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Abstract

We solve, mainly by counterexamples, many natural questions regarding maximal commu-

tative subalgebras invariant under CP-maps or semigroups of CP-maps on a von Neumann

algebra. In particular, we discuss the structure of the generators of norm continuous semi-

groups onB(G) leaving invariant a maximal commutative subalgebra and show that there

exists Markov CP-semigroups onMd without invariant maximal commutative subalgebras

for anyd > 2.

1 Introduction

Markov semigroups, that is, semigroups of normal unital completely positive (CP-)maps on a

von Neumann algebraB ⊂ B(G) (G a Hilbert space) are models for irreversible evolutions both

of classical and of quantum systems.

The structure of the generator of a norm-continuous CP semigroups on a von Neumann al-

gebra orC∗-algebra is well-known after Lindblad [Lin76] and Christensen and Evans [CE79].

In several classes of CP semigroups this structure is further specialized revealing an unexpect-

edly rich algebraic structure. Here we recall some of them without claiming that this is a full

list.

Quasi-free semigroups are well-known from the ’70 and were the key example in the study

of the irreversible evolution of open quantum systems. Another remarkable class of semigroups,

calledgeneric, arising from the weak coupling limit of a generic system interacting with a Boson

reservoir was recently studied in [AFH06]. Davies [Dav79] gave a detailed description of the

generators of those strongly continuous quantum dynamicalsemigroups which possess a pure

stationary state. Generators of quantum Markov semigroupsthat are covariant with respect to

the action of a unitary group were studied by Holevo [Hol96] in connection with semigroups
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of instruments in quantum continual measurements [BP96]. Albeverio and Goswami [AG02]

showed that the generators of trace symmetric quantum dynamical semigroups on von Neumann

algebras are sums of double commutators with self-adjoint operators. This was extended to

norm-continuous semigroups that are symmetric with respect to the scalar product induced on

the algebra by an invariant state by Fagnola and Umanità in [FU07] who characterized the

generator of detailed balance quantum Markov semigroups.

This paper is concerned with the problem of finding invariantcommutative subalgebrasC
of a CP-semigroup onB ⊂ B(G) and of its generator. Indeed, ifG is separable, then the com-

mutative von Neumann algebraC is isomorphic toL∞(Ω,F ,P) for some probability space, and

a Markov semigroup is, indeed, the semigroup induced onL∞(Ω,F ,P) by a classical Markov

semigroup of transition probabilities. More generally, ifa Markov semigroupT =
(
Tt
)
t∈R+

on a not necessarily commutative von Neumann algebraB leaves a commutative subalgebra

C invariant (that is,Tt(C) ⊂ C for all t ∈ R+), then the restriction toC gives rise to a classi-

cal Markov semigroup. Finding invariant commutative subalgebras means, thus, recognizing

classical subsystems as embedded into a quantum one.

A commutative subalgebraC with 1 = 1B ∈ C ⊂ B ⊂ B(G) is a maximal commutative

subalgebra of B, if C ⊂ D ⊂ B for a commutative subalgebraD impliesD = C. A maximal

commutative subalgebra ofB = B(G) is a called amaximal abelian subalgebra or amasa. If

G is separable and ifC ⊂ B(G) is a masa isomorphic toL∞(Ω,F ,P), thenG � L2(Ω,F ,P). If

C is a maximal comutative subalgebra ofB ⊂ B(G), then we obtain a description of the system

by classical(or macroscopic) parameters that is not improvable by measuring a set of classical

observables. IfC is a masa, then this description is complete.

Rebolledo [Reb05a] (see also [Reb05b]) proved the following sufficient criterion in the case

B = B(G): Let T be a normal CP-map onB(G) given by someKraus decomposition T(b) =
∑

i L∗i bLi (Li ∈ B(G)). Suppose thatC ⊂ B(G) is a masa generated by a single self-adjoint

elementc ∈ C, and suppose that there are self-adjoint elementsci ∈ C such that

cLi − Lic = ciLi .

ThenT(C) ⊂ C. If T is theCP-part of theLindblad generator [Lin76]

L(b) =
∑

i

L∗i bLi + bβ + β∗b

(β ∈ B(G)) of a uniformly continuous CP-semigroupTt = etL on B(G), then invariance of the

CP-part plus invariance of theeffective Hamitonian b 7→ bβ + β∗b implies that the whole CP-

semigroup leavesC invariant. In the case of a Markov semigroup (whereL has to be normalized

to L(1) = 0) we get

L(b) =
∑

i

L∗i bLi −
b
(∑

i L∗i Li

)
+
(∑

i L∗i Li

)
b

2 + i[b, h],
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for the self-adjointh = Im β ∈ B(G). As the CP-partT alone, by Rebolledo’s criterion, leaves

C invariant, we have, in particular, that
∑

i L∗i Li = T(1) ∈ C. So, if (and only if; see [FS07,

Lemma 4.4]) alsoh ∈ C so that theHamiltonian b 7→ i[b, h] leavesC invariant, then allTt leave

C invariant.

Fagnola and Skeide [FS07] proved the following generalization of Rebolledo, which now

provides a sufficient and necessary criterion.

1.1 Theorem [FS07]. Let T be a normal CP-map onB(G) with Kraus decomposition T(b) =
∑

i∈I L∗i bLi. Then T leaves a maximal abelian von Neumann algebraC ⊂ B(G) invariant, if and

only if for every c∈ C there exist coefficients ci j (c) ∈ C (i, j ∈ I ) such that

1.) ci j (c
∗) = cji (c)∗, 2.) cLi − Lic =

∑

j∈I
ci j (c)L j ,

for all c ∈ C.

Theorem 1.1 is a special case of [FS07, Theorem 3.1] for general von Neumann algebras.

Fagnola and Skeide also provide the sufficient and necessary criterion [FS07, Theorem 4.2] for

the generator of a uniformly continuous CP-semigroup on a general von Neumann algebra. We

state here the result of the specialization toB(G). A proof is delegated to the appendix.

