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Abstract

We solve, mainly by counterexamples, many natural questiegarding maximal commu-
tative subalgebras invariant under CP-maps or semigrou@®emaps on a von Neumann
algebra. In particular, we discuss the structure of the gdoes of norm continuous semi-
groups onB(G) leaving invariant a maximal commutative subalgebra arajvstihat there
exists Markov CP-semigroups drig without invariant maximal commutative subalgebras
for anyd > 2.

1 Introduction

Markov semigroups, that is, semigroups of normal unital completely positi@&¢)maps on a
von Neumann algebr& c B(G) (G a Hilbert space) are models for irreversible evolutiondbot
of classical and of quantum systems.

The structure of the generator of a norm-continuous CP semngg on a von Neumann al-
gebra orC*-algebra is well-known after Lindblad [Lin76] and Chrisgem and Evans [CE79].
In several classes of CP semigroups this structure is fusihecialized revealing an unexpect-
edly rich algebraic structure. Here we recall some of thethowit claiming that this is a full
list.

Quasi-free semigroups are well-known from the 70 and wkeskiey example in the study
of the irreversible evolution of open quantum systems. Aaptemarkable class of semigroups,
calledgenerig arising from the weak coupling limit of a generic systenemacting with a Boson
reservoir was recently studied in [AFHO6]. Davies [Dav78yg a detailed description of the
generators of those strongly continuous quantum dynamamaigroups which possess a pure
stationary state. Generators of quantum Markov semigrthgisare covariant with respect to
the action of a unitary group were studied by Holevo [Hol96Fonnection with semigroups
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of instruments in quantum continual measurements [BP9#jeverio and Goswami [AG02]
showed that the generators of trace symmetric quantum digahsemigroups on von Neumann
algebras are sums of double commutators with self-adjguetators. This was extended to
norm-continuous semigroups that are symmetric with resjoethe scalar product induced on
the algebra by an invariant state by Fagnola and Umanit&w0}] who characterized the
generator of detailed balance quantum Markov semigroups.

This paper is concerned with the problem of finding invarieminmutative subalgebras
of a CP-semigroup o8 ¢ B(G) and of its generator. Indeed,d is separable, then the com-
mutative von Neumann algebgais isomorphic td_*(Q, ¥, P) for some probability space, and
a Markov semigroup is, indeed, the semigroup inducedl®ff2, ¥, P) by a classical Markov
semigroup of transition probabilities. More generallyaifMarkov semigroufl’ = (T¢),,
on a not necessarily commutative von Neumann algéblaaves a commutative subalgebra
C invariant (that is, T;(C) c C for all t € R,), then the restriction t@ gives rise to a classi-
cal Markov semigroup. Finding invariant commutative sgleédras means, thus, recognizing
classical subsystems as embedded into a quantum one.

A commutative subalgebr@ with 1 = 13 € C ¢ B8 c B(G) is amaximal commutative
subalgebra of B, if C ¢ D c B for a commutative subalgebf impliesD = C. A maximal
commutative subalgebra @&f = B(G) is a called anaximal abelian subalgebra or amasa. If
G is separable and & c B(G) is a masa isomorphic ™ (Q, ¥, P), thenG = L2(Q, 7, P). If
C is a maximal comutative subalgebra®ic B(G), then we obtain a description of the system
by classical(or macroscopifparameters that is not improvable by measuring a set osicials
observables. I is a masa, then this description is complete.

Rebolledo [Reb05a] (see also [Reb05b]) proved the follgveutficient criterion in the case
B = B(G): Let T be a normal CP-map 0B(G) given by someKraus decomposition T(b) =
2iLibL (L € B(G)). Suppose thaC c B(G) is a masa generated by a single self-adjoint
elementc € C, and suppose that there are self-adjoint elemerd<C such that

cL, - Lic = ¢lL;.
ThenT(C) c C. If T is theCP-part of theLindblad generator [Lin76]
L(b) = Z LibL + b3+ b

(8 € B(G)) of a uniformly continuous CP-semigrotp = € on B(G), then invariance of the
CP-part plus invariance of theg#fective Hamitonian b — bB + 8*b implies that the whole CP-
semigroup leaves invariant. In the case of a Markov semigroup (wheteas to be normalized
toL(1) = 0) we get

L(b) = D LibLi- LOLDUGT O]
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for the self-adjoinh = ImB € B(G). As the CP-parf alone, by Rebolledo’s criterion, leaves
C invariant, we have, in particular, that; L/L; = T(1) € C. So, if (and only if, see [FS07,
Lemma 4.4]) alsd € C so that theHamiltonian b — i[b, h] leavesC invariant, then alll; leave
C invariant.

Fagnola and Skeide [FS07] proved the following generabmadf Rebolledo, which now
provides a sfiicient and necessary criterion.

1.1 Theorem [FS07]. Let T be a normal CP-map dB(G) with Kraus decomposition(b) =
Yiel LibLi. Then T leaves a maximal abelian von Neumann alg€braB(G) invariant, if and
only if for every ce C there exist cogicients g(c) € C (i, j € I) such that

1) cj(c) = cj(o), 2) cLi-Lc = ZCij(C)Lj,

jel
forall c € C.

