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Abstract. Consider S, = Z?Zl Xj, where Xy = 377 ¢;j§—j, k > 1, with §;, —oo <
J < o0, iid belonging to the domain attraction of a strictly stable law with index 0 < o < 2.
Under certain conditions on ¢;, it is known that for v, = nf7,, 0 < H < 1, with 7, slowly
varying, v, 1S my converges in distribution to a fractional stable motion. In addition, if f (y)
is such that [ (|f (y \+ lf (v)] )dy < o0, then for (3, such that 3, — oo and %" — 0 (in
particular £, = ), 22 N e f <g—:Sk) converges in distribution to L{ [*_ f (y) dy, where
L7 is the local time of the fractional stable motion at « upto time ¢. In this paper we obtain
further results, motivated by asymptotic inference for certain nonlinear models.

We obtain the convergence in distribution for %" ZZ:1 h <g—:5k, #Sk+T>, r>1, as well

as for ’%" S f <’?;—:Sk) o (wg) and ’%" Yo h <€—:Sk, #Sk+r> o (w)o (Weir), 7 > 1, for
suitable f () and h (z,y) and for suitable o (wg), where w, = S.*

j=—00

dy—;n; such that
(&5,m;), —00 < j < oo, are iid with F [n?] < oo but possibly with E [n;] # 0. For h(z,y),
the limits are different for the cases 3, = v, g—: — 0 and g—: — 00.

We further show that if in addition [~ > f(y)dy = 0, then when 1/3 < H < 1 (which
probably cannot be relaxed), \/T” Y iy f(Sk) converges in distribution. Similarly but
when possibly [*_f(y)dy # 0, the same is true for /2= 37" | f(Sp)wy, where wy, is as
before but with E [n;] = 0.

All the above convergencies are also shown to hold jointly.
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1 INTRODUCTION

Consider a sequence §;, —00 < j < 00, of iid random variables belonging to the domain
of attraction of a strictly stable law with index 0 < o < 2. We recall that this is equivalent
to the statement that for a suitable slowly varying function 4,,,

[nt]

t— (n'/°5,) }:@f“ >0, (1)

where {Z,(t),t > 0} is an a-stable Levy motion, that is, has stationary independent

increments such that, for each 0 < t < o0,

—tlu|*(1~ifsign(u) tan(75*)) if a#1
| . if «
o—tlu if a=1

with |3] < 1. (Above and in the rest of the paper, the notation J4 signifies the conver-
gence in distribution of random processes in the sense of convergence in distribution of all
finite dimensional distributions.) For the details of the above statement, see for instance
Ibragimov and Linnik (1965, Chapter 2, Section 6) or Bingham et al (1987, page 344).
Note that this definition of strict a-stability for the case a = 1 differs from the usual one in
that we take the skewness parameter 3 to be 0. When o = 2, Z5(t) becomes the Brownian
Motion with variance 2.

Now consider the linear process

(e o]

X =Y ¢y, k>1,

=0

where §;, —00 < j < 00, are as earlier with index 0 < o < 2, and ¢;, j > 0, with ¢y = 1,

are constants. Let i
j=1

Under suitable conditions (specified in Section 2 below) on the constants ¢; it is known

that for a suitable H, 0 < H < 1, and for normalizing constants of the form

H
Yn =N Ty

with 7, slowly varying, the process



where the limit {A, g (¢),¢ > 0} is a Linear Fractional Stable Motion (LFSM). It is defined
by

t

Aan(t) =a / i {(t ) (—u)H—l/a} Zo(du) + a / (t —u)"Y 2, (du)

00 0

if H # 1/a, and
Aou(t)=2,1t) itH=1/a

where a is a non-zero constant and {Z,(t),t € R} is an a-stable Levy motion, taken to be
Z,(t) as defined earlier for 0 < t < oo, and for —oco < ¢ < 0, it is taken to be Z,(t) = ZX(—t)
with {Z}(u),0 < u < oo} an independent copy of {Z,(u),0 < u < co}. See Samorodnitsky
and Taqqu (1994) for the details of LESM.

Note that when H = 1/a, the restriction 0 < H < 1 reduces to 1 < o < 2. When
a = 2, the LFSM reduces to the Fractional Brownian Motion.

Now let f (y) be a function such that [ (|f (y)| + |f (y)|*) dy < co. Further let 3, be
constants (here and throughout the rest of the paper) such that

B, — o0 and — — 0. (In particular one can take 3, = 7,.)
n

Then, under certain further restriction on the distribution of &3, it is shown in Jeganathan
(2004, Theorems 2 and 3) that

i (s)=uf sww
where LY is the local time of the LFSM A, y(t) at x upto the time ¢.

In this paper further results motivated by large sample inference in certain nonlinear
time series models are obtained. The first main result directly related to the preceding
convergence states that (Theorem 1 of Section 2) under suitable restrictions on the function

f (z,y), for any integer r > 1,
5 I (B B LY [T E[f(x,x+S,)|de if B = a
o o o 0 [® f Bn
- Zf (%Slm %SkJrr) = q LY [T f(z,x)dx if 22— 0
h=1 0 if B s 0.
Tn
Next let v, > 1 be integers, possibly v, — 0o as n — oo such that = — 0. Define

k

Wk v, = Z dr—in; = Mk + ding—1 + ... + dy 1 Mk—vp 1, (2)
]:kanJrl



where (£;,7;), —00 < j < 00, are iid (&; are as before) and
00 J
> " |dj|max (1,]g (j)]) < oo where g (j) = > ¢ (3)
=0 i=0

Then we show that the quantities

& Zf (ﬁsk) 0 (Wky,) and &Zf (ﬁsk, &Skw) 0 (Wew) O (Whtrpn), T > 1,
n ="\ n =\ "

converge in distribution with suitable limits, if o (z) is continuous and, for some ¢ > 0,
|0 (Whp)| < C + Clwg,, ! with B [n]7] < 0. (5)

We note that the preceding convergence holds also when wy ,,, in (4) is replaced by Z;?:foo di—;n;
(Theorem 3) or more generally by a suitable multilinear sum, see the Remark 3 in Section
2 below.

The fourth main result (Theorem 4 in Section 2) includes in particular the result that

if for a function f (y) the restrictions

/rf<y>ridy<oo,z= 1,2,3,4, (6)
/ lyf (1) dy < oo, (7)
/_f(y)dyZO,

%<H<1

hold, then

S st = o 0

where W has the standard normal distribution independent of the local time L9, and b is
a nonnegative constant having an explicit expression in terms of the distributions of Sy,
k > 1. We remark that the restriction % < H < 1 probably cannot be relaxed because
it cannot be relaxed in the continuous time version of (8), see Jeganathan (2006c). The

convergence (8) may be viewed as an analogue of the central limit theorem if the convergence



TS f(Sk) = LY [T f (y)dy is viewed as an analogue of the law of large numbers.

In obtaining (8), as well as the convergence (11) below, we shall further assume that
When o =2, E[§]=0and E [£]] < cc. 9)

The convergence (8) is known for the random walk case Sj, = Z?Zl &;, see Borodin and
Ibragimov (1995, Theorem 3.3 of Chapter IV). For the symmetric Bernoulli random walk
case, it was originally discovered by Dobrushin (1955). But note however that many of
the structural simplifications available in the random walk case (for example the fact that
Siix — Sk is independent of Sy, and has the same distribution as that of S;) are not available
for the present case.

Next, let wy,, be as in (2) but with

E[m]=0, En] <oco and E[lmé&]] < oo. (10)

Then the fifth main result (Theorem 5, Section 2) will include the convergence

VD F(Swna, = Wb LY (1)
k=1

(and the same with wy,, replaced byZ;?:foo di—;n;), where f(y) satisfies (6) and (7) but
now ffooo f (y) dy = 0 need not hold, that is, possibly

/_Zf(y)dy#()-

The constant b* in (11) will have the form similar to that of b in (8).

As far as we can determine, the convergence (11) has not been known previously, even
for the random walk situation S = 2521 & with wy,,, = M.

Note that the requirement F [|n;&|] < oo in (10) implicitly requires certain moment
condition on &;. It is satisfied when a = 2 because then E[£}] < oo (see (9); E [n}] < oo

already by assumption). It is also satisfied, using Cauchy-Schwarz inequality, when
E[\n1|%} < oo for some 1 <y < when 1 < o < 2.

The convergence results in Theorems 1 - 3 and 5, together with the joint convergence
with other quantities are needed in obtaining the asymptotic behavior of least squares or
similar estimators in certain nonlinear time series models (Jeganathan and Phillips (2008)).
The convergence results (8) and (11) are closely related in that the proof of (11) will use
similar ideas involved in (8), though unfortunately (11) is not directly deducible from (8).

b}



The plan of the paper is as follows. The required assumptions as well as the statements
of the main results are stated in Section 2. The next two sections 3 and 4 give the proof of
Theorems 1 - 3. In Section 5 it is noted that the convergencies (8) and (11) can be related
to a form of a martingale CLT. (Such a relationship to a martingale CLT is implicit in
Borodin and Ibragimov (1995) though the methods employed there are tied in many ways
to the iid structure of the random walk case Sy = 2521 ¢, treated there.) The proof of the
Theorems 4 and 5 will then consists of the verification of the conditions of this martingale
CLT, which verification is done in Section 6, based on the earlier Theorems 1 - 2 together
with additional arguments. The Appendix (Section 7) contains the statement and the proof
of a version of martingale CLT used in Section 5 that may be of independent interest.

It is convenient to mention some of the notations here that will be used throughout
the paper. In addition to the 9 introduced earlier, the convergence in distribution of a
sequence of random variables or random vectors will be signified as usual by =>. As above,
Ly will stand for the local time of the LFSM A, g(t) at = upto the time ¢. Throughout

below we let
v (A) = E [e"4].
For any Borel measurable function f(y) with [ |f(y)|dy < oo, f()\) stands for its Fourier

transform, that is,
Fou = [ sy
Corresponding to the coefficients ¢; in Xy =377 ¢k, we let

, I ,ciifj>0

g() =9 77 L
0 if 7 <0.

The normalizing constant b, = n'/®§, (where 4, is as in (1)) will be used exclusively in the
sense of (30) below. Similarly v, will be used in the sense of (16) or (31) below.

Throughout the paper the notation C stands for a generic constant that may take dif-

ferent values at different places of even the same expression in the same proof.

2 ASSUMPTIONS AND THE MAIN RESULTS

One of the following two mutually exclusive conditions will be imposed on the coefficients

c; of the process X; = Y 77 ¢;&—;, where recall that co = 1.

(A1) (The case H =1/a,0< H < 1).
Z|cj\ < oo and ch%o.
=0 =0
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In addition

sup |j¢;| < oo. (12)
i>1

(A2) (The case H # 1/a, 0 < H < 1). ¢; = jH17Voy; with H # 1/a, 0 < H < 1,

where u; is slowly varying at infinity, satisfying
o
ch:o when H — 1/a < 0. (13)
§=0

In addition, there is an integer [y > 0 and constants C; and C5 such that

l+]1
Ul—j,

0<C; < <Cy forall 0< gy, 5, <[1/2] and [ > . (14)

We note that the restriction (14) is automatically satisfied if u; is monotone in j, because
of the assumption of u; being slowly varying. For instance if w; is nondecreasing, then
1< % < ;‘lil when 0 < j1, 72 < [1/2], where "2/ — 4 as | — oo. (We do not know if the
monotonicity of u; can be assumed without loss of generality, in which case the restriction
(14) then holds automatically.)

Note that if (13) is violated, then the case ¢; = j# 1"V, with H — 1/a < 0 comes
under (Al). Also it is implicit that u; # 0 for all sufficiently large j.

Remark 1. A motivation of the condition (A2) is what has been called a Fractional
ARIMA model with stable innovations, a detailed discussion of which can be found for
instance in Samorodnitsky and Taqqu (1994, Section 7.13, page 380). In a simplest case of

this model, X}, takes the form
Xp=(01-B)"&=> c¢;j(—d)Bg = ch d) & (15)
7=0

where B is the back-shift operator B¢, = &_1. Here we have used the formal expansion

oo

(1-— B)fd =2 ¢ (=d) BJ, so that using Stirling’s approximation,
I'(j+d) L
@I+ T@
where I' (.) stands for the gamma function, and ¢; (—d) =0 for j > d if d =0, —1,
Hence if we take H = d + %, the condition (A2) is satisfied, including (13) because
H— é < 0 is the same as d < 0 and hence

cj(—d) = lasj—oo ifd#0,-1,

icj —(1—-2)"% =0 (d<0).

J=0



In addition, when 0 < H < 1, the series (15) converges with probability one (see Samorod-
nitsky and Taqqu (1994, Theorem 7.13.1, page 381)). W

Now let
- (Z;’;O cj> n/e8, if (A1) is satisfied (16)
nflu,d, if (A2) is satisfied,
where 6, is as in (1) and w,, as in (A2). Then it is known that when (A2) is satisfied, the
process v, ' Siuy Jd¢ Ao m(t), H # 1/a, and similarly when 1 < a < 2 and (A1) is satisfied,

Y St 1 7, (). (See for instance Kasahara and Maejima (1988, Theorems 5.1, 5.2 and

5.3)), Astrauskas (1983) and Avram and Taqqu (1986).) In view of our convention that
Ao/a(t) = Zo(t) when 1 < a < 2, the preceding statements will be combined in the form

_ fdd
Tn 1S[nt} == Aa,H(t)>
with the understanding that when (A1) is satisfied the limit is Z,(t) with 1 < a < 2.