1.2 Theorem. Let L be the generator of a uniformly continuous normal CP-semigroup onB(G)

with Lindblad form L(b) =
∑

i∈I L∗i bLi + bβ + β∗b. Then L, or equivalently, all Tt = etL, leave a

maximal abelian von Neumann algebraC ⊂ B(G) invariant, if and only if there exist coefficients

γ = γ∗, ci ∈ C, and for every c∈ C there exist coefficients ci j (c) ∈ C (i, j ∈ I ) such that

1.) ci j (c
∗) = cji (c)∗, 2.) cLi − Lic =

∑

j∈I
ci j (c)(L j − cj),

3.) L(c) =
∑

i∈I
(Li − ci)

∗c(Li − ci) + γc

for all c ∈ C.

1.3 Remark. We would like to mention that in both theorems (like in Theorems A.1 and A.1,

from which the former are derived) maximal commutativity ofC easily guarantees sufficiency.

The stated conditions are necessary (in all four theorems) for invariance of the unital commuta-

tive subalgebraC, even ifC is not maximal commutative.

Like [Par92, Theorem 30.16], the following theorem characterizes the possibilities to trans-

form a generator in minimal Lindblad form into another. The proof illustrates the power of

techniques from product systems of Hilbert modules. But as we do not need these techniques

in the rest of these notes, we postpone also this proof to the appendix.
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1.4 Theorem. Let L be the generator of a uniformly continuous normal CP-semigroup onB(G)

in minimal Lindblad form L(b) =
∑

i∈I L∗i bLi + bβ + β∗b, and let K(b) =
∑

j∈J K∗j bKj + bα + α∗b

be another generator.

Then K= L, if and only if there exists a matrix

γ η∗

η′ M

 ∈ M(1+#J)×(1+#I), withη′ ∈ C#J arbitrary,

M =
(
a ji
)

ji ∈ M#J×#I an isometry,η = −M∗η′ ∈ C#I , andγ = ih − 〈η
′,η′〉
2 ∈ C (h ∈ R arbitrary),

such that

α = β + γ1 +
∑

i∈I
ηiLi , K j = η

′
j1 +
∑

i∈I
a ji Li .

This holds for arbitrary cardinalities#I and #J, if infinite sums are understood as strongly

convergent.

1.5 Corollary. A similar result holds if the Lindblad form of L is not necessarily minimal. In

that case M may be just a partial isometry andη′ must be such that MM∗η′ = η′.

P. Observe that the minimalLi in the theorem may be recoverd asLi = ηi1 +
∑

j∈J a ji K j .

So, in order to compare two not necessarily minimal Lindbladforms we may simply “factor”

through a minimal one.

There are several natural questions around about Theorems 1.1 and 1.2 and how they are

related with Rebolledo’s original criterion. Most of them are motivated by the examples with

2× 2–matrices that have been studied in [FS07]. The goal of these notes is to give answers to

these questions, and Theorem 1.4 will play a crucial role. Asour results here show, the answers

sometimes are typical only forM2 and look different already forM3. Therefore, in the following

list of questions and throughout the answers later on in these notes we will have to distinguish

betweenM2 and higher dimensional settings.

We explain briefly why counterexamples for a single map furnish also counterexamples for

the semigroup case.

1.6 Observation. The CP-semigroupTt = etL leaves a subalgebra invariant, if and only if its

generatorL leaves that subalgebra invariant. So, for all questions about invariance for CP-

semigroups we are done if we answer the single mapping case. (If T is CP-map with a certain

invariance property, thenetT shares that property.) Similarly, ifT is aunital CP-map leaving

a certain subalgebra invariant or not, thenL := T − id is the generator of a Markov semigroup

sharing this property. (This is so, simply becauseid leaves every subalgebra invariant so thatL

and, therefore,Tt share the invariance properties ofT.)

We now list our questions and the answers we obtain later on inthe remainder of these notes.

1. Does every CP-semigroup onB(G) leave some masa invariant?
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Answer: No, by Example 2.1 already for a single CP-map onM2 and, therefore, also for

a CP-semigroup onM2 (and, therefore, for allB(G)).

2. Does every Markov semigroup onB(G) leave some masa invariant?

Answer: Yes, forM2 by Theorem 2.4 both for Markov semigroups and for unital CP-

maps.

Answer: No, forM3 by Example 3.3 and forB(G) (separableG for any dimensiond ≥ 3

includingd = ∞) by Section 4, both for Markov semigroups and for unital CP-maps.

3. Is Rebolledo’s criterion equivalent to the one in Theorem1.1? More precisely, does

every normal CP-map onB(G) that leaves a masa invariant, admit a Kraus decomposition

fulfilling Rebolledo’s criterion?

Answer: No, already forM2, by Example 2.2 for Markov semigroups and for unital CP-

maps.

4. Suppose we have a generator leaving a masa invariant. Doesevery such generator de-

compose, like in Rebolledo’s criterion, into a CP-part and aHamiltonian part that leave

the masa invariant, separately?

Answer: No for the CP-part, already in the case of a Markov semigroup onM2 by Exam-

ple 2.8. This answer extends to allB(G).

Answer: Yes for the Hamiltonian part, in the case of CP-semigroups onM2 by Corollary

2.6. No, in the case of CP-semigroups onM3 and higher dimension, by Example 3.2.

In Section 2 we study everything related toB = M2, while Section 3 is dedicated toB = M3. In

the final Section 4 we deal also with an infinite-dimensional example.

We would like to mention that a further natural question asked in [FS07], namely, whether

the necessary and sufficient criterion in [FS07] remains valid for unbounded generators, has

a negative answer, too. There exist generators in terms of double commutators and the CCR

that leave invariant a masa but that do not fufill the (unbounded analogue of the) criterion in

[FS07]. We will study these generators elsewhere systematically. Here we restrict ourselves to

the bounded case.