Theorem 1.1 is a special case of [FSO7, Theorem 3.1] for gémen Neumann algebras.
Fagnola and Skeide also provide théfmient and necessary criterion [FSO7, Theorem 4.2] for
the generator of a uniformly continuous CP-semigroup onreege von Neumann algebra. We
state here the result of the specializatiorBi@). A proof is delegated to the appendix.

1.2 Theorem. Let L be the generator of a uniformly continuous normal CRuggoup onB(G)
with Lindblad form I(b) = ¥, LibL; + b3 + 8*b. Then L, or equivalently, allT= €, leave a
maximal abelian von Neumann algel@ac B(G) invariant, if and only if there exist cgécients
Yy =v",C € C, and for every e C there exist cofcients ¢(c) € C (i, j € I) such that

1) cj(c) = ci(o), 2) cli-Lc = > 6O -c),

jel
3) L© = Y (Li-a)eli-a)+yc
iel

forall c € C.

1.3 Remark. We would like to mention that in both theorems (like in ThenseA.1 and A.1,
from which the former are derived) maximal commutativity®€&asily guarantees fiiciency.
The stated conditions are necessary (in all four theoreanshvariance of the unital commuta-
tive subalgebr&, even ifC is not maximal commutative.

Like [Par92, Theorem 30.16], the following theorem chagaees the possibilities to trans-
form a generator in minimal Lindblad form into another. Thedgf illustrates the power of
techniques from product systems of Hilbert modules. But aglarnot need these techniques
in the rest of these notes, we postpone also this proof togheralix.

3



1.4 Theorem. Let L be the generator of a uniformly continuous normal CRyggoup onB(G)
in minimal Lindblad form Ib) = >, LibLi + b3 + 8°b, and let Kb) = };c; KibKj + ba + a"b
be another generator.

Then K= L, if and only if there exists a matr[%{ 'KA] € MLisax@#y, Withny € C* arbitrary,

M = (aj); € Mysu an isometryp = —-M*y’ € C*, andy = ih - ) e ¢ (h e R arbitrary),
such that

a :ﬁ+71+2ﬁiLia Kj = ﬂ/jl+ZajiLi.
i€l i€l
This holds for arbitrary cardinalitiestl and #J, if infinite sums are understood as strongly
convergent.

1.5 Corollary. A similar result holds if the Lindblad form of L is not neceslyaminimal. In
that case M may be just a partial isometry agidnust be such that MM’ = 7'.

Proor. Observe that the minimal; in the theorem may be recoverd Bs= n1 + }jc; 3;iK;.
So, in order to compare two not necessarily minimal Linddtans we may simply “factor”
through a minimal onem

There are several natural questions around about Theorgimendl 1.2 and how they are
related with Rebolledo’s original criterion. Most of themeanotivated by the examples with
2 x 2—matrices that have been studied in [FSO07]. The goal okthetes is to give answers to
these questions, and Theorem 1.4 will play a crucial roleodsesults here show, the answers
sometimes are typical only f&f, and look diferent already foMs. Therefore, in the following
list of questions and throughout the answers later on inetineses we will have to distinguish
betweenM, and higher dimensional settings.

We explain briefly why counterexamples for a single map &hiralso counterexamples for
the semigroup case.

1.6 Observation. The CP-semigroufi; = €' leaves a subalgebra invariant, if and only if its
generatorL leaves that subalgebra invariant. So, for all questionsiabwariance for CP-
semigroups we are done if we answer the single mapping clise.igf CP-map with a certain
invariance property, thed’ shares that property.) Similarly, ¥ is aunital CP-map leaving
a certain subalgebra invariant or not, then= T —id is the generator of a Markov semigroup
sharing this property. (This is so, simply becauskeaves every subalgebra invariant so that
and, thereforeT, share the invariance propertiesol)

We now list our questions and the answers we obtain later treiremainder of these notes.
1. Does every CP-semigroup @{G) leave some masa invariant?
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Answer: No, by Example 2.1 already for a single CP-magvgrand, therefore, also for
a CP-semigroup oM, (and, therefore, for alB(G)).

. Does every Markov semigroup @(G) leave some masa invariant?

Answer: Yes, forM, by Theorem 2.4 both for Markov semigroups and for unital CP-
maps.

Answer: No, forMs; by Example 3.3 and foB(G) (separablé& for any dimensiord > 3
includingd = o) by Section 4, both for Markov semigroups and for unital CBps

. Is Rebolledo’s criterion equivalent to the one in Theoreh? More precisely, does
every normal CP-map dB(G) that leaves a masa invariant, admit a Kraus decomposition
fulfilling Rebolledo’s criterion?

Answer: No, already foM,, by Example 2.2 for Markov semigroups and for unital CP-
maps.

. Suppose we have a generator leaving a masa invariant. &veeg such generator de-
compose, like in Rebolledo’s criterion, into a CP-part artdaaniltonian part that leave
the masa invariant, separately?

Answer: No for the CP-part, already in the case of a Markovigesnp onM, by Exam-
ple 2.8. This answer extends to &(G).

