0) = aps(f) # 0 and hence the

composition

3(S3) L5 ma(X) 22 Hy(X2) — Hy(X;Zs)
is surjective. Using the naturality of the Hurewicz and the mod-2 reduction homomor-
phisms, we see that the composition

73(S%) £ Hy(5%Z) % Hy(S% Zo) 1 Hy(X; Z)

is also surjective. This shows that f. : H3(S%;Zs) — H3(X;Z2) is an isomorphism. A
similar proof works for the other cases. This completes the proof of the proposition. O

In some cases of the stunted projective spaces we can precisely compute the upper charac-
teristic rank. We just give one example.

Example 4.11. Let X = RP3/RP!. Then X is a simply connected 3-dimensional C'W-
complex with rx = 2. By the discussion before Theorem4.1 (2), [16], it follows that there
exists a vector bundle £ over X with wq(§) = w3(§) = 0 and we(§) # 0. It follows that
charranke (X)) = 2 and hence ucharrank(X) = 2.

Acknowledgements. We are indebted to Professor J Korbas for sending us a copy of his
paper [9].
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