To proceed further, define the functions, corresponding to a given real valued function
h(yi, ..., y) defined on R¥,

Mh,n(yla 7y]€> - SUp{h(Ula ,Uk) : |uj - y]‘ S n, j - 17 ceey k} (17)
mh,n(yla >yk) - inf{h(ub auk) . ‘uj - y]‘ < 7, .7 =1, ) k}

Throughout below, we shall employ the following classes of functions.

Class G;. This is the class consisting of all Borel measurable real valued functions f (x)
defined on R such that

[r@i+1r@p) <o
|

Class G,. This is the class consisting of all Borel measurable real valued functions f ()
defined on R such that

/ <M\f|,n($) + (M\f|,,7(96))2> dx < oo foralln>0
and

/(Mfm(x) —myy(z))dr — 0 as n — 0.
|
Class H;. This is the class consisting of all Borel measurable real valued functions
f (z1,...,7;) defined on R* such that

1
/\f T1yeery T | dxg...dx, < oo, 1=1,2, /(/\f T1yeery T \ da:k) dxy...dzx_1 < o00.

8



|
Class H,. This is the class consisting of all Borel measurable real valued functions
f (z1,...,7;) defined on R* such that

1
/}Mfm(xl, ...,xk)‘zdxo...dxr <oo, i=1,2, / (/ }M‘fm(xl, ...,xk)‘dek> dxy...dzp_1 < 00

for all n > 0 and

/(Mm(azl, s ) — My (21, .., 2))de — 0 asn— 0.

|
We are now in a position to state the results. Throughout below, and without further
mentioning, the requirements (A1) and (A2) are assumed to hold. Also recall that the
B

constants (3, are such that 5, — oo and =* — 0.

Theorem 1. (I). Assume that 0 < H < 1. Further assume that
/ ’E [e™1] }Qd)\ < 00. (18)

Let the function f(xo,...,x,) be in the class Hi, and for the case ’3—: — 0 assume in
addition that f (zo, ..., x,) is of the product form f(xg,...,x.) = fo(xo) ...fr (x,) with each
fj (z) in the class Gy.Then for any 1 < iy < ... < iy,

5 & 6 3 8 LY [E[f(x,z+ S,z + S;)]dx if B, =
— Zf (—nSh — Sigirs s —nSzHT) = LY [ f(z,2, .., x)de if 5~ 0
n —1 Tn Tn Tn . gn
0 if o 00,
where the constants (3, and the local time LY are as before.

(II). Assume 0 < H < 1. Suppose that the function f (zo,...,x,) is in the class Hs.
Then the preceding convergence holds also when (18) is relaxed to the Cramér’s condition

lim sup |E[e"]] <1 (lim sup |E [¢"%']| =0 in the case bn — 00).

[Al—o0 [A]—o0 Tn

(19)

[

We note that for the case g—: — 0, the Statement (I) requires the product form
f(xo,...,zy) = fo(xo)...fr (x,), which is not the case in Statement (II). Also note that
(19) is very much weaker than (18) but the Statement (II) assumes that f (xo,...,z,) is in
the class Hy, which is restrictive than the class H;, but is still reasonable for statistical

applications. In this sense Statement (II) is quite satisfactory.

9



Note that, using Plancherel’s theorem,

/_OOE[f(x,w—i—Sil,.. z+S;)] :—/f —fhy fy ey 1) B [ (Si1+'"+5i’“)] du.

e}

Remark 2. It can be seen from the proof of the Theorem 1 that it extends to the joint

convergence in distribution of

& Zfl (&Sl, &Spril, ceey &Sl‘i’ir) s 7 = 1, . q
n=T \ T Vn

when the functions f; (xo,...,z,), @ = 1,...,q, satisfy the conditions of Theorem 1. The
same remark applies to Theorems 2 and 3 below. W

To state the next result, let

Wy = Z di—;n;  (coefficients d; are as in (2)). (20)
j=—o00
Theorem 2. (I). Assume that 0 < H < 1 and that (18) holds. For the linear process
Wi, asin (2) satisfying (3), let o (wy,,) be as in (5) with o (x) continuous. Further assume
that the constants vy, satisfy == — 0.
Then, for any fo (x) in the class Gy,

% ;fo (%Sl) g (wl,y ) — LO u)() /fo (21)

where wy is as in (20). Further, for any f (zo,...,x,) as in the Statement (1) of Theorem
1 and for any 1 <11 < ... <1,

B Bn o Bn Bn
o Z f (—Sl, %SlJrin e %SZHT) o (Wl,un) o (Wl+i1,un) -0 (Wl+z'r,un)

n

L(firff(—u,u,m,ﬂ)E[ (wo) 0 (wi,) w0 (wy,) e #(St=tSi) L gy i 8, = 4,
= LYE [0 (wo) 0 (wiy) .0 (W) o [ F(—hto pty ooy 1) dpt if 22 — (22)
0 if g—: — 00.

(II). Assume 0 < H < 1. Suppose that (18) is relazed to (19). Then (21) holds for any
fo (x) in the class Gs.

Further, for any f (zo, ..., x,) in the class Hy and for any 1 < iy < ... <i,, the conver-
gence (22) holds. |

Remark 3. Without going into the details we mention that Theorem 2 extends also,

as will become clear form its proof, to the case when o (wy,,, ) is replaced by the multilinear

10



sum Qf,, = Zz:kwnﬂ qu:kwnﬂ Ai—iy,....k—igP (m,il, ...,nq,iq) for a suitable ¢, where
the vectors (n1,...,7Mq,), —00 < j < oo, are iid such that (assuming without loss of
generality that ¢ (21, ...,z,) is symmetric) £ ng(nm, ey i1 M ...,nq,q)ﬂ < oo for all
2<i<q+]1,and

k k

S ) diy, | max (1, ]g (i1)]) ... max (1, |g (i1)]) < oo
in=k—vn+1  ig=k—vyp+1
Without mentioning the detailed conditions, we note that the Theorem 2 holds also when
0 (Wk,) is replaced by o (£24,,). The same remarks apply for the next Theorem 3 but
perhaps it would be better to leave the precise forms of the required conditions (as suggested
from the proof) to the specific situations at hand. [ ]

The next result gives additional restrictions under which (21) and (22) hold even when
Wiy, and wpy,,, in the left hand sides are replaced by w; and w4, defined in (20). As will
become clear later, Theorem 3 will follow as direct a consequence of (21) and (22).

Theorem 3. In addition to the assumptions in either the Statement (I) or the State-
ment (II) of Theorem 2 above, assume that o (x) is p times differentiable for some p > 1
such that ’a(p) (x)} <C,FE [’a(j) (wh,,n)ﬂ <Cforl1<j<p—1and FE [\171\27’] < 0.

Assume further that the constants v, satisfy the additional restriction

B D A5+ Bl v/Ba D 1di| — 0. (23)
Jj=vn Jj=vn
Then the sum %” Yoy fo <g—:5’l) o (wy) (wherewy is as in (20)) also converges in distribution
to the same limit in (21).
The sum %" Yo f (g—:Sl, «T:SHT) 0 (wy) o (wgr) also converges in distribution to the
same limit in (22) under the stronger conditions E Da(j) (wlﬁyn)rl] <Cfor1<j<p-1

and E [\n1]4max(q’p)} < 00 (recall o (x)| < Clz|?) and the other remaining conditions the
same as in Theorem 2. |

To state the next Theorems 4 and 5, we introduce

Class Gs. This is the class consisting of all Borel measurable real valued functions f (x)
defined on R such that [ (Mm,n(x))idx < 00,1 =1,2,3,4, for some n > 0 (where My, ()
is as in (17)) and

/(Mf,n(x) —my(x))de < Cly|*  for somen >0and 0 <d< 1. (24)

11



The requirement (9) is assumed to hold in addition, without further mentioning, in

Theorems 4 and 5 below.
Theorem 4. (I) Assume 1/3 < H < 1. In addition to (18) assume further

/ IA]? |E [e™] }pd)\ < oo for some p > 0. (25)
Let f (x) be Borel measurable such that (6), (7) and
[twas=o (26)

hold. Further, let h(y) be in the class Gi. Then

1 n - n -
<75[nt],%2h<sk>,\/%Zﬂsk)) 12 (AQ,H@),L? / h(y) dy, W bL?),
n k=1 k=1

where LY is the local time as before, W is standard normal independent of the process
Ao m(t) and

0<b= %/’f(u) ’ <1+2;E[6_i“sﬂ> dp < 0.

(I1) Assume 1/3 < H < 1. Further assume that (19) hold and that f (x) as above but
instead of (6) assume that it is in the class Gs. Further, let h(y) be in the class Gs.

Then also the convergence in distribution in the Statement (I) holds. W

We note that the requirements on the functions f (x) and h (z) in the Statement (II) are
stronger (though still mild) than those in the Statement (I) but the Statement (II) assumes
only the Cramér’s condition (19) (regarding the restrictions (18) and (25) of the statement
(I), see the Remark 4 below). Also note that the marginal convergence of 2= % " | h (Sy)
in the preceding statements are particular cases of those in Jeganathan (2004), see further
Proposition 14 in Section 4 below, from where it follows that they hold for all 0 < H < 1,
that is, the restriction 1/3 < H < 1 is not required. Further, in view of the next paragraph,
the restriction 1/3 < H < 1 in Theorem 4 cannot probably be relaxed.

See Jeganathan (2006¢) for the continuous time analogues of Theorem 4, in the forms of
generalizations of the appropriate results in for instance Papanicolaou, Strook and Varad-
han (1977), Yor (1983) and Rosen (1991). Note that these generalizations do not follow
directly from Theorem 4. The reason is that in the method employed in the present paper
the central limit phenomenon is involved at two different levels, one at the familiar level of

the partial sum Sy itself, but another at the level of the partial sum of f(S;) themselves.

12



For later purposes we note that because |E [¢?¢]| <1, (25) entails
/ |E [e?] ] dA < o0. (27)

(This is also implied by (18) for p > 2.)

Remark 4, on the restrictions (18) and (25). Though these restrictions are not
involved in the Statement (II) of Theorem 4 (and Theorem 5 below), we now indicate that
from the point of view of statistical applications indicated earlier, they are not very restric-
tive. The restriction (18) entails that the Lebesgue density of the distribution of &; exists
(Kawata (1972, Theorem 11.6.1)). If we denote this density by ¢ (x), then ¢ (A\) = @ ()
(recall ¥ (\) = E [¢”¢1] ) and, by Plancherel’s theorem, [ [/ (\)|*d\ =27 [ |¢ (x)|* da.,

Now suppose that the preceding density ¢ (x) has a distributional derivative ¢’ (x) such
that ¢’ (z) induces a finite signed measure (which will in particular entail [ |¢' (z)|dz < 0o
). Then it can be shown that @ (\) = i’ (\) A=} where ¢ () is the Fourier transform of
(the signed measure induced by) ¢’ (z). (This follows from standard facts about Fourier
transforms and distributional derivatives, see for instance Rudin (1991).) In this case, in
addition to (18), (25) holds for p = 5 and hence for all p > 5.

This is the case for instance when ¢ (x) is suitably piecewise differentiable. As a sim-
ple example suppose that ¢ (z) = %H[,M] (x), the density function of the random vari-
able uniformly distributed over the interval [—1,1]. Then the corresponding distributional
derivative ¢ (z) = —3 (01 (z) — 6_1 (x)), where 4, is the Dirac delta function. W

In addition to the condition (3), we need a further condition for the next Theorem 5:

1 e¢]
— Z |d;|* < 0o (coefficients d; are as in(2)). (28)

=r

2
3
<

This is not very restrictive. For instance, if |d;| < Cj~2# then >, |d;|* < Cr2+2H g0
that noting 7, = rfx, for a slowly varying ., (28) will be of the form Y 7, \/WT*H <
00.

Note that in the next result E [r;] = 0. Without going into the details we mention
that the linear sum wy,, in the next result can be replaced by a suitable multilinear sum
mentioned in Remark 3 above when E [¢ (011, ..., Ti—1,1, iy -, Ngq)] = 0 forall 2 <i < g+1.

Theorem 5. In addition to the preceding requirement (28), suppose that all the as-
sumptions in either one of the Statements (I) or (1) of Theorem 4 hold, except that now
possibly

[rwazo
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Let the sequence wy,, be as in (2) with ny satisfying (10) (in particular En] = 0 ) and

with the constants satisfying == — 0. Then

1 "N BN
(7—5[@7 D ICIRYED BYi (Sl)wl,un) 12 (Aa,Hos), LS / h(y) dy, W b*L?) ,
" =1 =1
where
* 1 r 2 S —1
0<0" = %/)f(,u)’ <E [w] +2;E [wowye “ST]> dp < 0.

The preceding convergence holds also, under the above same conditions, when the sum
VYL [ (S) Wi, involved in the left hand side is replaced by /2= 37" | f (S)) wi, where

wy is as in (20), provided v, satisfies the additional restriction

nid?—%).