Answer: Yes for the Hamiltonian part, in the case of CP-seaugs onM, by Corollary
2.6. No, in the case of CP-semigroupsiMs and higher dimension, by Example 3.2.

In Section 2 we study everything related#o= M., while Section 3 is dedicated # = Ms. In
the final Section 4 we deal also with an infinite-dimensioxaleple.

We would like to mention that a further natural question aske[FS07], namely, whether
the necessary and figient criterion in [FSO7] remains valid for unbounded gexters, has
a negative answer, too. There exist generators in terms wfldacommutators and the CCR
that leave invariant a masa but that do not fufill the (unb@ahadnalogue of the) criterion in
[FSO7]. We will study these generators elsewhere systealbti Here we restrict ourselves to
the bounded case.

Conventions. For everyn € N we denote by, = M,(C) = B(C") the von Neumann algebra
of n x n—matrices with complex entries. Byl,, we mean the von Neumann algeli4G)
for a separable infinite-dimensional Hilbert sp&&eThe elements oB(G) are considered as
matrices with respect to a fixed orthonormal basjg,.,,, of G. By D, (n € NU{eo}) we denote
the respective subalgebras of diagonal matrices.

5



2 Examplesand resultsfor M,

We start with some counterexamples for things that do nat exagk for M.

2.1 Example. Consider the CP map: M,(C) —» My(C) defined by

T(a b) _ (1 1](5\ b)(l o) _ [a+b+c+d b+d].
cd 0 I\c di1 1 c+d d
If T leaves a mas@ c M, invariant, then{1, T(1), T?(1),...} c C should all commute. But
clearly this is not the case ag1) = [i i] andT2(1) = [2 i] do not commute. So neither the
CP-mapT nor the CP-semigroug@’ leave a masa dfl, invariant.

Any CP-mapT may be extended to a CP-mﬁQX) = T(1,X1,) on Mq for anyd > 3

including co. Again T(1) and T2(1) do not commute. Sol has no invariant masa and the
CP-semigroumtf (= Eﬁ) shares this property.

2.2 Example. Define the CP-map : M, — M, by

T(X) = LIXL + XLy

where
1 1
<= (1) =15 9)
2 2 2 2
Then
T[a b] _ [%(a+%+%+d) ;’#‘i ]
c d ZC;\/% (a+f % +d)

We see thal is unital and that it leaves the diagonal subalgebsaf M, invariant.
Now supposeT (X) = Z K7 XK is another Kraus decomposition & Then eactKj, is
a linear combination of_y, L2, see Observation A.3. Say, = al; + bL,, a,b € C. Now

suppose this decomposition satisfies Rebolledo’s comditibhen for every diagonal matrix
D= ( 04 ) € D, there existd’ = ( ) € D, (depending upo) such that

D'K; = KyD.
So
d; o)(% A %)(dl 0
o gl ) 7 (2 2)lo «
or
d;% d/% (s L

2
a_
i (%5° ) 2 (%)
It is easily seen that no non-zelq satlsfies this condition. We conclude that Rebolledo’s
condition is not a necessary condition.



We now discuss several things that work only Ms. The counterexamples in the general
case for the statements we prove hereNr must wait until Section 3 oM.

2.3Lemma. Leta be a linears—map on M such thatx(1) € C1. Thena leaves a masa of M
invariant.

Proor. The Cayley-Hamilton theorermasserts that for every matrix € M, the characteristic
polynomial P of Y givesP(Y) = 0. It follows that for everyY € M, the subalgebra oM,
generated by has the fornCy := C1, + CY. Therefore, if we find a self-adjoint = Y* ¢ C1,
such that(Y) € Cy, thenCy is a masa oM, invariant fora.

Define the 4—dimensional real subsp&e- {X € M,: X = X*} of self-adjoint elements
of M,. By tr we denote the normalized trace dfy. Thenids—trl: X — X — tr(X)1 defines
a projection onto the subspaBg := S N ker tr of self-adjoint zero-trace operators. The linear
map (ds —trl) o a leaves the 3—dimensional real vector sp&ganvariant. Thereforeg :=
(ids—trl) o @ [ Sg has an eigenvector to some real eigenvalue. Clearly(Y) € Cy and
Y ¢ C1,, so thatCy is a masa invariant far. (Of course, it is an easy exercise to check directly
thatY? € C1 for every self-adjoint zero-trace operafére M,, showing thaCy is an algebra
without reference to the Cayley-Hamilton theorena.)

The following theorem is a simple corollary of the lemma.

2.4 Theorem. Every unital CP-map T on Mhas an invariant masa. Every generator L of a
Markov semigroup on Mhas an invariant masa.

Proor. T is alinear~—map that map&to 1- 1 andL is a linears—map that map$to 0- 1. m

Once assured existence of an invariant masdoby a basis transformation we may always
assume that this invariant subalgebraZds. We now investigate when a generator leaving
D, invariant can be split such that also its CP-part or at le¢adtlamiltonian part leave®,
invariant. Note that by Corollary 2.6 and Example 2.8 thegeproperties need not coincide.

2.5 Theorem. Suppose the minimal Lindblad generatdiX) = 3, LI XL + XB+ B"'X of a
CP-semigroup on MleavesD, invariant. Then L admits a (minimal) Lindblad form whose CP-
part leavesD, invariant separately, if and only if there is a linear comaiion K := Zid:1 niLi
such that B+ K € D,,.