Conventions. For everyn ∈ N we denote byMn = Mn(C) = B(Cn) the von Neumann algebra

of n × n–matrices with complex entries. ByM∞ we mean the von Neumann algebraB(G)

for a separable infinite-dimensional Hilbert spaceG. The elements ofB(G) are considered as

matrices with respect to a fixed orthonormal basis
(
en
)
n∈N0

of G. ByDn (n ∈ N∪{∞}) we denote

the respective subalgebras of diagonal matrices.
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2 Examples and results for M2

We start with some counterexamples for things that do not even work for M2.

2.1 Example. Consider the CP mapT : M2(C) → M2(C) defined by

T

a b

c d

 =

1 1

0 1



a b

c d



1 0

1 1

 =

a+ b+ c+ d b+ d

c+ d d

.

If T leaves a masaC ⊂ M2 invariant, then{1,T(1),T2(1), . . .} ⊂ C should all commute. But

clearly this is not the case asT(1) =

2 1

1 1

 andT2(1) =

5 2

2 1

 do not commute. So neither the

CP-mapT nor the CP-semigroupetT leave a masa ofM2 invariant.

Any CP-mapT may be extended to a CP-map̂T(X) = T(12X12) on Md for any d ≥ 3

including∞. Again T̂(1) and T̂2(1) do not commute. So,̂T has no invariant masa and the

CP-semigroupetT̂ (= êtT) shares this property.

2.2 Example. Define the CP-mapT : M2→ M2 by

T(X) = L∗1XL1 + L∗2XL2

where

L1 =


1√
2

0
1
2

1
2

 , L2 =


0 1√

2

−1
2

1
2

 .

Then

T


a b

c d

 =


1
2(a+ b√

2
+ c√

2
+ d) b−c

2
√

2
c−b
2
√

2
1
2(a+ b√

2
+ c√

2
+ d)

 .

We see thatT is unital and that it leaves the diagonal subalgebraD2 of M2 invariant.

Now supposeT(X) =
∑
j

K∗j XKj is another Kraus decomposition ofT. Then eachK j , is

a linear combination ofL1, L2; see Observation A.3. SayK1 = aL1 + bL2, a, b ∈ C. Now

suppose this decomposition satisfies Rebolledo’s condition. Then for every diagonal matrix

D =

d1 0

0 d2

 ∈ D2 there existsD′ =

d′1 0

0 d′2

 ∈ D2 (depending uponD) such that

D′K1 = K1D.

So 
d′1 0

0 d′2




a√
2

b√
2

a−b
2

a+b
2

 =


a√
2

b√
2

a−b
2

a+b
2




d1 0

0 d2



or 
d′1

a√
2

d′1
b√
2

d′2
(

a−b
2

)
d′2
(

a+b
2

)
 =


d1

a√
2

d2
b√
2

d1

(
a−b

2

)
d2

(
a+b

2

)


It is easily seen that no non-zeroK1 satisfies this condition. We conclude that Rebolledo’s

condition is not a necessary condition.
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We now discuss several things that work only forM2. The counterexamples in the general

case for the statements we prove here forM2, must wait until Section 3 onM3.

2.3 Lemma. Letα be a linear∗–map on M2 such thatα(1) ∈ C1. Thenα leaves a masa of M2
invariant.

P. TheCayley-Hamilton theoremasserts that for every matrixY ∈ Mn the characteristic

polynomialP of Y givesP(Y) = 0. It follows that for everyY ∈ M2 the subalgebra ofM2

generated byY has the formCY := C12 +CY. Therefore, if we find a self-adjointY = Y∗ < C12

such thatα(Y) ∈ CY, thenCY is a masa ofM2 invariant forα.

Define the 4–dimensional real subspaceS = {X ∈ M2 : X = X∗} of self-adjoint elements

of M2. By tr we denote the normalized trace onM2. ThenidS − tr 1 : X 7→ X − tr(X)1 defines

a projection onto the subspaceS0 := S ∩ ker tr of self-adjoint zero-trace operators. The linear

map (idS − tr 1) ◦ α leaves the 3–dimensional real vector spaceS0 invariant. Therefore,β :=

(idS − tr 1) ◦ α ↾ S0 has an eigenvectorY to some real eigenvalue. Clearly,α(Y) ∈ CY and

Y < C12, so thatCY is a masa invariant forα. (Of course, it is an easy exercise to check directly

thatY2 ∈ C1 for every self-adjoint zero-trace operatorY ∈ M2, showing thatCY is an algebra

without reference to the Cayley-Hamilton theorem.)

The following theorem is a simple corollary of the lemma.

2.4 Theorem. Every unital CP-map T on M2 has an invariant masa. Every generator L of a

Markov semigroup on M2 has an invariant masa.

P. T is a linear∗–map that maps1 to 1 · 1 andL is a linear∗–map that maps1 to 0 · 1.

Once assured existence of an invariant masa ofM2, by a basis transformation we may always

assume that this invariant subalgebra isD2. We now investigate when a generator leaving

D2 invariant can be split such that also its CP-part or at least its Hamiltonian part leavesD2

invariant. Note that by Corollary 2.6 and Example 2.8 these two properties need not coincide.

2.5 Theorem. Suppose the minimal Lindblad generator L(X) =
∑d

i=1 L∗i XLi + XB+ B∗X of a

CP-semigroup on Mn leavesDn invariant. Then L admits a (minimal) Lindblad form whose CP-

part leavesDn invariant separately, if and only if there is a linear combination K :=
∑d

i=1 ηiLi

such that B+ K ∈ Dn.

P. Note thatT(X) =
∑d

i=1 L∗i XLi leavesDn invariant, if and only if∆ : X 7→ XB+ B∗X =

{X,Re B} + i[X, Im B] does. We show that this happens, if and only ifB ∈ Dn. “If” being clear,

for “only if” suppose that∆ leavesDn invariant. Then∆(1) = 2Re B ∈ Dn and, therefore
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{X,Re B} ∈ Dn for all X ∈ Dn. Clearly, X 7→ [X, Im B] leavesDn invariant, if and only if

Im B ∈ Dn.