J=n
|

The final statement in Theorem 5 follows from the convergence in the first part for
exactly the same reason that the Theorem 3 follows from the convergencies (21) and (22).
Note however that the above restriction n ) 7= d? — 0 is stronger than that in Theorem
3.

As noted earlier, Theorem 5 has not been known previously, even for the situation
Sk = 25:1 §; with wy,,, = ng. Its possible continuous time versions in some specific forms

have also been unknown.

3 SOME PRELIMINARIES

To begin with recall the fact that & belongs to the domain of attraction of a strictly
stable law with index 0 < a < 2, in the sense of Section 1 above, means in particular (see
Ibragimov and Linnik (1965, Theorem 2.6.5, page 85)) that, for all u in some neighborhood

of 0,
o~ [ul*G(u) (1-iBsign(u) tan (7)) ;¢ a1

Y (u) = E [e"] = { o lulG(lul) if a=1

with |3] < 1, where G(u) is slowly varying as u — 0. In particular there are constants
n > 0 and d > 0 such that

o (u)| < e” " EMD for all |u| < 7. (29)

In addition, if one lets
b," =inf {u>0:u*G(u)=n"},

14



then b® « nG(b;') as n — oo, and in (1) one can take 8, « Ga (b 1), so that we henceforth

assume for convenience that d,, in (1) and the above b,, are such that

Jun

by = naGa (b, ') =nad,. (30)

n

See for instance Bingham et al (1987, page 344) for the details of these facts. Then note
that, (15) takes the form

(Z;io cj> b, if the condition (A1) is satisfied

| (31)
n=au,b, if the condition (A2) is satisfied.

Tn =

The following result is essentially well-known, and we supply its proof for completeness.
Lemma 6. Let n be as in (29) and b, be as in (30). Let k; be integers such that for

some integer jo > 0 and a constant C' > 0,
k; > Cj  forall j > jo. (32)
Then for every 0 < ¢ < « there is a constant a > 0 such that
| (A1) < Cem " for all [N < by, j > 1.

Further, if the Cramér’s condition limsupjy—eo [t (A)| < 1 holds, then for every 6 > 0
there is a 0 < p < 1 such that
sup ¢ (Ab;1)[™ = sup |¢ ()| < Cp? forall j > 1.
IA|>6b; ul>s
Proof. According to (29), [¢ (Ab;")[" < e~ i G(IATY) o1 A1) |A| < nb;. There-
fore we first recall a bound for b; G (JA| b;l) for all sufficiently large j.

According to Potter’s inequality (see Bingham et al (1987, Theorem 1.5.6, Statement

(ii), page 25), for every § > 0 there is a B > 0 such that IEEjﬁ | <B max{(x/y)‘s, (x/y)ié} for
-1
k] < Bamax{|A”, A7) Because max{|A”, |\ 1} =

IA]” if [A] > 1, it then follows from (30) that there is a j; such that

all z > 0,y > 0. In particular

b;°G (JA[b;') > B7 AT forall j > j; and |A| > 1.
Therefore, by (29), for every 0 < ¢ < « there is a a > 0 such that

W ()\bj’l)’nj < e~ AIPb7 G(1Al; ) < e N forall 1 < |A| < nbj, j > o

15



where jo = max (jo, j1) (jo as in (32)). On the other hand, if j < ja,

[ (A ) |7 < 1= edlmtalgmalibil® < (Igax e“'””jc) e for all [X| < nbj, j < o

JxJ2
Further,
[ (A )]Y < T=ee! <ee™ ifA <1, 5> 1

Hence the proof of the first part follows from the preceding three inequalities.

Regarding the second part note that the Cramér’s condition involved is equivalent to
the statement that for every 0 > 0, there is a 0 < 7 = 7 (§) < 1 such that sup|,;>4 [t (V)| <

7 < 1. Hence the second statement follows, completing the proof of the lemma. H

The following consequences of Lemma 6 will be used below. First, for any x > 0,

/A
/ Nan (b—)
{IAI<nb; } l

using the first part of Lemma 6.

11/2]
d\ < 0/ AFem M dx <, 1>1, (33)

Next let [y be such that for some 0 <y < 1, [I/2] —p > [l7] for all [ > [y, where p is as
in (25). Then, for any 6 > 0 and 0 < k < 3, using the second part of Lemma 6 and using
(25) (when k = 0, only (27) is required),

/A

Jos )
{|A|>6b;} 1

| K )‘

< Op A" || -
{IN[>6b} by

for some constant 0 < p, < 1.

(/2]
d\

p
dr = Cplpe / A [ )P dA < Cpl, 12 lo, (34)

We shall also need to use the next inequality, a direct consequence of Holder’s inequality.

Lemma 7. For any functions @; (u) : R* — R,i=1,...,q,

/ﬁ|§0i(U)|du§ﬁ</|g0i(u)|qdu);,qZ 3

By replacing |¢; ()| by |€(w)|*?|p; (w)| in this inequality, we also have

1w H i ()] s < H ( [l <u>\Qdu) R (35)

We now state one consequence of this. First note that, when (A2) holds,
J

g(j) =D car~ Cj Vo, j — o0
s=0

16



(Note that in the case H — 1/a < 0, the requirement » > c; = 0 (see (13)) is invoked
here.) Therefore the requirement (14) on w; holds for ¢ (j) also, that is, there is an integer
lo > 0 such that ¢ (I) # 0 and constants C; and Cj such that

"y

0<Cy < 'M <Oy forall 0< i, < [1/2]

g(l - ]2)
for all [ > [y. This also entails that, recalling that v, = [7~1/®yb; so that bl‘géq)‘ = ZH‘;Z;“‘
LURY
g(q
"
0<D; < <D for [I/2| <qg<l, [>I. 36
Sy <Dy o : 6)

Then, for § > 0 such that D;'§ = n with 7 as in the first part of Lemma 6, we have for

[ >1lpand k>0,
¢()\g(]))'d)\
"

/)\|<6bl}

l

i\ < / A"
( )‘ {IA[<6b;} j H

—[1/2]+1

! ONRE 7
< 1l </ \A|“¢(A—) dA) by (35)
G=[t/2)+1 {IAI<ébi} M
l L+r -2\ EiE
A
- T (gl ) )
=1 \19 U0 {‘ o )\‘<5bl} .
A [0/
< Dy N AN<C, 1> 1y by (33) and (36). (37
2
{In<Dy et } b

In the same way, using (34) when (25) holds, there is an [y such that for every § > 0,
0< k<3,

A"
/{A>abl} H

7=0

1-[1/2]
d\ < Cpl, 1>,

(38)

( ) ’ dr < C IA|" |
{IA>D5 " ob, }

where 0 < p < 1.
In addition, noting that g (0) = 1 and |¢ (A)| < 1, for any constants v;, w;, h; such that

ming<;<j, |w;| > 0 and ming<;<;, |v;] > 0, we have for 0 <1 <,

2

max (wl )‘ ’f (0 — hl)’d)\ < max /’w wiN) F (o — hl))dA
< %?M—M/W(A)y d)\/)f()\)) d\ < C, (39)

17



where we have used (18) and the fact [ ’f( ‘ d\ =27 [|f (2)]? dz < 0. ]

In the context of the Statements (II) of Theorems 1 - 5, under the Cramér’s condition
(19), we shall use a certain smoothing device. To state it, let n be a positive number and

K, be a probability measure on R satisfying

Ky({z: [z <n}) = 1.
Then K,, x ... x K,, is a probability measure on R*. Let h(zy,...,2;) be real valued
functions on R”* such that Mp (21, ..., x1) is integrable with respect to p. (Here M}, ,(x)
as well as my, () used below are as defined in (17).) Then clearly, for any finite measure
w on R¥. Let

/ h(xq,...,xx) dw (1, ..., 1)

> [ mpy, (X1, xp) d(w = (K X oo X Ky)) (21,0, 2)

< [ My (21, oy ) d (W * (K X oo X Ky)) (21, .0, 2g) (40)

where x stands for the convolution. The probability measure K, here will be chosen such

that its characteristic function [/(\n (A) satisfies
&, (0] < Cespi-mA)*2} (41)

for all real A, where C' is a constant (independent of 7). This is possible in view of Bhat-
tacharya and Ranga Rao (1976, Corollary 10.4, page 88), where K, is used extensively as

a smoothing device.

-1

Now, similar to (38), we have for every x > 0 and for [ > I,
Il ¢(g )HK ()l

/ A
T -

<o 11 (fwr
=[1/2]+1

where we have used (41), together with ‘ﬁ‘ > Dy > 0, see (36). Note that (42) is true

for all [ > 1 because the left hand side is bounded by

. /\ ~ 1+k ~ 1+
/ Nare (—) ' N< C (—l) < Cplop (—l) for 1 <1< .
{|A|>8b} M n Ui

Similarly, because in addition )[/(\n ()\)’ < C and similar to (37) using (33), we also have,

(43)

for every k > 0,

-1
A ~ (A
N w<g]—) K(—)’dAgC [ >1. 44
/{mm’ | JZIO 02| (5 (44)

18



It is important to note that (42) - (44) do not invoke the restrictions (18) and (25).

We next obtain some inequalities that will be used later on. For this purpose we note
that, using the condition (7), we have ‘f (A1) — f()\g) < C'|A1 — A2|. Now (26) entails
that f f f(y)dy = 0. Hence ’f ’ < C'|\|. We also have ’]?()\)’ < C using
[1f (y \dy < 0o. Thus,

)f(x)) < Cmin(]A[,1) under (6), (7) and (26). (45)

Further, corresponding to Mjy,,(z), though [* M;,(y)dy # 0, we have

-~

325000 = F| < [ (o) = F@)) do < Clal? under (20)

The preceding two inequalities imply

)@(A)] < Cmin(|A,1)+Cyl* under (6), (7), (24) and (26). (46)

To obtain further preliminaries, we next introduce a decomposition for .S, which will

be repeatedly used throughout below. Recall that

0

Sk=> (gk—j)— 5J+Zg )é,

j=—o00
where recall that g (j) = >>?_ ¢,. The indicated decomposition is
Sy = Sk',l + Sl:,lv 1 <1<k, (47)
where
0 k1
Sea= > (glk—j)—g(=))&+>_ glk—j)§
p— j=1
and . i
Sii= > gk—)&=> g(q) &
j=k—I+1 q=0

Here it is important to note that
Sk, and Sy ; are independent.

In addition note that the marginal distribution of 5% ; is the same as that of T} = 22:1 g(l—1)¢&;.

The second part of the next Lemma 8 will be used only in Theorem 4, in which 3, = v,.
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Lemma 8. If either(18) and ’f()\)’ < C hold or (19) and max <’]\7[f\n (A)
C for all m > 0 hold, then

iz (1) <

‘ {&f (Skﬂ)} ' < 9% for all [ > 1.

n L Mn

Further if ’]?()\)’ < Cmin (|A|,1) hold and either (18) hold or (19) and (24) hold, then

[gnf(SkH)” <C— ! (7n) foralll > 1.

n Bn
Here recall that Ey, k > 1, stands for the conditional expectation given {fj,j < k}.
Proof. First assume that (18) holds. Then using (47) and noting f (y) = 5= [ e F(x
we have
i (%Sm) = o [ F oy ax

Therefore, because S and Sy, are independent with Sy being a function of {;, j < k},

DB Q% - Wz k+ll
{vnf(s’”l)” < %ﬁn/’E (ﬂnw)’

- G
where we have used ’E [ - ’””” ’Hi 0¥ (A Z ))
Now, in view of (37) - (39), we have
W C if ]f(A)) <C
g\q
/‘f (ﬂm) (TA)'CMS i%;c”l f ‘f(x)) < Cmin (]A[,1)

using 0 < p < 1. This gives the lemma when (18) holds.
We next show that the preceding bound holds under (19) also. According to (40),

o[t [ s (5 5 ) [ e (G 0) |

n rYn
for all n > 0, where V;, has the distribution K, (having the characteristic function (41))

and is independent of {{;, —0o < j < oo}, in particular independent of Sii;. The same

R Ge

arguments above then give

o (S o) <55 S (522)

20
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In the case ’]\7[;7 ()\)’ < C, we have using (42) - (44),

Jlm G ()] (5) <

In the same way when ’]?()\)) < C'min (|A|, 1), using (46) we obtain the bound

-1

11

s ()[R G = Gaeeem) (+05)
M A K — ) dh < +C|n 1+p
' fan (571’71 " "\ 1 On ! n
Cm : C
< —— by choosing n = (——)
Vi ﬂn i ﬂn
The preceding bounds hold also when my,, <ﬁ—"%) is involved in place of M;, I < i jy\l ) [ |

The analogue of the second part of the preceding Lemma 8 for | Ey, [w (Sk41, Skt14+)]| (for
the case (3, = 7,) will be obtained later and used in the context of the proofs of Theorems
4 and 5.

Next, similar to the inequality in the first part of the preceding Lemma 8, we obtain
E; [w <§_:Sk+l, g—:SkHH)] ’ These inequalities will be used below, in

particular in the proofs of Theorems 1 and 2.

an inequality for

Recall that Sk = Skyag + Sy and Skyipr = Skyierisr + Shiyriee see (47). Here
(Skt1,0 Skti4ra4r) 18 a function of {&;,7 < k} and is independent of (i, Siiriripr). In
addition, the distribution of (S}, Skyi4ri4r) is the same as that of (7}, T;1,). (Recall
T, = Z] 19 (L —17)&;.) Therefore, as in the proof of Lemma 8, we have

Ey [f (ﬁn&m,ﬂn g+l+r)H /‘E =i D Ti—ido O Tl”]
Tn Y

)f AL Ag)‘ dMds.