Proor. Note thatT(X) = ¥, L XL; leavesD, invariant, if and only ifA: X = XB+ B*X =
{X,Re B} + i[ X, Im B] does. We show that this happens, if and onl i€ D,. “If” being clear,
for “only if” suppose thatA leavesD, invariant. ThenA(1l) = 2Re B € D, and, therefore
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{X,ReB} € D, for all X € D,. Clearly, X — [X,ImB] leavesD, invariant, if and only if
ImB € D,.

SupposeA, K; are the cofficients of another Lindblad form df. So, in order that the CP-
partz‘j’;l Ki XK leavesD, invariant, it is necessary andf&gient thatA € O,. By Theorem 1.4
the only possibility to achieve this, is adding linear condtions of the_; (andl) to B. So, the
conditiondK = Y&, 7Li: B+ K € D, is necessary. On the other hand, supposeKhexists.
In view of Theorem 1.4 puM = 14,7’ = —n, andy = —<L2">. Then the Lindblad generator with
codtficientsA = B+ y1 + K andK; = L; — ;1 coincides withL andX — XA+ A*X leavesD,
invariant. m

2.6 Corollary. Every generator L of a CP-semigroup on, Maving D, invariant can be writ-
ten in a Lindblad form where also the Hamiltonian part leaggsinvariant.

Proor. Either allL; are in9, so that alsdB € 9,, or there exists at least ong that is not
diagonal. H = Im B is self-adjoint andm(7, Ly) will eliminate the dt-diagonal fromH for
suitableny. m

2.7 Remark. Note that this is true for arbitrary generators (not necelgsie@aving D invari-
ant) as soon as the CP-part does not leByanvariant (assuring existence of a nondiagonal

Ly).

2.8 Example. Let L(X) = LiXLy + L3XLy + XB+ B*X with

— _y7"b (11 _ (12
B 2[10 8], L - [1 l], Lo [2 2].

One easily verifies thdt leavesD, invariant and that (1) = 0. However, all linear combi-

nations ofL; andL, have equal fi-diagonal elements, ar8l has not. Therefore, none of the

linear combination8 + y1 + 7, L; + 77,L, will be diagonal. In conclusion, it is not possible to

find a Lindblad form with &ective Hamiltonian and CP-part that leag invariant separately.
This example extends easily to arbitrary higher dimen$i{@), if we embed all cofficients

it into the M,—corner of B(G).

3 Examplesfor M3

Apart from the counterexamples, the preceding sectionatoad also some positive results
which were, however, specific favl,. In the present section we give counterexamples to the
analogue statements M.



3.1 Remark. This behaviour, a qualitative jump for what is possible wipassing from di-
mension 2 to dimension 3, reminds us somehovst#ason’s theoremThat theorem gives a
characterization of thogarobability functions defined on the lattice of projectionsIjG) that
extend as normal states to allB{G), the so-calledrame functionssee, for instance, the book
Parthasarthy [Par92]. Gleason’s theorem holds for all dsre@sn > 3 of G, but not forn = 2.

We start with an example iNl; that contradicts the statement of Corollary 2.6 Ky.

3.2 Example. LetL(X) = LiXLy + L;XL, + XB+ B*X with

76 0 130 000
1
B = —52110, L; := |1 0 0|, L, := |11 0|
410 2 015 201
One calculates
d 0 0 —60; + 2d; + 4ds 0 0
L0d2 0| = 0 9d1—10d2+d3 0,
0 0 ds 0 0 0
so thatl leavesD; invariant and_(1) = 0. One easily computes
c1—7 3c; -6 0
2B = C1|_1+C2L2+ZB = |cg+c-2 c-11 0
2c0-4 ¢,-10 B5cp+c,-26

For thatB’ — B is diagonal we obtain the three equatianns- 10 = 0, 2c; — 4 = 0, and
3c;—6-C;—C,+2 = 0. Insertingc; = 10 andc, = 2 into the third equation gives 306 — 10—
2+ 2 =14+ 0. We conclude that no other Lindblad formlohas a Hamiltonian part leaving
D3 invariant.

Also this example extends easily to arbitrary higher diniemal B(G), if we embed all
codficients into theMs—corner of B(G).

We now construct an example M3 that contradicts the statement of Theorem 2.4NMr

3.3 Example. We wish to construct a unital CP-mdpon M3 that does not leave any masa
invariant. The technique of Example 2.1 to take an elenxeat the commutative subalgebra
and to show that the famil¥, T(X), T?(X), ... is not commuting, is the same. What made
Example 2.1 so simple, was that we could cho®se 1 and1 is contained in every masa.
HereT(1) = 1. So, we must find another elemexit But now, such arX will depend on the
subalgebra in question. The fact, that we want to have therstnt for all masas, is what makes
the problem considerably morefiicult. Moreover, this dficulty increases with dimension,
because the “number” of possible masas increases rapidhg We discuss the cadd;, while
the case of arbitrary dimension @) is postponed to the following section.
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Our strategy is to limit the “number” of candidates for ananant masa, by making the
range ofT as small as possible, though noncommutative. So the rangeamutain at least two
elementsA; andA; that do not commute antl (That is, in particular, the triplé, Ay, A, must
be linearly independent.) And the mapping should be CP. Badaproblems with complete
positivity we try a mapl that factors through the conditional expectatit)n