SupposeA,K j are the coefficients of another Lindblad form ofL. So, in order that the CP-

part
∑d′

j=1 K∗j XKj leavesDn invariant, it is necessary and sufficient thatA ∈ Dn. By Theorem 1.4

the only possibility to achieve this, is adding linear combinations of theLi (and1) to B. So, the

condition∃K =
∑d

i=1 ηiLi : B+ K ∈ Dn is necessary. On the other hand, suppose thatK exists.

In view of Theorem 1.4 putM = 1d, η′ = −η, andγ = − 〈η,η〉2 . Then the Lindblad generator with

coefficientsA = B+ γ1 + K andKi = Li − ηi1 coincides withL andX 7→ XA+ A∗X leavesDn

invariant.

2.6 Corollary. Every generator L of a CP-semigroup on M2 leavingD2 invariant can be writ-

ten in a Lindblad form where also the Hamiltonian part leavesD2 invariant.

P. Either all Li are inD2 so that alsoB ∈ D2, or there exists at least oneLk that is not

diagonal. H = Im B is self-adjoint andIm(ηkLk) will eliminate the off-diagonal fromH for

suitableηk.

2.7 Remark. Note that this is true for arbitrary generators (not necessarily leavingD2 invari-

ant) as soon as the CP-part does not leaveD2 invariant (assuring existence of a nondiagonal

Lk).

2.8 Example. Let L(X) = L∗1XL1 + L∗2XL2 + XB+ B∗X with

B := − 1
2


7 6

10 8

, L1 :=

1 1

1 1

, L2 :=

1 2

2 2

.

One easily verifies thatL leavesD2 invariant and thatL(1) = 0. However, all linear combi-

nations ofL1 andL2 have equal off-diagonal elements, andB has not. Therefore, none of the

linear combinationsB+ γ1 + η1L1 + η2L2 will be diagonal. In conclusion, it is not possible to

find a Lindblad form with effective Hamiltonian and CP-part that leaveD2 invariant separately.

This example extends easily to arbitrary higher dimensionB(G), if we embed all coefficients

it into theM2–corner ofB(G).

3 Examples for M3

Apart from the counterexamples, the preceding section contained also some positive results

which were, however, specific forM2. In the present section we give counterexamples to the

analogue statements inM3.
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3.1 Remark. This behaviour, a qualitative jump for what is possible whenpassing from di-

mension 2 to dimension 3, reminds us somehow ofGleason’s theorem. That theorem gives a

characterization of thoseprobability functions defined on the lattice of projections ofB(G) that

extend as normal states to all ofB(G), the so-calledframe functions; see, for instance, the book

Parthasarthy [Par92]. Gleason’s theorem holds for all dimensionsn ≥ 3 of G, but not forn = 2.

We start with an example inM3 that contradicts the statement of Corollary 2.6 forM2.

3.2 Example. Let L(X) = L∗1XL1 + L∗2XL2 + XB+ B∗X with

B := − 1
2



7 6 0

2 11 0

4 10 26


, L1 :=



1 3 0

1 0 0

0 1 5


, L2 :=



0 0 0

1 1 0

2 0 1


.

One calculates

L



d1 0 0

0 d2 0

0 0 d3


=



−6d1 + 2d2 + 4d3 0 0

0 9d1 − 10d2 + d3 0

0 0 0


,

so thatL leavesD3 invariant andL(1) = 0. One easily computes

2B′ := c1L1 + c2L2 + 2B =



c1 − 7 3c1 − 6 0

c1 + c2 − 2 c2 − 11 0

2c2 − 4 c1 − 10 5c1 + c2 − 26


.

For thatB′ − B′∗ is diagonal we obtain the three equationsc1 − 10 = 0, 2c2 − 4 = 0, and

3c1−6−c1−c2+2 = 0. Insertingc1 = 10 andc2 = 2 into the third equation gives 30−6−10−
2+ 2 = 14 , 0. We conclude that no other Lindblad form ofL has a Hamiltonian part leaving

D3 invariant.

Also this example extends easily to arbitrary higher dimensional B(G), if we embed all

coefficients into theM3–corner ofB(G).

We now construct an example inM3 that contradicts the statement of Theorem 2.4 forM2.

3.3 Example. We wish to construct a unital CP-mapT on M3 that does not leave any masa

invariant. The technique of Example 2.1 to take an elementX of the commutative subalgebra

and to show that the familyX,T(X),T2(X), . . . is not commuting, is the same. What made

Example 2.1 so simple, was that we could chooseX = 1 and1 is contained in every masa.

HereT(1) = 1. So, we must find another elementX. But now, such anX will depend on the

subalgebra in question. The fact, that we want to have the statement for all masas, is what makes

the problem considerably more difficult. Moreover, this difficulty increases with dimension,

because the “number” of possible masas increases rapidly. Here we discuss the caseM3, while

the case of arbitrary dimension (> 2) is postponed to the following section.
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Our strategy is to limit the “number” of candidates for an invariant masa, by making the

range ofT as small as possible, though noncommutative. So the range must contain at least two

elementsA1 andA2 that do not commute and1. (That is, in particular, the triple1,A1,A2 must

be linearly independent.) And the mapping should be CP. To avoid problems with complete

positivity we try a mapT that factors through the conditional expectationE3

E3



x00 x01 x02

x10 x11 x22

x20 x21 x22


:=



x00 0 0

0 x11 0

0 0 x22



ontoD3. The fact that every conditional expectation is CP, shows that for arbitrary positiveA1

andA2 such that alsoA0 := 1 − A1 − A2 is positive, the mapT on M3 defined by setting

T



x00 x01 x02

x10 x11 x22

x20 x21 x22


:= x00A0 + x11A1 + x22A2

is CP and unital.

Our choice forA1 andA2 is

A1 :=
1
4



1 1 0

1 1 0

0 0 0


, A2 :=

1
4



0 0 0

0 1 1

0 1 1


.