Here
l l+r
AT+ ATl :Z(/\lg(l_j)+)\2g(l+7”_j))5j+ Z g (L+1 = )&
=1 =41

where the first sum on the right hand side is independent of the second sum. Therefore

E [67i)\1711*i)\271l+r — (Hw )\19 )\29 7"“‘] ) <H¢ .71 )\2 ) :

Jj1=0

Substituting this above, using the notation

g(,r) =g +7)—9()
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and making the transformation (A; + g, A2) —— (A1, A2), we obtain

By [f (6n Sk, — i Sj+z+r)} '
0t Y

/(Hln :

(- 2rain))
) (T (222 20n)
i

Y r
A A A n A
Wb (—g (j1) —2) ( (—1 -~ —2) 1o 2) ’ dXod)y, (49)
i T Bn B

where we have used the fact that H;;t I (V)] < [T =iz [ (A)]. Making the transforma-

IN

( ”Ag) ‘ ‘f()\l ~ oy )| dod

tions

1
do=ps and A — de—e—g(j.r) = pu,

9(7)
() 1 [ (o2

the last bound takes the form

1 ﬁ 2 -1
VYr (ﬂn) /32 H

J=1/2] K j1=lr/2]
Yn [ H1 9(]'77") M2) In M2)’
+—=u dpdpss. 50
(ﬁn (’Yz ()" " B Ve B (50)

Here note that the right hand side is nonrandom.

We also have, in view of (4),

On Bn < By | Mgy <§_:Sk+l + Vi, g_:Sk+l+T + Vn@)ﬂ
By | f | —Sktt, — Skai4r ﬁ o 5 o ,
R > Ey |my, <,Y_:Sk+l + Vo Skt + Vi )} ;

n n

where Vn(l) and V,7(2) are independent random variables with the same distributions K,,
independent of (T}, Ty, ). Hence the same bound (50) holds also when f (X, ) involved

there is replaced by

By O] [ ()| max (|3, O )| 7 O, ) (51)

From these bounds we now obtain the next Lemmas 9 and 10 for f (zg, ;). Note that
in the cases (3, = v, and g—: — 00, the second inequality follows from the first but not in

the case g—" — 0. For the second inequality in the case g—" — 0 and under (18), we take

n

f (w0, 21) = fo (w0) f1 (71).
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Lemma 9. Let f (xg,21) be such that either max (’]\7[;7 ()\,,u)’ g, (A, u)]) < C and
(19) hold or ’f()\,u)’ < C and (18) hold. Then

n n C n 2
Ey {f (ﬁ Skt ﬂ_5k+l+r):| ’ < (l) for all ,r > 1.
Vn Vn YWY \ P

Further (taking f (xo, 1) = fo (xo) f1 (z1) for the case f—: — 0 under (18)), forr > 1,

’Ek [f (ﬂnSkJrl; 5n5k+l+r):| ' < %% forall [ > 1.

Proof. Consider the first inequality. For the case where (18) holds, it follows from (49)
and (50) using (37) - (39).

For the other case, as noted above the same bound (50) but with f()\, u) replaced by
(51) holds. Because max (‘]\7[;7 (A, )| Mgy (A, ,u)|) < C, the resulting bound is bounded

by
1 In ’ - Mlg ‘ 2)'
YiVr (671) / j]‘[_lJ/ZQ ~1r/2) (jl) Yr
= (" (I g(, e Vo B2
<[ (5 (G + S ))H (gn T)idmduza o

where, following (42) - (44), we have when [ > 1,
-1

f[F e (222 1
coct T1 (JIF (3 (220 2)an)

s (mg(j)) ‘ din

m

<
Jj=[l/2]+1

< C+ Cplﬂ& < C (by choosing n = &) (53)
T Tn

e s (00 15 (8 + i 2) o 155 (i) o = 03

9(5)b wg(a)'u
Hence (52) is bounded by
C (1)
(o) ()
% YV \ Bn

NG

using arguments similar to the above. This completes the proof of the first part of the

lemma.
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Regarding the second part, as noted earlier it follows from the first for the cases 3, = v,

and 5—: — 00. For the remaining case, first consider it under (18), so that by assumption

f (z0,71) = fo(w0) f1 (1), and hence f(\, 1) = fo(A) fi (). Using [T; 2 [0 (V)] < 1

further, the bound (50) is bounded by
n .771 n
(7 (Ml L 90 ')M2 B @)) 7 (v M)’dmduz
B\ 7w9() g B Ve

HONCS

[1/2] (54)

(2 (32 (22)

Yrg(Jj
Vo 1 9(3) R
(mﬁ L) B

ﬁn%" N 2 Tn M1 g (]a 7“) ?
< . \/‘fl(m)) dpiz /f (m ” + o) ug—ug)

where we use )f fo (g" £+ g;?gg),ug ,ug)‘ dpy = ‘f fo (2 ‘ dpiz. Substituting this in (54),
n -1 1 n
we see that the bound in (54) is bounded by + < ) Ik <H (0 <%l()) D duy < ggn

i=[/2]
For the second part under (19), we use the same method above but with the role of
]?0 (A) ]?1 (1) now played by [/(\,7 (A) [/(\n (). This completes the proof. W

Here we have

B Yr

n

dpia

Tn

This gives the second part under (18).

We next consider further generalizations of (49). Similar to (49), and in exactly the

same way as in (50), one obtains (recall g(j,7) = g(7 +7) —g(j) )

(2n)? |E [f (ﬁ”sl, br g, ﬂ”swq)] ' <
C ()’ T 119 (j1) = 1129 (j2) e 1139 (js)
) ST () [ I (™)) T Je (2
WY \Pn 1=11/2] " P T js=la/2] T
A /\2) (/\2 /\3) % /\3)’
X M2 28 dpydpiadyus, 56
f(m( "B \ 7 "B g )| RS (56)
where
Mt a29ULT) o wgGr g o 00200 g, =
Yrg(J1) Ye9(J1) Ye9 (J2)
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In the same way we have

(27T> E |:f (ﬂn Sl, ﬁn Sl+7‘7 fn Sl+r+q7 Sl+r+q+s):| ‘

e G I () T ()

L) 0 ()
j3=[a/2] 1 ja=[s/2] s

ol (ﬁn <_1 N _2) ;_ <_2 N _3) " Bn (_3 B _4) ;n :) ‘ dpy dpadpsdp57)

A+ Ay ’Ylg(Jl r) NEpW ng(1+r.q9) + )\4’719(j1'4r7“+q78) =1
Ju)r g(J )a 9(i1)7s
)\ s 'Yrg J2,4) 1 Y ¥rg(j2+q,s) _1
2 9(72)7a 9(j2)7s f2

A3+ M W’J;;j) =3, M=

where

As a consequence of (57), we obtain the next lemma, analogous to Lemma 9 for the
case f (xo, 1,2, 23). As in Lemma 9 the second part follows from the first for the cases
Bn = v, and g—: — 00. Also, for the second part in the case g—: — 0 and under (18), we

take f (2o, 1,22, 73) = fo (20) f1 (21) fo (2) f1 (23).
Lemma 10. Let f(xg,x1,x2,x3) be such that either )f(vo,vl,vg,v;»,)) < C and (18)

hold or max <‘]\7[-f\,7 (vo, U1, Vg, U3) ], }m(vo,vl,vg,vg)}) < C and (19) hold. Then

'E[f (ﬂ S0 2810 S s Sz+r+q+s)” < (l) for all L7, g5 > 1.
Yo Tn Yn Y YV Yg Vs \ On

Further (taking f (xo, 1, z2,23) = fo (z0) f1 (1) fo (x2) f1 (z3) for the case g—: — 0 under
(18)), for each fixred r > 1 and s > 1,

n n n n C n
‘E {f (ﬁ Sty — g Stqr, — g Stitr+q> b Sl+r+q+s)” < — (7 ) for all [, g > 1.
i n Yn Yn %Y \Bn

Proof. The proof of the first part is obtained from (57) in exactly the same way the first

part of Lemma 9 was obtained from (50).

The proof of the second part is also similar to that of the second part of Lemma 9.
Under (18), we use (57) with f (vo,v1,vs,v3) = fo (o) f1 (v1) fa () f (vs). Similar to
(55), we have [ )ﬁ (g—:%) )ﬁ) (g—: (f‘/—z — %))’d/m < Cﬂ;‘—: Substituting this in (57),

25



and using H g [ (M) < 1 and H 152 ¥ (V)] <1, (57) then gives the bound

B {fo (Z5) 1 (5" Sier ) (2 Sz+r+i) A (St )|
G I () T ()

s1=01/2]

3=[q/2]
fo (ﬂn (ﬁ - —)) fi (— (& - /\—)) ’ dpdpadys.
n Vr

Similar to (55), we further have [ o (g—: <’}Y; — —)) f1< 5 (% - i—j))‘dm < O%.
Substituting this in the right hand side of the above inequality we see that its left hand

s (J C [\’
Vq " MY \Bn

Under (19), in the same way as in the proof of Lemma 9, the same method above is used,
with the role of ]?0 (vo) ]?1 (v1) ]?2 (vg) ]?3 (v3) being played by K, (vo) K, (v1) K, (v2) K, (vs),
completing the proof of the lemma. W

side is bounded by

)/ n

1=[1/2]

o) 1)

This proves the second part under (18).

The inequalities in the preceding Lemmas 9 and 10 will help to deal with the sums of
the form Y f (Sk) involved in Theorems 1 and 4. We next obtain similar inequalities that
will help to deal with the sums of the forms ) f (Sk) o (wr,) and > f (Sk) wg, involved
respectively in Theorems 2 and 5. The main idea consists of reducing the situations to
essentially to those of Lemmas 8 - 10. We start with the analogue of Lemma 8.

Lemma 11. Let the linear process wy, be as in (2) and (3). If the assumptions of the
first part of Lemma 8 hold with f replaced by |f|, and if o (wy,) is as in (5), then

o[ (25)ere

Further, if the assumptions of the second part of Lemma 8 hold, together with the condition
E[m] =0 and E[|m&| < oo, then

] <Qﬁ for all I > 1.
Vlﬂn

C”yn
= 2B

Proof. Let us consider the first part for the case o (wy,) = wy, and then indicate that

| <

for all [ > v and for all § > 0.

[ﬂn f (SkJrl) Wk, u]

n

essentially the same proof holds for the general case also. We have F H f <g—:Sl> Wiy
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Z] it |5 E [\77] < ) } because w;,, = Z;:Hjﬂ d;—;n;. Consider £ []77]-] f <g—:5’l) H
where recall that ’f <ﬁ” SkH)) =5 fe_i’\%slm (A) dX. Suppose that j < 0. Then (recall
S[ Sl,l + Sl,l )

‘E [|7Ij\ G_iA%Sl]’ = ’E [\m\ 6%%5”}

—ixEn gx
!

where )E [\nj\e*“%sl’l} < C if E[jy,]] < C. Thus

B Injl e 5]

<cleft]

when j < 0.

In the same way (recall S;; = S gl—9)&)

B [Inj] e

< O |B [e B at-0e ]

when j > 0.

IN

Therefore, using the same arguments of the first part of Lemma 8, we have [

Cam  Thus
|

n ﬁn
Tn

establishing the first part of the lemma for the case o (wk,) = Wi,

if (s

wt (]| <53 m < T3

m ﬂn =0

| < S i

j=l—v+1

For the general case when |o (wy,)| < C'lwi,|?, ¢ > 1, we have

E[’f(%sl)a(wk,,,)}g zk: zk: \dkil\...]dkiq]E{(]ml]...]mq})'f(%SZ)H,

in=k—vn+1  ig=k—vn+1
and as can be seen easily that the bound obtained above for F [

i f (’6" Sl> H holds true
for £ [ 17y ] - ’mq ’f (’6—"5'1> H also, so that the first part of lemma is proved.

For the second part we have Ek [—f (Sk'-I—l) W1 ,j] = Z?illc—l—l—u—f—l dk‘-l—l—jEk [njf (g—:sk_”)} .

Because | > v, we have k+ 1 — v +1> k and hence j > k. Hence, Spyiy and (n;, Spy))

are independent in the identity Sk, = Sk411 + Sy, SO that, as in Lemma 8,

o (B2l

Here, noting that S, = Z;H,ZHI g(k+1—75)&,

Y

e

SY-D D o (k+l7i)§z}

e
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with

—indn )
’E [77] AT 9 (kH=5)¢ } |g(l€+l—])! using E [n;] = 0, E[|n;&]] < oo

Thus, using the same arguments of the second part of Lemma 8, but with the role of

’J/C\(/\)‘ < C'min (|A],1) now played by the preceding inequality and ‘f(/\)‘ < C, we have
’E [njf <g_:5k+l)” < C L 7" \g(k+l—])’ Therefore

3 K+ 3
'E {mf (_nSkJrl) Wk+l,u:| < ) ldeal|E {ﬁjf (_nSkJrl)”
Tn j=k+l—v+1 Tn
1~ l 1~
< Cogr D ldillgl =)l < O 2, using (3).
ﬂn i Vi Bn
j=l-v+1
This proves the second part, completing the proof of the lemma. [ ]

Next, using the arguments of the proof of the first part of the preceding Lemma 11,
it is clear that the following statement holds, where note that the conditional expectation
E) [.] of Lemma 9 is replaced by E'[.].