Xoo Xo1 Xo2 Xo 0 O
Ea[x10 %11 %e2| :== | 0 x1 O
Xo0 Xo1 X22 0 0 X2

onto Ds. The fact that every conditional expectation is CP, showsfibr arbitrary positiveA;
andA; such that als@, := 1 - A; — A, is positive, the maf on M3 defined by setting

Xoo Xo1 Xo2
Tlx0 x11 Xe2| 1= Xo0Ao + X11A1 + Xo2Ap
X20 Xo1 X22
is CP and unital.
Our choice forA; andA; is

A= Yiao p=Yoas
1 .= 4 s 2 .= 4 .
000 011

Itis easy to check thak .= A, + A, = %‘[Z % E] has norm|A|| < 1 so thatAg := 1 — Ais positive.
(See Section 4 for a more general estimate in higher dimenséatually, [|Al| = % but this
_01 é i] + 0.
Let X = Aol + 42:A; + 44,A; be an arbitrary element in the r;ﬁa"(:éMn). For checking
whetherX and T (X) commute, the value ofy is irrelevant ¢ commutes with everything and

T(1) = 1). Henceforth, we puty = 0. Then

estimate depends on the dimension.) The commutatéy ] = lie

T(X) = /lle + (/7.1 + /lz)A]_ + /lez = /111 + /le]_ + (/7.2 — /ll)Az.

Once more, for checking wheth&r and T(X) commute, the summangil is irrelevant. In
general, the commutator afA; + 1,A; andu Ay + uAs s

[UAL + 2P0, 1A + 2A0] = (Apz — Aour)[Ag, Asl.
Since A, As] # 0, for thatX andT (X) commute we find the necessary andisient condition
(12— ) - A5 = 0. (3.1)

If 1, = 0, then so ist,. But we are interested in more than just the trivial solufios 1,1. If
A1 # 0, then (by dividingX andT (X) by 1;) we may assumg; = 1. Then (3.1) transforms into
the second order equation

b-1-25=0

10



for A, with solutions% + i%. As these numbers both are not real hut= 1 € R, this means
the problem of findingX € T(Ms3) such that X, T(X)] = 0 has no self-adjoint solutionftierent
from the multiples of the identity. Since every masawfis spanned by three orthogonal rank-
one projections, this means there is no masa that is leftiamviaby T. The same is true for the
Markov semigrou@ (™9,

4 Anexamplefor M., = B(G)

In this section we generalize Example 3.3 to arbitrary (¢able) dimension. We discuss first
the infinite-dimensional case, while its modification totigimensions is the simple Observa-
tion 4.5.

Fix a Hilbert spac& with an ONB(&,),.,,,- Denote byE., := 377, .6, 0€:€; the conditional
expectation onto the commutative subalgebra:= {31 A€, SURy, [dnl < oo}

For everyn € N define the operatok, = i(en_le;_l + 6,16, + 6€, | +6y€,). Interms of the
ONB, A, has the matrix representation

A, = 1] 1 12 n-1
4 1 1 N
n-1 n

with 1's in the intersections of the 1)st andnth row, respectively, with then(— 1)st andnth
column, respectively, and O's elsewhere. We define 3 ", A,. As for everyk, ¢ € {0, 1} the
sumy., €,«€;_, has norm one, the norm &fis not greater than 4;11 = 1. (Actually, it is not
difficult to show that/Al| = 1.) It follows that the map

r(eogy) = 1- A r€€) = A (Nel)

extends to a unique normal and unital CP-mafD., — B(G).

It follows thatT := 7 o E, is a normal unital CP-map 0R(G). We shall show that that no
masa ofB(G) is left invariant byT.

LetR:= {Ao(1 - A) + 2171 AnAn: SURy, I4nl < oo} denote the range Gf. Clearly,

Ao(L=A)+ D" dnAy = dol+ Y (An = A0)A,
n=1 n=1
and sup.y, [1n| < oo, if and only if SURy, [4n — Aol < c0. Thus,

R = {/lol+ Z/lnAn: supla,| < oo}.

=1 neNp
Clearly, the cofficients, (n € N) are unique. (Apply the normal functionalg,, ee,_1).) So,
alsoAg is unique. This shows thatis injective.
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4.1 Proposition. Two elements X% 201+ > 7, AnAsand Y = pol + 377 ; unAs of R commute,
if and only if the cogicients fulfill

Anftnsr = Anpifin (4-1)

foralln e N.