It is easy to check thatA := A1 + A2 =
1
4



1 1 0

1 2 1

0 1 1

 has norm‖A‖ ≤ 1 so thatA0 := 1 − A is positive.

(See Section 4 for a more general estimate in higher dimension. Actually, ‖A‖ = 3
4 but this

estimate depends on the dimension.) The commutator is [A1,A2] = 1
16



0 1 1

−1 0 1

−1 −1 0

 , 0.

Let X = λ01 + 4λ1A1 + 4λ2A2 be an arbitrary element in the rangeT(Mn). For checking

whetherX andT(X) commute, the value ofλ0 is irrelevant (1 commutes with everything and

T(1) = 1). Henceforth, we putλ0 = 0. Then

T(X) = λ1A0 + (λ1 + λ2)A1 + λ2A2 = λ11 + λ2A1 + (λ2 − λ1)A2.

Once more, for checking whetherX andT(X) commute, the summandλ11 is irrelevant. In

general, the commutator ofλ1A1 + λ2A2 andµ1A1 + µ2A2 is

[λ1A1 + λ2A2, µ1A1 + µ2A2] = (λ1µ2 − λ2µ1)[A1,A2].

Since [A1,A2] , 0, for thatX andT(X) commute we find the necessary and sufficient condition

λ1(λ2 − λ1) − λ2
2 = 0. (3.1)

If λ1 = 0, then so isλ2. But we are interested in more than just the trivial solutionX = λ01. If

λ1 , 0, then (by dividingX andT(X) by λ1) we may assumeλ1 = 1. Then (3.1) transforms into

the second order equation

λ2 − 1− λ2
2 = 0
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for λ2 with solutions1
2 ± i

√
3

2 . As these numbers both are not real butλ1 = 1 ∈ R, this means

the problem of findingX ∈ T(M3) such that [X,T(X)] = 0 has no self-adjoint solution different

from the multiples of the identity. Since every masa ofM3 is spanned by three orthogonal rank-

one projections, this means there is no masa that is left invariant byT. The same is true for the

Markov semigroupet(T−id).

4 An example for M∞ = B(G)

In this section we generalize Example 3.3 to arbitrary (countable) dimension. We discuss first

the infinite-dimensional case, while its modification to finite dimensions is the simple Observa-

tion 4.5.

Fix a Hilbert spaceG with an ONB
(
en
)
n∈N0

. Denote byE∞ :=
∑∞

n=0 ene∗n•ene∗n the conditional

expectation onto the commutative subalgebraD∞ :=
{∑∞

n=1 λnene∗n : supn∈N0
|λn| < ∞

}
.

For everyn ∈ N define the operatorAn =
1
4(en−1e∗n−1+en−1e∗n+ene∗n−1+ene∗n). In terms of the

ONB, An has the matrix representation

An =
1
4



1 1

1 1



n−1

n

n−1 n

with 1’s in the intersections of the (n− 1)st andnth row, respectively, with the (n− 1)st andnth

column, respectively, and 0’s elsewhere. We defineA =
∑∞

n=0 An. As for everyk, ℓ ∈ {0, 1} the

sum
∑∞

n=1 en−ke∗n−ℓ has norm one, the norm ofA is not greater than 4· 1
4 = 1. (Actually, it is not

difficult to show that‖A‖ = 1.) It follows that the map

τ(e0e
∗
0) := 1 − A τ(ene

∗
n) := An (n ∈ N)

extends to a unique normal and unital CP-mapτ : D∞ → B(G).

It follows thatT := τ ◦ E∞ is a normal unital CP-map onB(G). We shall show that that no

masa ofB(G) is left invariant byT.

Let R :=
{
λ0(1 − A) +

∑∞
n=1 λnAn : supn∈N0

|λn| < ∞
}

denote the range ofT. Clearly,

λ0(1 − A) +
∞∑

n=1

λnAn = λ01 +
∞∑

n=1

(λn − λ0)An,

and supn∈N0
|λn| < ∞, if and only if supn∈N0

|λn − λ0| < ∞. Thus,

R =

{
λ01 +

∞∑

n=1

λnAn : sup
n∈N0

|λn| < ∞
}
.

Clearly, the coefficientsλn (n ∈ N) are unique. (Apply the normal functionals〈en, •en−1〉.) So,

alsoλ0 is unique. This shows thatτ is injective.
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4.1 Proposition. Two elements X= λ01 +
∑∞

n=1 λnAn and Y= µ01 +
∑∞

n=1 µnAn of R commute,

if and only if the coefficients fulfill

λnµn+1 = λn+1µn (4.1)

for all n ∈ N.

P. We denoteCn = [An,An+1] and observe that [An,Am] = 0 for |m− n| ≥ 2. So,

[X,Y] =
∞∑

i=1

(λnµn+1 − λn+1µn)Cn.

Calculating explicitly theCn and applying the normal linear functionals〈en+1, •en−1〉, the con-

dition follows.

Fix an elementX = λ01 +
∑∞

n=1 λnAn ∈ R. Define a sequencei1 < j1 < i2 < j2 < . . . of

elements inN ∪ {∞} by setting

i1 := min
{
n ≥ 1: λn , 0

}
, jn := min

{
n > in : λn = 0

}
, in+1 := min

{
n > jn : λn , 0

}
,

(n ∈ N), where we use the conventions inf∅ = ∞ and, for formal reasons,∞ < ∞. (We may

also say, the sequence terminates once we encounter∞ for the first time.) That is, the family
(
λn
)
n∈N (we are not really interested inλ0) has the form

(0, . . . , 0, 0, λi1, . . . , λ j1−1, 0, 0, . . . , 0, 0, λi2, . . . , λ j2−1, 0, . . .),

where all mentionedλn are different from 0, and where the numbers of zeroes in between these

blocks is at least one.