Lemma 12. Let 0 (wg,) is as in (5). Then under the same conditions in Lemmas 9

and 10, the bounds in Lemmas 9 hold true also when Ej [f (%Sk+la 5—:5;@4_1”)] in the left
hand side is replaced by E [f (f—:Sl, f—:Sl+r> o(wi,)o (wH_rﬁl,)} , and similarly the bounds in
Lemma 10 hold true when E [f (f—:Sl, ,Y—:SHT, f—:SHHq, g_:Sl+r+q+s>i| there s replaced by
E [f (%Sl, %SIJH”? %SlJrrthp 5—:51+r+q+s) 0 (W) 0 (Witrp) O (Witrigw) O (Wl+r+q+s,u)]

4 PROOF OF THEOREMS 1 - 3

For simplicity we shall restrict to 2= Zz 1 (— Lo SlJrr) in Theorem 1. Then, letting

)

Nk = |n—| — |n

m m

and noting » ;" | f <g—:51, V—:SZJ,T) Yo ok f < [ k1) %S[n%hlw)’ it is clear
that Theorem 1 follows from the next Propostionl3.

throughout below

Proposition 13. Let the function f (zo,x1) be as in Theorem 1. Assume that the

assumptions of Theorem 1 are satisfied. Then, as n — oo first and then m — oo,

Br N = B B
ZZ |: (%S[n%]—l—l’%s[n%]—f—l—l—r)]

k=1 I=1

LY [° Elfo(z) fi(x+ S| de if B, = v,
— LY ffooo fo(x) f1(z)dx if g—: —0

0 if 82— o0,
Tn
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In addition, as n — oo first and then m — o0,

B o2 (B B
£ {235 (B )
k=1 I=1 Tn Tn
2
9 SL NIV ERUPECE NN |
k=1 1=1 Tn Tn

The proof of the preceding result will contain the proof of the following result
Proposition 14. (I). Suppose that (18) holds and that the function h(x) is in the class

Gy1. Then, as n — oo first and then m — oo,

% 3 nik Bfyic) {h (ﬁs[n%]ﬂ)} — 1 (0) LY

m
k=1 l=

In addition, as n — oo first and then m — oo,

{258 (o) - [ o] | =

k=1 =1

and hence

%Zh (%Sl) :E(O)L? as n — 00.
=1 "

(II). Suppose that (19) holds and assume that h(x) is in the class Go. Then also all the
conclusions in the preceding Statement (I) hold.

Note that % (0) = [ h (z)dz. The conclusion oS h <§—:Sl> — h(0) LY in Propo-
sition 14 is already known, see Jeganathan (2004) but we shall need below the other con-
clusions for the case h(x) = f?(z). Note that for this case, by Plancherel’s theorem,
B (0) = 2(0) = [ f* (@) de = & [ |T ()| an.

Similar to Theorem 1, the next Proposition 15 will give Theorem 3.

Proposition 15. Let the functions fo (zo) and f (zo,x1) be as in Theorem 2. Assume
that the assumptions in the Statement (1) or those in the Statement (II) of Theorem 2 are

satisfied. Then the conclusions of Proposition 14 hold also when f <S[n@]+l W[nﬂ]+l "

m

15 involved in place of h (S[ ] ) . Simalarly, the conclusions of Propositions 13 hold when

n% +l

f (S[n%]ﬂ, S[n%]+l+r) WlnE=t] 4, WA= 4w 15 tnvolved in place of f (S[n%]ﬂ, S[n%]+l+r>'

We now proceed with the proofs of Proposition 13. The required modifications needed

for the proof of Proposition 15 will be described later on in this section. First we need to
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introduce some preliminaries. First recall from (47) that

S[”%Hq B S[”%]Jr%q T Z:g U) 5[n%]ﬂ

where note that S [n5=1] g and > 5 g(q—74)¢ [ k1], are functions of the respective col-
” i

=Ry
lections {fj c—o00 <)< [ k= 1}} and {5] g > [ k=1 ]} which collections are independent
of each other and do not depend on ¢. Further {ijl g(l—7) §[ k1] 1<1< nmk} has
the same distribution as that of {7;;1 < < ng,}, where

!
1 :Zg(l_j)fa
j=1

Hence one can write

Bn Bn
E[n%] {f (%S[n%]-&l’%s[n%]ﬂ-&r)}

_ B [f (y O @m)} . (60)
Tn Yn (y1,y2)=<§"5 Bn g >

n [n%]-&-l,l’ Tn [n%]-‘v—l-‘-?‘,l"v‘r

Letting, for any 0 < k,, < (k, will also be allowed to tend to oo appropriately),

l—Kn l—kn

To=Y_ 9= 5§, Trw =Y 9(l+7—5)&,
j=1 j=1
we have
I+r
nl+ Z 6]7 TkJﬂ“ nlr+ Z l—i-?"—]f
j=l—rn+1 j=l—kn+1

(Note that T, and Ty, . depend on #,.) Hence, we have for any 0 < x,, <,

(2n) E [f (yl +027, 5T)}

n n

— /6i)\y1iuy2E [efi)\%ﬂ*iM%TlJrr} @ (N, p) dAdp

_ / 6*““*"“”1*?[ IO Z”B—"(Téz,r—Til)} E [e‘uf—Z(Tl—TSz)—wf—Z(Tzw n”)} F O\ p) drdp

B
X f <ﬂn u,u) dAdju.

— i/eiﬁlyli“(”yl)E {ew‘nl —inln (7 T;l,,«)} E [eii%n(TZ*TJZ)*"“%(THT*T;l,FTl*T&)}

30
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Now (recall g(j) =01if j <0)
'e_i%(TZ_T;:Z)_i“(n+T_Trtl,r_Tl+T7tl):|

— g et (m-Ty)- zuﬁﬂ§:ﬁjfmn+1«xb+r—j)fgufj»§i

- r—1
= [ o8] T (L a)
_ _— T
j
where and throughout below we let
c; =0 for j <0.
Similarly
-1 .
i Bu (77, Ag () ﬂn
E |e 2)‘ —in52 (T, Tnl)} = ¢( - 1+ +Cir) )
B Io (47 -2 @t
Hence

p [ i) 5 [<><>]'
-1 Nali : r—1 3
j=FKn n " Jj1=0

With these preliminaries, we now consider the proof of Propositions 13 through a series
of steps. In order to state and prove the first step, we need the following result, which

describes the intent of the condition involved in the class H;.

Lemma 16. Let f(xo, ..., x.), 7 > 1, be such that [ ([ | f (o, x| dz,)? dzg...dz, 1 <
oo. Then

%
) sgp /)f A0y - Ar_2, Ar_1 + Clay 1) dﬂ</(/|f 0y ey T \ da:r) dxg...dz,_;.
05+ Ar—1,C

In particular for f(xo,x1) as in the Statement (I) of Theorem 1,

sup/)f At )| du</(/|f(x,y)\2dy)%d:r§0-

Proof. We have by definition

FR0s - Armay Ao+ cpu, o)
— / tIA0To+...FiAr 2T 2+Z()\r l+CN)$'r 1+'LH$7‘ f(xo T )d!Eo dx
== yeeey Lp r

gtrar {/ oot A AT f (0w, Xy — cxrl)dxo...dxrl} dz,.
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Then by Plancherel’s theorem, for each Ay, ...\._1, ¢,

2
dp

/ Fhoy Ao, A + cpt, )

— / /e“\og””“‘“’\rwrlf(xo, vy Ty 1y Ty — €Ty )dTg...dx,—| dz,

1/2
dIo...d.TT_l

IN

/ ‘f(x()?‘“uxr—bxr_er_l)‘QdIr
1/2
= / ( ‘f(x(b "‘7‘7;7’—17x7')‘2dx7') dxo...d])r_l,

where in obtaining the inequality we have used the generalized Minkowski inequality (see
for instance Folland (1984, page 186)). This proves the result. W

Below in Lemmas 17 and 18, recall that in the Statement (I) of Theorem 1 for the

Bn

case 2* — 0 it is assumed that the function f(zo, 1) is of the product form f(zo,x1) =

fO(-TO)fl(-Tl)'

Lemma 17. Let f(xo,x1) be as in Proposition 13, and assume that o

and T, (see
(61), defined previously, correspond to 2k, < [nd], 0 < § < 1. Then the next two statements
hold (recall Ty =Y\ g(1—5)& )

(I). Suppose that (18) holds. Let R, (y1,Ya,a,d) be the difference between

(27T)2 % Z E {f (y1 + &Tl, Yo + &E+T):| (63)
1=[nd]+1 Tn Yn
and
1 n NTE o B (s §
n Z / U (N 1, y1,92) E {eﬂijfn(Tme)}
nl=[n6]+1 {lu|<a,|A[<a}
X B e~ (o T) 2y (T =i, =) | <ﬁi —h, u) d\dp (64)
where
Un ()‘7 H, Y1, y2) = eiiﬁylfi“(?ﬂ*yﬂ‘
Then

lim lim sup <sup IR, (y1, Yo, a, 6)|) =0 foreach § > 0.

a—00 n—0oo \VY1,y2

(II). Suppose that (19) holds (instead of (18)). Let Vn(l) and VU(Q) be independent ran-
dom variables with the same distributions K,, independent of (1, T}1,). Consider (63) with
B My (1 + 27+ Vi o+ 20, + )| in place of B |f (1 + 2000 + 271, )|
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—~

and (64) with an ( — i, u) K, <ﬁ% — ,u) [/(\n () in place of]?<ﬁin — u,,u). Let R, (y1, Y2, @, 0, M)

be the difference between these two. Then

lim lim sup (sup | Ry, (y1, Y2, @, 0, 77)\) =0 for each §, n > 0.
a=00  p—oo \y1y2
The same holds when my,, is involved in place of My,,.
Proof. First consider the Statement (I) under (18). Note that (63) involves the
left hand side of the identity (61). Further when in (64) the f{|“|<a A<a)

Ji2» it reduces to that involving the right hand side of (61). Therefore the difference

is replaced by

Ry, (y1,Y2,a,9) in the Statement (I) of the lemma is simply the same as (64) but with the
integral f{\mga,wga} replaced by the f{luléa,lAISa}c’ where {|u| < a, |\ < a}® stands for the
complement of {|u| < a, |\ < a}.

For notational simplification, we treat the case r = 1. Then, using (62) and noting
that |1 ()] < 1, [Un (A g1, 2)| < € and {|u| < a, |A[ < a}® C {|u] > a,[A] < o0} U
{11 < a,]\| > a}, we have

|Rn (yh Y2, a, 5)|

n -1

1 Bn Ag(J Bn
. / W (——u) f (ﬁ u,u) IT v ( £l — p=cjpn | | dAdp.
I tger  Hl>a A <oo}Ulul<a Al >a) n Pt Tn Tn
Note that Hé;i 0 (Ai—iﬂ) — Mﬁ"C]H)) " [1/2 W) </\9 Q) _ g:CjH) ‘ because k,, < [nd] /2 <

11/2).