Proor. We denoteC,, = [An, An1] and observe tha#y,,, A, = 0 form—n| > 2. So,

[X, Y] = Z(/ln,uml - /ln+1,Un)Cn-

i=1

Calculating explicitly theC,, and applying the normal linear functiondks,,,, ee, 1), the con-
dition follows. m

Fix an elemenX = 101 + )., AnA, € R Define a sequendg < j; < iz < Jp < ... of
elements iV U {co} by setting

i1 ;== minfn>1:2,#0}, jy:= minfn>iy: An =0}, i1 = minfn> j,: A, # 0},

(n € N), where we use the conventions hf o and, for formal reasonsye < . (We may
also say, the sequence terminates once we encounter the first time.) That is, the family
(An)ner (We are not really interested ity) has the form

©....,0,0,Ai,...,2;,-1,0,0,...,0,0, A, ..., A,-1,0,...),

where all mentioned,, are diferent from 0, and where the numbers of zeroes in between these
blocks is at least one.

4.2 Proposition. Y = upl + Y771 unAn € R commutes with X, if and only if the family,)
has the form

neN

(/Jl’ s ’ﬂil—Z’ O’ al/lila R al/ljl—ly O’ Mj1+la LR aﬂiz—Za Oa a2/1i2, cee alz/ljz—l’ O’ .. -)’

where all mentioneg, and o, are arbitrary. (For that in between the mth and tfra + 1)st
block of non-zeral’s there remains some frge the numberg,; — j, of zeros must be at least
3)

Proor. Simple inductive verification of the Equations (4.1), stbgpstep. m

Note that als@;j,, = 0 = @n-0 = amd;,. So we can say the blocks(, . .., u;,) must be mul-
tiples of the blocks4j,, . .., 4;,). Wherei, > 1, this extends even to the blocks (1, ..., uj,)-
Only thoseu, that are not contained in any of these blocks, can be choselyfr
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4.3 Lemma. Fix a non-zero element X Aol + ;" ; 41,A, € R and determine the sequence
I1 < j1<lis< ]2 <...asabove. Then X commutes witfX], if and only if one of the following
conditions is fulfilled.

1. iy = 00, so thatl, = Oforn e N and X= A1.

2. i =1and j, # 00 = imy1 = jm+ 1 # co. For every block4;,, ..., 4;,) with j, # co we
have

1 - phimtt . .
/1 = /l _ = .o
n 1 1 _,Bm (n Im, s ]m)
for Bm € C an (imy1 — im)th root of 1 with the property thag], # 1 forn < igg — im. If

there is a last}, < oo so that f, = o, then

1_ n—im+1 ) )
/ln:/lllf—rnﬂrn (nzlm,|m+1,...)

for B € C with |8, < Landgk, # 1for all k € N.

Proor. Excluding the trivial first case, we may assume that: O for at least onen € N. In
this case, however, we may very well assume that 0. (T(1) = 1 and1 commutes with
everything.)

Suppose that > 1. In this caséey, X&) = 0, so that

T) = AA 1+ D (ot An)Ay = D
n=iy n=i;-1
with i, = 4, # 0 andu, = A + A forn > iy Thenu;, 1, = 22 # 0 = Aj,_yy. By
Proposition 4.1X and T (X) do not commute.
Now assume; = 1, so thatl; # O. In this case, we have

TX) = l+ > (n+dns— A)As = piol+ Y pnhg
n=1 n=1
with uo := A; andup = A + Any1 — A perne N,
By Proposition 4.1X andT (X) commute if and only if for everynwith i, # oo, there exists

anapm € C such that
a,'m/ln = I.ln = /ln + /ln+]_ - /l]_ (42)

forne Nwithi, <n< jn.

Suppose now thaX andT (X) commute. Supposg, # . Then
0=12 = Ujn = /1jm+/ljm+l_/11 = /1jm+l_/ll-
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S0A4j,+1 = A1 # 0. This impliesim,1 = jm + 1 and the statementt,, = 1, for all mwith i, # co.
It is clear that for everyy,, the eigenvalue equation in (4.2) defines a recursion forthe
the blockn € N with i, < n < j, with initial condition;, = A3, which is the unique solution,

no matter whethey, is finite or infinite. We leave it to the reader to verify thatstBolution is

M:Aﬁl%ﬁi
1 _IBm
with B, := am — 1. However, ifj, # o, then we know also that, # O foralli, < n < jny
and thati;, = 0. This leaves precisely thogg, that have the form as stated in the lemma, for
only then the the first zero occurs precisely wiesa .. If j, = o, then only if|8| < 1 the
sequence remains bounded. The condiifyrs 1 for all k € N assures that there are no more
zeroes fom > ip,.

Clearly, all the choices lead to a solution wh&randT (X) commute.m
4.4 Theorem. B(G) does not contain a masa left invariant by T.

Proor. Any masa ofB(G) contains a self-adjoint elemeit # 0 different fromAl (1 € R).
SupposeX = Y7, 44,A, is such an element withy, according to Lemma 4.3, such thatand
T(X) commute. Asl; # 0 we may divide alll,, by A; so that the new; is now 1.

Suppose there are finite blocks. In order thatiglare real, a finite block must have length
two, that is, after; , = 1 the nexti;_,; must already be 0. In particular, if there are finite blocks,
then we havel; = 1 and, = 0 andA; = 1 again, that isX = A; + Az + 44A4 ... and

TX) = 1-Ai—Ap—As—A,...
+A1+A2+(1+/14)A3+(/14+/15)A4... = 1+/14A3+(/l4+/l5—1)A4+...