4.2 Proposition. Y = µ01 +
∑∞

n=1 µnAn ∈ R commutes with X, if and only if the family
(
µn
)
n∈N

has the form

(µ1, . . . , µi1−2, 0, α1λi1, . . . , α1λ j1−1, 0, µ j1+1, . . . , µi2−2, 0, α2λi2, . . . , α2λ j2−1, 0, . . .),

where all mentionedµn andαm are arbitrary. (For that in between the mth and the(m+ 1)st

block of non-zeroλ’s there remains some freeµ, the number im+1 − jm of zeros must be at least

3.)

P. Simple inductive verification of the Equations (4.1), stepby step.

Note that alsoµ jm = 0 = αm·0 = αmλ jm. So we can say the blocks (µim, . . . , µ jm) must be mul-

tiples of the blocks (λim, . . . , λ jm). Whereim > 1, this extends even to the blocks (µim−1, . . . , µ jm).

Only thoseµn that are not contained in any of these blocks, can be chosen freely.
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4.3 Lemma. Fix a non-zero element X= λ01 +
∑∞

n=1 4λnAn ∈ R and determine the sequence

i1 < j1 < is < j2 < . . . as above. Then X commutes with T(X), if and only if one of the following

conditions is fulfilled.

1. i1 = ∞, so thatλn = 0 for n ∈ N and X= λ01.

2. i1 = 1 and jm , ∞⇒ im+1 = jm + 1 , ∞. For every block(λim, . . . , λ jm) with jm , ∞ we

have

λn = λ1
1− βn−im+1

m

1− βm
(n = im, . . . , jm)

for βm ∈ C an (im+1 − im)th root of1 with the property thatβn
m , 1 for n < im+1 − im. If

there is a last im < ∞ so that jm = ∞, then

λn = λ1
1− βn−im+1

m

1− βm
(n = im, im+ 1, . . .)

for βm ∈ C with |βm| ≤ 1 andβk
m , 1 for all k ∈ N.

P. Excluding the trivial first case, we may assume thatλn , 0 for at least onen ∈ N. In

this case, however, we may very well assume thatλ0 = 0. (T(1) = 1 and1 commutes with

everything.)

Suppose thati1 > 1. In this case〈e0,Xe0〉 = 0, so that

T(X) = λi1Ai1−1 +

∞∑

n=i1

(λn + λn+1)An =

∞∑

n=i1−1

µnAn

with µi1−1 := λi1 , 0 andµn := λn + λn+1 for n ≥ i1. Thenµi1−1λi1 = λ
2
i1
, 0 = λi1−1µi. By

Proposition 4.1,X andT(X) do not commute.

Now assumei1 = 1, so thatλ1 , 0. In this case, we have

T(X) = λ11 +
∞∑

n=1

(λn + λn+1 − λ1)An = µ01 +
∞∑

n=1

µnAn

with µ0 := λ1 andµn := λn + λn+1 − λ1 pern ∈ N.

By Proposition 4.1,X andT(X) commute if and only if for everymwith im , ∞, there exists

anαm ∈ C such that

αmλn = µn = λn + λn+1 − λ1 (4.2)

for n ∈ N with im ≤ n ≤ jm.

Suppose now thatX andT(X) commute. Supposejm , ∞. Then

0 = λ jm = µ jm = λ jm + λ jm+1 − λ1 = λ jm+1 − λ1.
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soλ jm+1 = λ1 , 0. This impliesim+1 = jm+ 1 and the statementλim = λ1 for all m with im , ∞.

It is clear that for everyαm the eigenvalue equation in (4.2) defines a recursion for theλn in

the blockn ∈ N with im ≤ n ≤ jm with initial conditionλim = λ1, which is the unique solution,

no matter whetherjm is finite or infinite. We leave it to the reader to verify that this solution is

λn = λ1
1− βn−im+1

m

1− βm

with βm := αm − 1. However, if jm , ∞, then we know also thatλn , 0 for all im ≤ n < jm
and thatλ jm = 0. This leaves precisely thoseβm that have the form as stated in the lemma, for

only then the the first zero occurs precisely whenn = jm. If jm = ∞, then only if |βm| ≤ 1 the

sequence remains bounded. The conditionβk
m , 1 for all k ∈ N assures that there are no more

zeroes forn ≥ im.

Clearly, all the choices lead to a solution whereX andT(X) commute.

4.4 Theorem. B(G) does not contain a masa left invariant by T.

P. Any masa ofB(G) contains a self-adjoint elementX , 0 different fromλ1 (λ ∈ R).

SupposeX =
∑∞

n=1 4λnAn is such an element withλn according to Lemma 4.3, such thatX and

T(X) commute. Asλ1 , 0 we may divide allλn by λ1 so that the newλ1 is now 1.

Suppose there are finite blocks. In order that allλn are real, a finite block must have length

two, that is, afterλim = 1 the nextλim+1 must already be 0. In particular, if there are finite blocks,

then we haveλ1 = 1 andλ2 = 0 andλ3 = 1 again, that is,X = A1 + A3 + λ4A4 . . . and

T(X) = 1 − A1 − A2 − A3 − A4 . . .

+ A1 + A2 + (1+ λ4)A3 + (λ4 + λ5)A4 . . . = 1 + λ4A3 + (λ4 + λ5 − 1)A4 + . . . .

As the coefficient ofA1 in T(X) is 0, the only possibility thatT(X) fulfills again the requirements

of Lemma 4.3 (so thatT2(X) commutes withT(X)) is that all following coefficients ofT(X) are

zero. This happens if and onlyλ2n−1 = 1 andλ2n = 0 for all n ∈ N. In that caseT(X) = 1, so

that allX,T(X),T2(X), . . . commute. SinceX2 = 1
2X we see thatC1+CX is even a commutative

von Neumann algebra. Of course, it is not a masa, so there mustbe more linearly independent

elements. By Proposition 4.1,{X}′ ∩R= C1 + CX. So, a masa containingX must be contained

in C1+CX+ ker T. Recall thatE∞ is faithful ontoD∞ and the mapτ is injective. So,ker T does

not contain any new projections, and the only commutative algebra containingX and invariant

for T isC1 + CX, which is not a masa ofB(G).