We first deal with the integral over {|u| > a,|A| < co}. Using (35),

By - (Ag( 5 Ba )
—— Pre )l dad
/{|u|>a,|x|<oo} v ( M) / (ﬂn . M) H v R AN a

=[1/2]
< ”21 < :
H [1/252?“51 1N1J ’
j=[t/2]
where
Ba Ag(i) B e
Ny = '¢( O N F (2 )| o (242 B N ard
{ul>a,|A|<oo} Vn 5n Tn Tn
1-1/2]
In / B A Cjt1 A
TN (0 (——u) / ( u+u—.,u)’ ’w (— dAdp,
[9() 01 J > anj<oo} B g(5)bi 9(7) by

) 1—[1/2]
making the change of variable Ag—ij)—uﬁ—"cjﬂ — i Here note that [ ’w <A> ’ < C

(see (33) and (34)) and < C'2* using max[l/2}<j<l ooy < O (see (36)). Therefore,

\ )by

Nij < CQp(a) 2,

M
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where

Qn (CL) = [nglg)in Slip /{M|>a}
Now note that
Jo (5 7 (i)
{lul>a} T g(])
2
~ Gj+1 d In K
/ f( G M) "5, /{W%“} e

N 1/2
c|z 2d , 65
< (ﬁn/{w 0 u) (65)

where in obtaining the last inequality we have used Lemma 16. In the case 3, = ,, the

IN

factor 2+ f{\u\>"" o} [t (1)|? dye in the preceding bound reduces to Jiusay ¥ (1 )P dp — 0 as
a — 00, and1nthecaseﬁ—:—>oo1t1sboundedby J 10 (u \du<C’V"—>0asn—>oo

In the case f—: — 0 recall that under (18) we have f(zo,z1) = fo(zo)fi(z1), so that
f()\,,u) =1 (A) h (). Hence, using ‘zﬁ (—%u)‘ < 1 and the Cauchy-Schwarz inequality,

w(—@ﬂ)f( )|

|u|>a}
1 ? N 2
< / ,u+u]+) dﬂ/ Sr(w)| dp
9(7) {|p|>a}
) 1/2
< (/ f1 (1) du) —0 asa— oo, (66)
{lu/>a}
. 2
where we have used [ ’fo (V — M(;&;)’ dp = g(Jc -~ il ’fo
Thus
lim lim sup @, (a) =0 (67)

Now consider the integral over {|u| < a, |A\| > a}. We have Hé:i <

(0 (Agm ,UCJJrl)

Hgmsg ndl/2] <’\i—m - /LCJH) because k,, < [nd] /2 < 1/2. Hence in the same way as earlier
the integral over {|i| < a, |\ > a} is bounded by max;,s/2<j<[ns) NV2;, Where
B M@ B N[
Ny = / (0 (——u f — )| Y — hCjt1 dAdp
{ul<a/X>a} ﬂn Yoo

[nd]—([né]/2]
dX

IN

Yo A )
C—
M @ /{|A|>dnaﬂnen} ‘¢ (b[n6]
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with

en = abjng] max |c;41] and d,, = min __ T
[[nd)/21<j<[ns] [(no)/21<i<[nd] |9(5)] bpna)

n= max  su - + ;
O = e up/ v ( ) “g(]) 8
Similar to (65) and (66) (note that @}, = @, (0) except that @} involves maxis]/2<j<[no]

and

dp.

whereas @, (a) involves maxp,s<;j<n ), We have

C if or B 0
sup QF < Bn =Y or 2t ‘
" Cg—" if g” — 00.

n

Further note that d,, > d > 0 for some d > 0 (see (36)). In addition e, — 0. To see
this, assume for simplicity that b, ~ né, and ¢; ~ j1 ~1-% in the case of assumption (A2).
Noting that H — 1 — é < 0, we then have e, ~ Cnfl=!. In the case of Assumption (A1),
we have |e,| < Cna~! where L —1<0because 1 <a <2

Then, in the cases (3, = v, or ’3—: — 0, there is an ng such that {\)\\ > d,a — —en} C
{|A| > dna — e} C {|A] > 4a} for all n > ng. Further, using (33) and (34)

A
J (i)
{|A|>dna—en} [nd]

where 0 < p < 1.
Thus |R,, (y1, Y2, a, )| is bounded by

[nd]—([nd]/2]

dr < C / e\ + Cpdl
{IA>%a}

c maem 1, s
C <Qn (a) +/ e Mg + C’p["5]> In Z — in the cases §, = v, or Bn — 0,
{\>%a} n

=1 m Tn

and by

(Qn() 5) Zl inthecase&—mxx

lerl Tn

for all n > ng, which in view of (67) and the fact =3 ", % < (O, completes the proof of
the first statement.

For the Statement (II), the Ny; for the present situation will be the same as earlier but
with f (A, 1) replaced by ]\/4;, (A, 1) f/(\n (A) f(\n (). We also have ‘zﬁ <—’3—:u>‘ < 1. Hence

fyn — A
Ny, < C— 'M < — ) ‘
Y Vo J{ul>a,) A <o0} Bng(J ) )

g
—1/2]
G R o
X’ "<ﬂng(j)bz MRS v s
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In the right hand side, the integral over {|u| > a, |\ < b7}, 7 > 0, is as in (33) bounded
by, using )[/(\n ()\)’ < C and using Lemma 16,

—~

Ky (1)

Gj

o ) L 2 1/2
My, (v—u+u—+.1,u)“f(n(u))du§0(/ du)
9(j) {lu|>a}

The integral over {|u| > a, |A\| > b7} is as in (34) bounded by, for some 0 < p < 1,

sup C'
v {lu[>a}

Cl/'K (l — — J—fl)K ‘d/\d < Pt < CpmI 2 [ng) < j < n.
P "\Bogbe T 0) ()] dhdp < Cp Vo P, ol <

/2
—i—CpL"é] for all [nd] < j < n, forsome 0 < p, < 1.

— 2 1
Thus, M; < C1* (f{“»a} K, (1) du)

In the same way, the Ny; for the present case is bounded by the same bound obtained earlier.

This proves the lemma. H
In the next lemma let

E [e"5] in the case 3, =7,

m(p)=1¢ 1 in the case g—" — 0
0 in the case g—” — 00.

Lemma 18. Let R, (y1,y2,a,9), § > 0, be the difference between

" =1 Tn Yn
and
Ly —i2T ~
- Un (A g y1,92) E [e n ] 7 (—p) f(—p, p) dAdp (69)
" 1=[ng] Y UnlSaAI<a}

where Uy, (A, 4, y1, Y2) = e E T 0o in Lemma 17, Then

lim lim lim sup <sup | Ry, (y1, Yo, a, 5)\) =0.
0—0 a—o0 n—oo \W1,y2

Similarly (2m)? %" Yo E [Mfm <y1 + f—:Tl + Vn(l), Y2 + %EH + Vn@))] corresponding to

the Statement (II) of Lemma 17, has the same approzimation given by (69) but with

My (=g, ) Ky (—p) Ky (p) involved in place of f(—p, ).
The same holds for (27r)2 %” S B [mf,n <y1 + %Tl + Vn(l), Yo + %THT n Vn@))]
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Proof. First consider the first statement under (18). Note that the same right hand
side bound in (49) holds for |F [ f <y1 + g—:Tl, Yo + 5—:Tl+r>] ) also, and hence according to

Lemma 9 we have )E [f <y1 + g—:Tl,yz + g—:THrﬂ ’ < %g—z Hence

[nd]

sup |22 3

n
Y1,Y2 —1

[nd]

n n n 1

n
n =1 i

Clearly this converges to 0 as n — oo first and then § — 0.
Hence, in view of Lemma 17, letting R} (y1,y2, a,0) for the difference between (68) and
(64),

lim lim lim sup (sup |R; (Y1, Y2, a, 5)\) =0.

6—0 a—o0 n—oo \y1,y2

Therefore, letting R:* (y1,y2, a,d) for the difference between (64) and (69), it is enough to
show that
lim sup <sup |Ry* (y1, Yo, a, 5)\) =0 for each a,d. (70)

Note that without loss of generality, we can assume that r,, upon which 77, |

and 17,
of Lemma 17 depend, is such that x, — oo and 22 — 0. Then, because T; — T, and

St g (s) & have the same distribution,
> e) — 0,

where we have used the fact that v, > ! g (s) & converges in distribution and 7, '7,, —

Kkn—1

YD g(s)&s
s=0

sup P(”yglm—Tg‘ll >e) :P<

[né]<i<n

0. Hence

sup
[A<a,|u|<a,[nd]<i<n

DN * . B * * e * *
E |:6_Z'y_n(Tl_Tnl)_ZMf\/—Z(Tl+1_Tnl,r_1—‘l+Tnl)i| — E |:6_Z'u‘ry_:ll(1—‘1+7‘_Tnl,'r_Tl+Tnl):|’ — 0

Now note that

Kp+r—1

E [e’i“%(THT*T;AFTHFTL)} = H 0 (— (¢j+ oo+ ¢j—r—1)) &,u) (71)
=0

n

In the case (3, = v,, we then have, in view of
Hl/) (— (Cj + ...+ ij(r71)> /L) = 77/)5T (—M)
§=0

and (with r being fixed) because k,, — 00,

sup
lpl<a

E |:€7’L'M(Tl+r7T;:l,r7Tl+T;:l):| - ¢S (_/’L)’ - 0
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This also gives, for the case ’3—" — 0,

sup
|ul<a

E [e*i“%(THT*TSLFTl*T&)} - 1’ o iy
Tn

In the case ’3—: — 00, let 0 < jo < kp +7 — 1 be such that ¢, + ... + ¢j,——1) # 0. Then,
noting that (18) entails ¢ (u) — 0 as p — oo,

Sup E [e—iﬂg_:(n+r_T;l,r_Tl+T;l):| S Sup w (_ (CjO + + Cjo—(?‘—l)) &u) ’ — O
lu|<a |ul<a Tn
(72)
Now|Ty,, — Ti| = ’Z;:in(cjﬂ + ...+ c¢jr)&|. Let 0 < 7 < a be suitably close to «

such that 72 [c;|” — 0. Then

-1

Z (CjJrl + ...+ CjJrr)fj

J=kKn

sup P(’T;Z,T_T:l >e) = sup P(

[nd]<l<oo [nd]<i<oco

>€)

[ee]
< Cr Z lc;|” — 0, (73)
J=FKn
where the inequality is obtained using for instance Avram and Taqqu (1986, Lemma 1,

Section 3, page 408)). Hence

T B [ * iy 1 n
E {6”\%1“%1 (Tnl,rTnl):| - K [672/\7}1} — 0 if either 3, =, or o — 0.

n

sup
INI<b, | <a,nd)<i<n

Hence (70) follows (in the case g—: — 00, note that 7 (—p) = 0 in (69) so that (72) is
sufficient to imply (70)).

To obtain the second statement, in which (19) is assumed, we apply the Statement (II)
of Lemma 17. It is clear that the only place in the above proof that needs to be explained
is (72) for the case g—: — 00 where the condition limsup_ ., ’E [e1] ’ = 0, obtained as a
consequence of (18), is used. But this restriction is assumed as part of (19) when f—: — 00,
see (19). This completes the proof of the Lemma. M

The preceding Lemma 17 leads to the next statement where we define

() = e[ {G ) o

SOt k=10 \"e
+c/ (— +— - u) Zo(du) (74)
0

m m

and



Note that

S (Eﬁ) = Ao n (E) )
m m

Lemma 19. For each integer m > 1,

m B B
2323 B |1 (S 2o |

k=1 I=1

converges in distribution to

1 n 1 1 = —ixmt g(E=L, L) —iNT(t)
(%/W(—M)f(—ﬂaﬂ)dﬂ)mgg/m/o e E e | dtdx

where 7 (—p) is as in Lemma 18 and S (%2, L) and T (t) are as above m (74) and (75).
The same holds for 2= 3" | S [ o] []\Ifﬂ7 (%S[n%]—f—l + Y, - S[ ], T ‘/;7(2))]
but the limit will involve 5= [ (—p) Mfm (=g, ) K (—p) Ky () dpin place of 5= [ (=) f (=g, ) dpa.
The same holds for my,, also. Here Vn(l) and V},(Q) are as in Lemma 18.
Proof. We consider only the first statement because the proofs for the remaining
statements are the same. Also note that in the right hand side of (69) is equal to 0 for the
case 5—: — 00 because 7 (—p) = 0. Therefore we only need to consider the cases 3, = v,

and’g—:—>0

Because m: 7’“; ~ m!# it is enough to show that, for each m and k,
B ﬁn Bn
Z E T [ kL4 %S[n%]JrlJrr (76)

converges in distribution to

(% / 7 (=) f (=p o du) / / SR B e O] drd,

where in obtaining the form of the limit we have used the transformation Am! —— X.

Let (y1,y2) be as in (60), that is

P P
(y1,92) = (_S[nkml]Jrl,l’ ,Y_S[nkml]JrlJrr,lJrr) : (78)

With this (y1,¥2), let R, (a,d) be the difference between (76) and

1 Nmk

o2 / Un ()\a s Y1, y?) E [eiik’yngl} T (—/L) ]/C\(—,U, :U) d)‘dlu>
n(2m)" S5 Jii<auiza)
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where recall that
Un ()\7 Ly Y1, y2) — e—i[%nyl—ilt(ln—yﬂ.

It follows from Lemma 18 that, for each € > 0,

lim lim lim sup P (|R, (a,0)| > €) = 0.

6—0a—00 n—00

Therefore it is enough to show that (79) converges in distribution to (77) by taking the
limit as n — oo first, then a — oo and then § — 0.

To obtain the limit as n — oo, note that U, (X, i1, y1,y2) above involves

% = %S[n%]Jrl,l and Yy —y1 = % <S[n%]+z+r,z+r - S[n%]ﬂ,l) :
We have
[n22]
Slut]rprirr ~ St 4 = Z (€l fnr=1]1y + T Gy i) )G
j=—00

and hence, similar to (73), under either of the cases (3, =, or ’6—: — 0,

an<l<oco Tn

= sup P <&

an<l<oco Tn

P
sup P( )S ke 1+l+rl+r_5[n%]+z,z > e

Z(Ci_H + ..+ Ci—f—r)f

1=l

i >8>—>0 for any a,, T oo.