As the codicient of A; in T(X) is 0, the only possibility that (X) fulfills again the requirements
of Lemma 4.3 (so thaf?(X) commutes withT (X)) is that all following codicients ofT (X) are
zero. This happens if and onlg,_1 = 1 anda,, = 0 for alln € N. In that casel (X) = 1, so
that allX, T(X), T?(X),... commute. Sinc&? = %X we see thaCl+CXis even a commutative
von Neumann algebra. Of course, it is not a masa, so therelreusbre linearly independent
elements. By Proposition 4.0X}’ "R = C1 + CX. So, a masa containing must be contained
in C1+CX +ker T. Recall thatE,, is faithful ontoD., and the magp is injective. Soker T does
not contain any new projections, and the only commutatigelada containing and invariant
for T is C1 + CX, which is not a masa dB(G).

Suppose now that all, # 0. So, there i € C with |8] < 1 andg* # 1 for all k € N such
thata, = 11%/;;. For that all1, are real 8 must be real, too. Heré(X) = (1 + 8)X. But, once
more{X}' N R = C1+ CX, and faithfulness of excludes that a bigger commutative subalgebra
is mapped into that subspaceRf m
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4.5 Observation. This example also works for every finite dimensioMa), (n > 3). The
Equations (4.1) terminate with— 1. But the following equation would still be fulfilled with
Ani1 = 0 = unp1. What happens in Lemma 4.3, is just that there remain pigdisese cases
that havel,,; = 0. Regarding the proof of Theorem 4.4, we are just in the ficétee, and the
result stands also here.

Appendix

For the proofs in this appendix we do not make any attempt teelfecontained. Instead, we
assume that the reader is familiar with the notions as inited in Fagnola and Skeide [FS07,
Section 2] for the proofs of Theorems 1.1 and 1.2, plus thessary notions from Barreto, Bhat,
Liebscher and Skeide [BBLS04, LS01] about morphisms of timdered product systems for
the proof of Theorem 1.4. Theorems 1.1 and 1.2 are versiasajzed tdB(G) of the results
[FSO7, Theorem 3.1 and 4.2] for general von Neumann alge®rasB(G). As the intuition of
the proof of necessity in the latter results cannot be gigghout a good portion of experience
with Hilbert modules, it appears useless to produce a pr@oB{G), independent of [FS07],
that would not even approximately reveal why it works and sghecomes from.

The following result from [FS07] about invariance of a magincommutative subalgebra
under CP-maps for general von Neumann algebras is just [FB@brem 3.1] supplemented
by the statement in [FSO7, Observation 3.3].

A.1[FS07, Theorem 3.1]. LetB c B(G) be a von Neumann algebra on the Hilbert space G
and let T be a normal CP-map T & Suppose E is a von Neumann correspondence 8ver
and¢ € E one of its elements such thaf) = (£, b¢). Furthermore, leC > idg be a maximal
commutative von Neumann subalgebra&of

Then T leaveg invariant, if and only if there exists &mapa: C — B3(E) fulfilling the
following properties:

1. The range oftxr commutes with the left action of elementsCobn E, that is, for all
C1,C € C and xe E we have

cia(c)X = a(cy)cix

2. For all c e C we have
a(C)é = C£-&c

A.2 Remark. Every normal CP-map on a von Neumann algebra can be obtairibat way.
For people who like modules: Do the GNS-construction to inldiacorrespondendg, over 8
with a cyclic vectoré € Eq having the correct matrix elements; see [FS07, Section 21ién
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closeEq suitable to obtain a von Neumann correspondeadellowing the procedure from
Skeide [Ske00] as explained in [FSO7, Section 2.3]. For |gaepo like the classical approach:
Do the Stinespring construction [Sti55] to obtain a HillsgyéaceH with a nondegenerate normal
representation of 8 and a mag € B(G, H) such thafl (b) = &*n(b)¢; see [FS07, Section 2.2].
The GNS-module is, then, the strong closureBi{B, H) of span n(8)¢8B; see [FSO07, Section
2.3].

As we need the same argument in the proof of Theorem 1.2, weatdpm [FS07] the
reduction of Theorem 1.1 to Theorem A.1.

Proor oF THeorEM 1.1. If B = B(G), thenE = B(G, G® H); see [FSO7, Section 2.4]. L&),
denote an ONB ofy. The family (ids ®€),., (whereids ®g denotes the mapping— g ® &)
is, then, an ONB oE in the obvious sense. (See [Ske0O0] for quasi ONBs.) Denote by
(idg ®€, &) the codficients of¢ with respect to this ONB. Then
T(b) = > LbL
il

is a Kraus decomposition of the CP-mapn B(G); see [FS07, Section 2.4]. Moreover, every
Kraus decomposition can be obtained in that way. (Simplg fak= C* with the canonical
ONB and defin€& := };, Li ® &.) The correspondence between map&> — B?(E) fulfilling
the hypothesis of Theorem A.1 and @i@eientsci;(c) € C fulfilling the hypothesis of Theorem
1.1is, then, given by

cij(c) = ((ids ®8), a(c)(ids ®€))).
(Note that the conditions of Theorem 1.1 are, clearlyfisient. Therefore am exists and it is
easy to see that(c) can be chosen to have the expansiorfib@entsci;(C).) m