Suppose now that allλn , 0. So, there isβ ∈ C with |β| ≤ 1 andβk
, 1 for all k ∈ N such

thatλn =
1−βn

1−β . For that allλn are real,β must be real, too. HereT(X) = (1 + β)X. But, once

more{X}′ ∩R= C1+CX, and faithfulness ofT excludes that a bigger commutative subalgebra

is mapped into that subspace ofR.
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4.5 Observation. This example also works for every finite dimensionalMn (n ≥ 3). The

Equations (4.1) terminate withn − 1. But the following equation would still be fulfilled with

λn+1 = 0 = µn+1. What happens in Lemma 4.3, is just that there remain precisely those cases

that haveλn+1 = 0. Regarding the proof of Theorem 4.4, we are just in the finitecase, and the

result stands also here.

Appendix

For the proofs in this appendix we do not make any attempt to beself-contained. Instead, we

assume that the reader is familiar with the notions as introduced in Fagnola and Skeide [FS07,

Section 2] for the proofs of Theorems 1.1 and 1.2, plus the necessary notions from Barreto, Bhat,

Liebscher and Skeide [BBLS04, LS01] about morphisms of timeordered product systems for

the proof of Theorem 1.4. Theorems 1.1 and 1.2 are versions specialized toB(G) of the results

[FS07, Theorem 3.1 and 4.2] for general von Neumann algebrasB ⊂ B(G). As the intuition of

the proof of necessity in the latter results cannot be grasped without a good portion of experience

with Hilbert modules, it appears useless to produce a proof for B(G), independent of [FS07],

that would not even approximately reveal why it works and where it comes from.

The following result from [FS07] about invariance of a maximal commutative subalgebra

under CP-maps for general von Neumann algebras is just [FS07, Theorem 3.1] supplemented

by the statement in [FS07, Observation 3.3].

A.1 [FS07, Theorem 3.1]. LetB ⊂ B(G) be a von Neumann algebra on the Hilbert space G

and let T be a normal CP-map T onB. Suppose E is a von Neumann correspondence overB
andξ ∈ E one of its elements such that T(b) = 〈ξ, bξ〉. Furthermore, letC ∋ idG be a maximal

commutative von Neumann subalgebra ofB.

Then T leavesC invariant, if and only if there exists a∗–mapα : C → B
a(E) fulfilling the

following properties:

1. The range ofα commutes with the left action of elements ofC on E, that is, for all

c1, c2 ∈ C and x∈ E we have

c1α(c2)x = α(c2)c1x.

2. For all c ∈ C we have

α(c)ξ = cξ − ξc.

A.2 Remark. Every normal CP-map on a von Neumann algebra can be obtained in that way.

For people who like modules: Do the GNS-construction to obtain a correspondenceE0 overB
with a cyclic vectorξ ∈ E0 having the correct matrix elements; see [FS07, Section 2.1]. Then
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closeE0 suitable to obtain a von Neumann correspondenceE following the procedure from

Skeide [Ske00] as explained in [FS07, Section 2.3]. For people who like the classical approach:

Do the Stinespring construction [Sti55] to obtain a HilbertspaceH with a nondegenerate normal

representationπ of B and a mapξ ∈ B(G,H) such thatT(b) = ξ∗π(b)ξ; see [FS07, Section 2.2].

The GNS-module is, then, the strong closure inB(B,H) of span π(B)ξB; see [FS07, Section

2.3].

As we need the same argument in the proof of Theorem 1.2, we repeat from [FS07] the

reduction of Theorem 1.1 to Theorem A.1.

P  T 1.1. IfB = B(G), thenE = B(G,G⊗H); see [FS07, Section 2.4]. Let
(
ei
)
i∈I

denote an ONB ofH. The family
(
idG ⊗ei

)
i∈I (whereidG ⊗ei denotes the mappingg 7→ g ⊗ ei)

is, then, an ONB ofE in the obvious sense. (See [Ske00] for quasi ONBs.) Denote byLi :=

〈idG ⊗ei , ξ〉 the coefficients ofξ with respect to this ONB. Then

T(b) =
∑

i∈I
L∗i bLi

is a Kraus decomposition of the CP-mapT onB(G); see [FS07, Section 2.4]. Moreover, every

Kraus decomposition can be obtained in that way. (Simply takeH := C#I with the canonical

ONB and defineξ :=
∑

i∈I Li ⊗ ei.) The correspondence between mapsα : C → B
a(E) fulfilling

the hypothesis of Theorem A.1 and coefficientsci j (c) ∈ C fulfilling the hypothesis of Theorem

1.1 is, then, given by

ci j (c) :=
〈
(idG⊗ei), α(c)(idG ⊗ej)

〉
.

(Note that the conditions of Theorem 1.1 are, clearly, sufficient. Therefore anα exists and it is

easy to see thatα(c) can be chosen to have the expansion coefficientsci j (c).)

A.3 Observation. SupposeT(X) =
∑

i=I L∗i XLi =
∑

j∈J K∗j XKj . PutH := C#I andG := C#J and

denote by
(
ei
)
i∈I and

(
f j
)

j∈J, respectively, their canonical ONBs. ThenT = 〈ξ, •ξ〉 = 〈ζ, •ζ〉 for

the elementsξ :=
∑

i∈I Li ⊗ei andζ :=
∑

j∈J K j ⊗ f j of the von NeumannB(G)–correspondences

E := B(G,G ⊗ H) and F := B(G,G ⊗ G), respectively. It follows thatvξ = ζ defines a

unique partial isometryv ∈ B
a,bil(E, F) that vanishes on (B(G)ξB(G))⊥, whose adjoint sendsζ

to v∗ζ = ξ and vanishes on (B(G)ζB(G))⊥. The superscriptbil refers to that the operators are

bilinear, that is, they commute with the action ofB(G). It follows thatv must have the form

v = idG ⊗V ∈ B(G ⊗ H,G ⊗ G) = B
a(E, F) for some partial isometryV ∈ B(H,G). If v ji are

the matrix elements ofV with respect to the canonical ONBs, we find thatK j =
∑

i∈I v ji Li and

Li =
∑

j∈J v
∗
ji K j. We see that the (strongly closed) linear hull is invariant under the choice of the

Kraus decomposition. Moreover,v is injective, if and only ifξ generatesE, andv is surjective,

if and only if ζ generatesF. If v is bijective, so that it is unitary, then the dimensions ofH and

G must coincide, and no Kraus decomposition can have fewer summands than thatminimal

dimension.
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We now quote the criterion for the (bounded) generators of normal CP-semigroups.