Further, with Sy, (£) and T (t) as defined in (74) and (75),

-1 fdd k—1 ¢ y
(7" S[nk=1] 4 prpnit] ] T T[nmktl) (5 (TE) ,m~ 1T (t))-

It then follows (though the preceding convergence is only J4 ), in the same way as in

Jeganathan (2004, Lemma 8), that (79) with (y;,y2) as in (78) converges in distribution to

1 LS Y T e "
ey A et G ) R TH IR
A <La,lp|<a

for each a and 6 > 0.
Let A (a) be the difference between the preceding quantity and

(ﬁ / 7 (=) f (—p du) / / ) et O drn,

(Here m, k and ¢ are fixed.) We next show that A (a) — 0 as a — co.
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Noting that ’e_i)‘mHSm’“(%) <1, we have

m(2m)? A(a) < (/:)f(—u,u)’\ﬂ(u)\dﬂ) /51/{»@}

1 e’}
([ Fenm|metan) [ [ (Bl mo])|a
{lul>a} 5 J—o0
Now note that

/ E [e*i*m*HT@”dA < C / e N = o / e g\
(1A1>a) {11>a} (I/>att}

L [e*M‘HT“)] ) ANt

<ot [ cornoR@is<ist
{IAI>adH}

Hence

m (27) A (a) (27)° A (a) < R (a) /

—0o0

o0

f(—u,u)) |7 ()] dps,

F o) 1n Gl ) [

{lp|>a}

where note that
R(a) -0 as a— o0 and R(0) < oc.

In the case m (u) = s, (1) (the case (3, = v,), we have, noting |vs, (1) < |¢ ()],

/{|u>a}

f(—u,u)W(uﬂdu < \//’f(—u,u)rdu/{mba} ¥ (w)]* dps

< C’\// [ ()|* dp — 0 as a — oo,
{lul>a}

~ 2
where we have used [ )f (—u,,u)’ du < C, see Lemma 16. In the case m () = 1 (the case
Fo ()] |73 ()] so that

2
dp / fi(p)| du
{lul>a}
2

~

fi ()

(18) holds and g—: — 0), we have ’]?(—,u,u)) =

/{|u>a}

~

f

()| (o) e < \//\fo(m

< O\/ /
{lu|>a}

dp — 0 as a — oo.

Thus A (a) — 0 as a — oo.

Next note that

00 é ) . ‘ ) 00 N
/ / e*MSmk(a)E[e—Mm*HT@] dtdA‘ < (J( / t—Hdt) ( / el d)\)
—o0 J O 0 —00

O(')'lfH
<
- 1-H

—0asd — 0.
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This completes the proof of the first part of the lemma.
The proof of the second part is identical by allowing ’I?n (—u)) ’[?n (,u)’ to play the role

of |F (=, )| |4 ()| above.
To complete the proof of the first part of Propositions 13, we thus require

Lemma 20.

Lo [T[L [ omns(e=t o —iNT(t 0
mlHZ/O {%/ e (m’m)E[e }d)\ dt = L7 asm — oo.
k=1 -

Proof. We first show that

hm lim sup /
e mi- —al

ii/oo —iAmHS(%,%)E[ —i\T'(t }d)\

2m

] o
0

To see this note that, in view of (74), S (k’l ) is a-stable with scale parameter oy, such

k=1 1t
m ' m
that

t k—1|"
UtmeO -

m
(See Samorodnitsky and Taqqu (1994, page 345)). Hence

] < %i/)E[e“S(’%é)”dA

1 .
Z— / e~ a\
Omk

1
mk2
< QZ( mn ) /e—clkladAgc
m
k=2

because = >, (ki)H < C. Here note that in the sum >, the leading term corre-
1i

sponding to k = 1 is left out, but for this we have, in the same way as above, noting

H
¢
Oum1 > C'| L]

1 X iamfs(0,t t

Hence, noting further that |E [e7*7®]| < 1, the left hand side of (80) is bounded by

1-H ml

1) t_H (51—H
C/ (1 + ) dt =C ( — T 5) , for all m > 1, obtaining (80).
0 m

Now consider

k=1 o0
L & E—1 t
= hy | —mPSs | —— = dt 81
/MHZ(m (14) (s1)



where h; (y) > 0 is the density function of T'(¢), i.e.,

1 BN ~ ,
ht (y) — _/ 62)\yht (A) dA Where ht ()\) = E [G_ZAT(t)] .

21 J_ o

Note that for each fixed ¢, {S (— L),0 <k < m} has the same structure as that of
{Aa H ( ) 0<k< m} Hence Jeganathan (2004, Proposition 6) contains the fact that
the difference between the integrand —ty 7" by (—mS (21, L)) in (81) and

A (D) e
m
k=1

converges to 0 in mean-square, as m — oo first and then € — 0. In addition it is easy to

see that the arguments in Jeganathan (2004) also give that this mean-square convergence
uniformly over 6 < ¢ < 1. (Note that this is a very specific case so that the steps in
Jeganathan (2004) will take a rather simple and direct form.)

Now, note that —ty S [he (—m (y + €2)) e~2*2dz is sufficiently smooth in y (see
Jeganathan (2004, Lemma 7)). Hence, for each ¢ > 0, it can be seen that (82) can be

approximated, as m — 0o, by

I & 1 " k—1 2
—H ; \/ﬂ/ht (—m (S (T,O) +€Z)) e dz

uniformly over ¢ < ¢ < 1, which in turn is approximated by ml—l,H Yoy \/%—Wht (—mH S (E, O))

as before as m — oo first and then € — 0.
Noting that S (%, O) =ANon (%), we thus have approximated (81) by

1 & " k—1
/5 —— ; hy (—m Agrr (—m )) dt,

which in turn is approximated as before, as m — oo first and then § — 0, by

Ll & iy k—1
; W;ht —m o, H T dt
R E—1
= WZQ (—mHAa,H (T)) = (/g(y)dy) Ly =1Ly
k=1

where g (y) = fol hy (y) dt. Note that [ ¢ (y)dy = fo [ he (y) dydt = 1 because [ hy (y) dy =
1 for each t. In obtaining the preceding convergence we have used Jeganathan (2004,
Theorem 4). Note that [ ¢*(y)dy < fo [ hZ(y) dydt < C’fo t~Hdt < C. This completes
the proof of the lemma. W
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Proof of Propositions 13. When (18) holds, the proof of the first part (weak con-
vergence part) follows directly from Lemma 20 and the first part of the lemma 19.

Regarding the proof under (19), we have (with \/}7(1), 1/}7(2) as in Lemma 17)

Pt {f (%S[n“]ﬂ’%s[n“w)}

Bn (1) Bn (2)

< E[ k-1] Mpy n S[nT]Jrl =V, n S[nk—]JrlJrr + Vi
(1) (2)

> Elyir) |y ( 2Spem) + Vo Sy, + Vi

Therefore, in view of the second part of the Lemma 18, it only remains to show that

J (=) My (—p, ) Ky (—p) Ky () dp — [ 7 (=) f (=p, ) dp as p — 0 and the same
for my,. To see this note that the left hand side is, for instance when 7 () = g, (1),
equal to 27 [ E |:Mf’77 (x + Vv 2+ S, + V}@)] dx, with

/Mf,,7 (a:+V77(1),x+ST+Vn(2))dx < /Mf,gn(x,x—i-sr)dx

< /E (Mo (x+ VY 24+ S, + V)] da,

where a > 0 is fixed. Here the left most side converges to [ f(x, z+5S,)dx asn — 0 in view of
the fact that f(z,y) is the class G5, and the right most side to [ E [f <x + VY 2+ S, + Va@)ﬂ dz
using in addition the fact that Va(l), S, and V.@) are independent with Va(l) and Va@) (and
hence S, + Va(Q)) having bounded Lebesgue densities (a is fixed). The same holds for
f My <x + V},(l), x+ S+ Vn@)) dx but reversing the inequalities. Hence, using a form of

a Lebesgue dominated convergence theorem, it follows that

/E[MM (:U—l—Vn(l),x—l—Sr—i-Vn(Q))]dx—>/E[f(x,$+Sr)]dx asn — 0

and the same for [ E [mm (x + Vn(l), x+ S, + Vn@)ﬂ dz. This gives the first part.
Regarding the proof of the second part, that is, (59), let

hn (.To, [L’l) = f (&xo, &xl) .

n n

Note that S35 i (Sfuic )0 Spuscarss ) =508 Bpusca] [ (Spuscaar Spusstfiae, )| 1 2
k < m, form an array of martingale differences, and hence the expected value in (59) is
bounded by

Z E <nsz hn (S[n%]ﬂ’ S[n%]—f—l-{—r))

) n n Nk
S (&) E [h2 Sla Sl+r +2 Z Z ‘E Sl> SlJrr) hn (Sl+i> SlJrTJri)] ’} (83)
l

=1 =1 =1
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According to Lemma 9, we have F [h% <f—:5;, TZS”’”H =F [fg <g—:5’l> G <g—:5’l+7n)] <
¢ (“’—") and hence using Y ", % ~ C%, we have

7 \ Bn
( )ZE (St Sia)] < (i) (E)ﬁ_cﬁ

Y
Similarly |E |f (228), 228, ) f (228, 2280 ) || <
Y Tn l"Yn r Tn I+ Tn Ir+i 'Yl’Yz
Zmllc i Tn

) , according to Lemma

~ CX (i)lfH, so that

m

In
Bn
1

: —H
10. Using np ~ 2~ and 7y, ~ YM 7, MaXi<k<m )

_ 2
Dol it 5 s C (% )1 f <'Y£n> . Hence
2 N Mk
( ) SN T IE [ (1 Sisr) i (St Strs)]|

=1 =1

R CROIDIC RO

This completes the proof. N

Proof of Proposition 14. Under (18), it is implicit in the proofs of Lemmas 17 and
18 that, for each m > 1, the difference between %" o ok E[nu] [h <ﬁ—"S[nﬂ]+l>]

Yn
A THEE S [ p [mitn]
e m ’ e mk
mlfH — nka’/T 1= [nd] {Al<a}

converges to 0 in probability as n — oo first, then a — oo and then § — 0, which in turn
converges in distribution to h (0) —r Yo [ fl —m™ (55T B (e AT O] dtd, see
Lemma 19. Hence, similar to the preceding proof of Propositions 13 the proof of the first
part under (18) follows by Lemma 20 and that of the second part follows in view of the
inequalities of the first parts of Lemmas 8 and 9. Similarly to the preceding proof of

Proposition 13, the proof under Cramer’s condition in (19) also follows. N

We next present the proof of Proposition 15. The proof will consist of reducing the
situations to the framework of Propositions 13 and 14. We first obtain
Lemma 21. Assume that the integers v, are such that > — 0, in addition to the

assumptions of Theorem 2. Then for each k =1,...,m,

B B,
; ;E [ Jo (%S[”kml]ﬂ) o <w[n%]+lﬂ/n)

]—>0 asn — oo,

and

% ZE Hf (%S[n%w %S[n%]-l—l-l—r) o <W[n%]+z,yn> o (w[n%]+z+r,yn>

n

| o
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Proof. According to Lemma 12 (and taking into account the second part in Lemma
9), the left hand side of the second part of the lemma is bounded by Cﬂ” > g—:% =
cx ;’"1 ~ L VVV" because » ;" 1o ™

. We have C'1» ;’" — 0 because “» — 0. This
proves the second part, and note that the preceding arguments hold for the ﬁrst part of

’YV vn

the lemma also, using the first part of Lemma 11. W

Proof of Proposition 15. We shall present the proof for the case o (wg.,) = Wk,
because all the arguments below hold when wy,,,, is replaced by o (wg,,)-

First consider the counterpart of Proposition 14. In view of the first part of the preceding
Lemma 21, it is enough to consider 2= N e >k fo < S[n%]ﬂ) Wlnk=1] 41,0 B 10—
oo first and then m — oo.

Recall that w;,, = Zi’:zﬂ/nﬂ di—jnj. Also recall that S; = Sji., + 57, where

Sjt+iw, and ST, are independent. Hence, if j > v, then for ¢ < j — vy,

{fo (ﬁn 3+l) wj+l,un] = E, [ J—vn {fo (ﬁn 3“) wj“"’"” = £ [hun (%Sj%yn)} ’

where
hy, (z) = E {f (x + — ] jav) yn) Wj+l,un] =F [wyn,ynfo ( 6" —S, Vn)]
Tn Tn

Thus

E; w11 | fo &S k—1 Wwr, k=1 =FE w7 |h &S k—1 for I > v,.

[”T] Y [nT]-f—l [TZT]'i'l,Vn [”T] Vn o [nT]-i—l,un n
(84)
We have
i ) = Jo ) B |wy, 673550 vn} .

In the case | fo ()\)’ ()\)

0 for all M > 0 using the fact LS* 2.0 because — 0. Further note that

[ h, (x)dx = Elwoy,] [ fo(x)dz = hl,n (0), where E|wq,,] — FE[wy]. Furthermore
Seezt]

and S[nﬂ] have has the same structure in addition to having the same

+l,vp +1
limiting distributions. Hence in exactly the same way as in the first part of Proposition 13,

we have
671 <A G 1 . 9
;z VZH [ (% S[n%]ﬂ) w[n%]-{—l,yn] = LVE [w] %/ fo(p)| dp.