A.3 Observation. Supposél (X) = ¥ Li XL = ¥jc; KiXK;. Put$ := C* and® := C* and
denote by(e),,, and(f),.;, respectively, their canonical ONBs. Th&n= (¢, &) = ({, ¢¢) for
the elements := 3| Li®e and{ = 3., K; ® f; of the von Neuman®(G)—correspondences
E = B(G,G® %) andF = B(G,G ® ®), respectively. It follows thaté = ¢ defines a
unique partial isometry € B2P!(E, F) that vanishes onB(G)¢B(G))*, whose adjoint sends
to v*¢ = £ and vanishes orfj(G)/B(G))*. The superscript' refers to that the operators are
bilinear, that is, they commute with the actionB{G). It follows thatv must have the form
v=ids®V € B(G® H,G® ®) = BE, F) for some partial isometry € B($, 6). If v; are
the matrix elements of with respect to the canonical ONBs, we find thgt= }’;., v;Li and
Li = 2jesvjiKj. We see that the (strongly closed) linear hull is invariamder the choice of the
Kraus decomposition. Moreoverjs injective, if and only if¢ generate&, andv is surjective,
if and only if £ generate$. If v is bijective, so that it is unitary, then the dimensions)adind
® must coincide, and no Kraus decomposition can have fewemsnds than thatinimal
dimension.
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We now quote the criterion for the (bounded) generators afnab CP-semigroups.

A.4[FS07, Theorem 4.2]. LetB c B(G) be a von Neumann algebra on the Hilbert space G
and let L be a (bounded) normal CCP-map®nSuppose E is a von Neumann correspondence
overB and d: 8 — E a bounded derivation such that

(d(b), d©)) = L(b'D) - b*L(b’) — L(b) + b*L(L)b'.

Furthermore, letC > idg be a maximal commutative von Neumann subalgeb#a of
Then L leaveg invariant, if and only if there exist an element E that reproduces ¢ C
as
d(c) = c/-¢c,
ax—mapa: C —» B?(E) and a self-adjoint elemente C such that the following conditions are
satisfied:

1. The range ofxr commutes with the left action of elementsCobn E, that is, for all
C1,Cy € C and xe E we have

cia(c))X = a(cy)cix

2. Forall c e C we have
a(c)l = ¢ -<Lc.

3. Forall ce C we have
L(c) - (. Q) = yC.

Proor oF THeorem 1.2. LetL be given in the Lindblad form as stated in Theorem 1.2 and
fix the Hilbert spaceh := C* with its canonical basiée),,. We observe that it. fulfills the
three conditions in Theorem 1.2, then by Theorem 1.1 appdi¢kle generator with cdigcients
K; := L; — ¢; we see thak leavesC invariant.

Suppose now, conversely, tHateavesC invariant. By [FSO07, Sections 2.6 —2.8] the vector
¢ = Yiq Li ® § in the von NeumanrB(G)—correspondencg = B(G,G ® H) generates a
derivationd(b) := b¢ — £b that has the required inner products. By Theorem A.4, theistsea
vector{ = Yo Ki ® g in E such thatd(c) = ¢/ - c, that is,

c§-24) = (£-9c

for all c € C. Therefore, the cdécientsc of & — ¢ = Yo (Li — K)) ® g = X, G ® & must be
elements o€. The rest follows by applying appropriately the other prties that, by Theorem
1.2, must be fulfilled.m
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Proor oF THEOREM 1.4. Recall that by [LS01] the (continuous) units of the tionéered product
system over a von Neumaifi-correspondencg are parameterized @S8(8, &) = (&(B. €))ex,
whereg € 8, ¢ € E. The family of mappingd — (&(B, &), b&(B, £)) (t € R,) form a uniformly
continuous CP-semigroup with generatdb) = (¢, b¢) + b8 + g*b. In the case of a Lindblad
generator orB(G) we have, as in the preceding prooks,= B(G,G® 9) andé = 3 Li®
g. The Lindblad form is minimal, if and only if the single urit(3, £) generates the whole
time ordered product system. Suppdse- B(G,G® 6) (6 = C?) is another von Neumann
B(G)—correspondence with elements B, ¢ € F such that.(b) = (Z,b) + ba + a*b. Sending
&(B, &) to &(a, &) defines, then, an isometric morphism from the time orderedyict system
overE into that ovelF. By [BBLS04, Theorem 5.2.1] morphisms are parameterizeahatrices
(Z ’;] € B2P(B(G) @ E, B(G) @ F) such that the parameters of the units transform as

(B.6) — (B+y+n.é, 0 +aé).

By [BBLS04, Corollary 5.2.4] such a morphism is isometricamd only ifa is isometric,;’ is
arbitrary,n = —a*n’, andy = ih — @ Interpreting all this properly in terms of the concrete
B(G)—correspondences and their elements and taking also into account tHa#P!(E, F) =
BB(G,G® H), B(G,G o 6)) = B(H, ®) (because all elements must commute vB{EG),
the codficients can just be scalar multiplesDf gives the statement of Theorem 1.
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