A.4 [FS07, Theorem 4.2]. LetB ⊂ B(G) be a von Neumann algebra on the Hilbert space G

and let L be a (bounded) normal CCP-map onB. Suppose E is a von Neumann correspondence

overB and d: B → E a bounded derivation such that

〈d(b), d(b′)〉 = L(b∗b′) − b∗L(b′) − L(b∗)b′ + b∗L(1)b′.

Furthermore, letC ∋ idG be a maximal commutative von Neumann subalgebra ofB.

Then L leavesC invariant, if and only if there exist an elementζ ∈ E that reproduces d↾ C
as

d(c) = cζ − ζc,

a ∗–mapα : C → B
a(E) and a self-adjoint elementγ ∈ C such that the following conditions are

satisfied:

1. The range ofα commutes with the left action of elements ofC on E, that is, for all

c1, c2 ∈ C and x∈ E we have

c1α(c2)x = α(c2)c1x.

2. For all c ∈ C we have

α(c)ζ = cζ − ζc.

3. For all c ∈ C we have

L(c) − 〈ζ, cζ〉 = γc.

P  T 1.2. Let L be given in the Lindblad form as stated in Theorem 1.2 and

fix the Hilbert spaceH := C#I with its canonical basis
(
ei
)
i∈I . We observe that ifL fulfills the

three conditions in Theorem 1.2, then by Theorem 1.1 appliedto the generator with coefficients

Ki := Li − ci we see thatL leavesC invariant.

Suppose now, conversely, thatL leavesC invariant. By [FS07, Sections 2.6 –2.8] the vector

ξ :=
∑

i∈I Li ⊗ ei in the von NeumannB(G)–correspondenceE := B(G,G ⊗ H) generates a

derivationd(b) := bξ − ξb that has the required inner products. By Theorem A.4, there exists a

vectorζ =
∑

i∈I Ki ⊗ ei in E such thatd(c) = cζ − ζc, that is,

c(ξ − ζ) = (ξ − ζ)c

for all c ∈ C. Therefore, the coefficientsci of ξi − ζ =
∑

i∈I (Li − Ki) ⊗ ei =
∑

i∈I ci ⊗ ei must be

elements ofC. The rest follows by applying appropriately the other properties that, by Theorem

1.2, must be fulfilled.
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P  T 1.4. Recall that by [LS01] the (continuous) units of the timeordered product

system over a von NeumannB–correspondenceE are parameterized asξ⊙(β, ξ) =
(
ξt(β, ξ)

)
t∈R+

whereβ ∈ B, ξ ∈ E. The family of mappingsb 7→ 〈ξt(β, ξ), bξt(β, ξ)〉 (t ∈ R+) form a uniformly

continuous CP-semigroup with generatorL(b) = 〈ξ, bξ〉 + bβ + β∗b. In the case of a Lindblad

generator onB(G) we have, as in the preceding proofs,E = B(G,G ⊗ H) andξ =
∑

i∈I Li ⊗
ei. The Lindblad form is minimal, if and only if the single unitξ⊙(β, ξ) generates the whole

time ordered product system. SupposeF = B(G,G ⊗ G) (G = C#J) is another von Neumann

B(G)–correspondence with elementsα ∈ B, ζ ∈ F such thatL(b) = 〈ζ, bζ〉+ bα+α∗b. Sending

ξt(β, ξ) to ξt(α, ζ) defines, then, an isometric morphism from the time ordered product system

overE into that overF. By [BBLS04, Theorem 5.2.1] morphisms are parameterized bymatrices
γ η∗

η′ a

 ∈ B
a,bil(B(G) ⊕ E,B(G) ⊕ F) such that the parameters of the units transform as

(β, ξ) 7−→ (β + γ + 〈η, ξ〉 , η′ + aξ
)
.

By [BBLS04, Corollary 5.2.4] such a morphism is isometric, if and only if a is isometric,η′ is

arbitrary,η = −a∗η′, andγ = ih − 〈η
′,η′〉
2 . Interpreting all this properly in terms of the concrete

B(G)–correspondences and their elementsξ, ζ, and taking also into account thatB
a,bil(E, F) =

B
a,bil(B(G,G ⊗ H),B(G,G ⊗ G)) = B(H,G) (because all elements must commute withB(G),

the coefficients can just be scalar multiples of1), gives the statement of Theorem 1.4.
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quantum probability, Nagoya Math. J.141 (1996), 29–43.

[CE79] E. Christensen and D.E. Evans,Cohomology of operator algebras and quantum
dynamical semigroups, J. London Math. Soc.20 (1979), 358–368.

[Dav79] E.B. Davies,Generators of dynamical semigroups, J. Funct. Anal.34 (1979), 421–
432.

[FS07] F. Fagnola and M. Skeide,Restrictions of CP-semigroups to maximal commutative
subalgebras, Noncommutative harmonic analysis with applications to probability

18



(M. Bozejko, A. Krystek, W. Mlotkowski, and J. Wysoczanski,eds.), Banach Cen-
ter Publications, vol. 78, Polish Academy of Sciences — Institute of Mathematics,
2007, (arXiv: math.OA/0703001), pp. 121–132.
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