Recall that the proof of the second part of Proposition 14 relied on the bounds of the

first parts of Lemmas 8 and 9. The same purpose is now served in the present context by
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the first part of Lemma 11 and the appropriate one in Lemma 12. Thus the counterpart
of Proposition 14 is proved. N
Now consider the counter part of Proposition 15. It is enough to consider, similar to

the preceding proof but now using the second part of Lemma 21,

oA f s

Let us first obtain a representation similar to (84). Because r is fixed, one can without

loss of generality assume that » < v,,. Then for j > v we have

B o Pn
Ejy [f (7—5]»,7—5}” Wi pWjtrw

= Ejfu |:f <_ (Sju + S ) (Squr,rJru + S v+, 'r—|—1/) wj,uijrr,y rv \ ] 12) Su+r,r+1/
n Tn Tn Tn
where 5
frv X y |: ( wa PynSLMjL,,) wuuwu+ru:| .
In particular, because [ < %] el
Bn Bn
E[n%] |:f (%S[nkml]Jrl?%S[nkml]JrlJrr w[n%]Jrl,unw[n%]JrlJrr,un
Bn B

E[n%] |:f7’vl’n (V_S[nkml]Jrl,un’ V_S[n%]JrlJrr,unJrr : (85)

Here we have
f:;l ()\, ILL) = }l\()\, /,L) E -wyn7ynw,/n+r7yn€_z>\/8n S’tn Vn_”LBn Svn-‘rr un+ri|

-~ [ —i Bn ., Bn Vn+7“
= f(/\mu)E Wy vnWop+r,v, € >\’Ynz 19(n—4)&; i3 Z 9vntr— J)§i|

= f(A,M)E _WO,VnWr,VneiMﬁn Z] 1w 9(= ])éjilu 25:171’” g(rij)éj} . (86)

First consider the analogue of the first part of Proposition 13 for the sum of (85) (recall
that Proposition 13 involves the sum of E[nu] [h <S[n@]+v S[n@]ﬂwﬂ ). Note that
in the right hand side of (85), S[ =140,

has the same structure as that of .S =

and

has the same structure as that of .S [nA=1] 40

similarly S[ L] L E1] g
To be more specific, in the identities (60) and (61), the roles of T, and T}y, are now

respectively played by

l—vp l—vn l—vn l—vp
dgl=0&=Tut Y, g(—§)é and ng N =Tu,+ Y, gl+r=i)g;,
Jj=1 j=l—rn+1 j=l—kn+1
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where note that the definition of 7}, and 7T};

nl,r

Further note that the sum that contributed the factor H:éw <—§—:g (7) ,u) in (62),

w( ﬂ"u)

only for the Statement (I)), is now absorbed in f,n,,,n (A, 1), which has the factor, see (86),

remain the same as involved in (61).

which in turn contributed the factor in the first line of (65) (which was required

LD DRGSR D g(T*j)fj:|

)E [wo nWr 1y €

S Z Z |d_g| |dr—p| | E [anp ASE et 98— ;Zl,yng(r—j)gj]
q=—vn+1p=r—vn+1
s 0 r—1
< )E oese]| S Y il
q=—vn+1p=r—vn+1
~1
. ‘ E [ej—wé’—:g(l)srfl} N ’ 5 [e_ug—;g(ng 1—ipdng(r )¢, }
q=—Vn+
P
< oo ()| o (o)) o (Srowa=Saoe 0
It is clear that when the factor | <—g—:u) in the first line of (65) is replaced by the

preceding quantity, the conclusion in (65) still holds. Taking the preceding observations
into account, the Lemma 17 holds true.

Now, to see that Lemma 18 also holds, note that the role of (71) is now taken by
H;?l;nl—r b <_ (9 + 1) — g(j)) g—:/i) —F [6—wf—z(Z}iﬁﬁnﬂw(g(r—j)—g(—j))Ej)}. In view of
(86), we then have

o o) TT 0 (=001 = 9000 20

~

= f (—Iu”u) E |:w01/ Wr o e ”B_n(Z;:ﬂ@n+1+r(g(r_j)_g(—j))fj)] ]

Bn

Tn

— 0, this converges to f(—u 1) E Jwow,], and in the case (3, = vy,
ﬂ_n

Clearly, in the case
it converges to f( ) E [wowre_i“s’“] In the case 2= — o0 also, it converges to 0.

To see that this last claim is true, note that
’E |:Cd0 e Wy e—wﬁfn (Zgz—xn+1+r(9(T—j)_9(_j))§j):| ’
’E |:W0,mwr,m6_ #_(2577'{"+1+T(g(r N=9(=9)% ] ’ + ‘E HWO vnWr v, — Wo mwrm|]|
where, noting that (wom, wrm) is a function of (§_,,11, ..., &),

uﬁ—n(zgz_wm(g(r—j)—g(—j»sj)} ’

Ba
Tn

’E [womwr,me

,u)'—>0 as n — oo for each m,

S\EWmW%muW<—@meﬁ—Mm»
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where we have used |¢ (u)] — 0 as yu — oo, which restriction follows from (18) (see (72))
and is also part of (19). Further lim,, .. lim, o |E [|wop,Wr 1, — @Womwrm|]| = 0. Hence
the claim holds. This completes the proof of Proposition 15. N

Proof of the Theorem 3. This is obtained from Theorem 2. First, regarding the
first part, note that

%lifo(%sz)(U(WI)—U(wz,un))rS(%lifo?(%sl)) © 3 (0 ()~ 0 )

=1

Now according to Whittle’s (1960) inequality, if E [|m;|"] < oo for p > 2, then for a constant
C, depending only on p,

k—uvn 00 p/2 00 p
le — W z/n‘ Z di—jn; p (Z d?) + CY;Lo (E [771] Z |d]|>
Jj=—o00 J=vn Jj=vn

Then, using the Taylor expansion of ¢ (w;) around w,, , noting that w; — wy,, and wy,,
are independent and using the given conditions }a(p) (x)} <C,FE DUU) (wl,yn)ﬂ < C for
1 <j<q—1, we then have

E [(a (w) — o (wWi,) Z [\wz — Wi, \J+k] <C Z d2+C ( [11] Z ’dj’> )

7j=1 k=1 J=vn J=vn

so that22 B[S (0 (w) — o (wlvyn))ﬂ — 0 if (23) holds. Further it follows from the first
part of Lemma 8 that E [% S (ﬁ—nsl)] < 02y L < €. Thus it follows that

Tn
ﬁn—” Yo fo <§—ZSZ) (0 (w) — 0 (w,,)) 2 0, and hence the first part of Theorem 3 follows
from (21).
The second part also follows in the same way because, in view of the second part of
Lemma 9, £ [’%" S f? <g—:5’l, g—:SHT)] < (' and because

Em] > |d;|

J=Vn

E (0 (w) o (witr) — 0 (wip,) 0 (wl+rﬁyn))2} <C Z & +C

J=vn

To obtain this last inequality, note that using (a 4+ b)*> < 2a2+2b? and the Cauchy - Schwarz

inequality,

(E [(0 (@) 0 (@irr) = 0 (@) 7 @irrin))])’
< 2F [Jo (@irn)'] E [Jo (@) = 0 (@in)l'] +2E [|o @in)['] E [lo @isr) = 0 @isrm)l*] -

Here in the right hand side we have F [\a(wl+r)\4] < C and E|o (wl7,,n)|4] < C in

view of |0 (wiir)| < Clwier|” and the restriction F [|77 | e ‘”’)] < oo. Further, in the
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same way as above using Whittle’s inequality, F [|o (w;) — U(wlvyn)ﬂ < 0YyZ, d+
C <E ] 2, 14, \) and the same bound holds for E [|o (wisy) — 0 (wisns,)|']. This
completes the proof. [ |

5 REDUCTION OF THEOREMS 4 AND 5 TO A MARTIN-
GALE CLT

In this section we relate Theorems 4 and 5 to a martingale CLT. For this purpose,

corresponding to Theorem 4 define, for each positive integer m,

[ ]
l::nE:l +1

Similarly, correspondmg to Theorem 5 define (with w;,, asin (2))
k=14

[ n
Comk = 4/ ; f(S)wip,, nmk = % fS)wi,, k=1

% e (59)

In these definitions we follow the usual convention that a sum is to be interpreted as 0 if it

is with respect to an empty index set. Note that

\/% 2 F(S) =D G \F 2 (St = 2 (G Bo).
=1 k=1 =1

We shall show in the next Section 6 that
lim lim sup P Zank > 6] =0 foralle>0, (90)

and therefore, the respective limiting behaviors of the sums in (89) will be the same as

those of Y} Cumk and >y ¢
In Sections 6 below we establish that the following facts hold (recall that E; stands for

the conditional expectation given o (§;; j <) ).

(R1) There is a nonrandom A (n,m) such that

Z ‘E[nu] [Cnmk‘]‘ < A(n,m)—0 asn— oo, for each m.
k=1 "

(R2)

> By, [C2,] = bLY
k=1

as n — oo first and then m — oo, where the constant b is as specified in Theorem 4.
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Recall that the convergence in distribution of a sequence of distribution functions is
metrizable, for example by the Lévy distance (see for instance Loeve (1963, page 215)).
Then the preceding convergence means that the distribution of » )", E[n k1] [C2,.x] con-

verges in such a metric to that of bL{ as n — oo first and then m — oc.
(R3)

lim lim sup ZE [Camre] = 0.

m—o00
n—00
k=1

The next condition (R4) pertains only to the case a = 2. To state it define

7]

1

Xnmk = 7n Z & (91)
lz[n%]-{-l

(R4) When a = 2 (in which case we have E [§] = 0 and E [£}] < oo, see (9))

m

Z ’E[nﬂ] [Cnkanmk]’ > 5] = 0 for each m and ¢ > 0.
k=1

lim sup P

n—oo

e (R*1) - (R*4): In the case of Theorem 5, we shall verify the preceding conditions
with ¢, i place of Cumi, in which case the corresponding conditions will be referred
to as (R*1), (R*2), (R*3) and (R*4).

Proposition 22. Suppose that the conditions (R1) - (R4) are verified. Then the
convergence in distribution conclusion of Theorem 4 holds.
Similarly, if the conditions (R*1) - (R*}), together with (90), are verified, then the

convergence in distribution conclusion of Theorem & holds.

The next Section 6 is devoted to the verification of the conditions of this proposition.
The remaining part of this section is devoted to the proof of this proposition.

Note that the preceding conditions involve iterated limits in the sense that the limits
are taken as n — oo first and then m — oo. To proceed further it is convenient to note
that they can be restated in an alternative form involving only the index n that goes to
oo. For this purpose recall that if h (n,m) is a nonrandom function of n and m such that

lim lim sup |k (n,m)| =0

then one can find a sequence m,, T oo such that

h(n,my) — 0.
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If G (n,m) is random, then note that

lim lim sup P[|G (n,m)| >n] =0 forall n >0,

m—0o0 n—oo

is equivalent to lim,,, .o, limsup,,_, . £ [min (|G (n,m)|,1)] = 0, and therefore, taking h (n,m) =
E [min (|G (n,m)|, 1)], there is a sequence m,, T oo such that E [min (|G (n,m,)|,1)] — 0,
which is equivalent to

G (n,my) 2 0.

Thus (noting that the convergence in (R2) can be restated in terms of a suitable metric),
(R1) - (R4) entail that there is a sequence m,, T co such that

S B Gamatl [+ D B[] 20, (92)
— k=1
> | B Gamutxumaid| 20 (for @ =2) (93)
k=1 "
and
3 Bl (] — bI1 (o)
k=1 "
In the same way, the conditions (R*1) - (R*4) imply that (92) - (94) hold with (., replaced

We are now in a position to present the proof of the first part of Proposition 22. First,

for convenience, we let
an - Cnmnk7 Xnk = Xnmnk k= 17 ceey M.
Next, for the purpose of the proof, we

o cutend the array Cop, 1 < k < my, to all k > 1, by taking {Cux; k = m, +1,...} to be

an array of 1id Gaussian <0, min) random variables, independent of {{;; —0o < j < 00}.
Further, we use the notation E,; for the conditional expectation given the o-field

U(fj,jﬁ[nminb if —oo<1<m,
o (&, j<n,and (o, mp +1 <k <) if 1 > m,.

Frn=

Explicitly,
ul 5[ |ru)
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With this extension, (92) and (93) take the strengthened forms, for any 0 < v < 1,

[nt”]
> Bkt [Gusll 20, (95)
k=1
[n*”]
E[¢u] =0, (96)
k=1
and
[n*”]
> | Engt Gkl 2 0 (for a = 2). (97)
k=1

Now, define the martingale differences
Ce=Cok — Eng-1[Cu], k=1,2,....
with respect to the o-fields f ,x, k = 1,2, ....1t is easily seen, in view of (95), that
(96) and (97) hold with ¢, replaced by (. (98)

In addition, if we define
q q
Tola) = Y Bnir (1G] = D (it [ = (Buir [’}
k=1 k=1

then, in view of (94) and (95) and because (., k = m, + 1,... are iid Gaussian <0, min),
for any s > 1,
T, (smy,) = bLy +s—1, s> 1. (99)
Now for each fixed t > 0, define
T, (t)=inf{qg>1:T,(¢q) > t}.
Note that
T, (t) =m, ift=T,(m,). (100)

We have
{m )<} ={T, () >t} € Fpi1, =12, ..,
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so that for each n and ¢t > 0,
T, (t) is a stopping time with respect to the o-fields f ;1,0 = 1,2, ...

Note that for any positive integer J, we have using (99),

P{Tn(t) >J] SP[Tn(Jmn)St]—>P[bL(1)+J_1§t] =0 it J>t+1

my
(101)
We thus have shown, in view of (95) - (98), (101) and because m,, T oo,
Tn(t)
En,kfl [an] i Oa (102)
k=1
Tn(t)
En -1 [|C;k|4] =0 (103)
k=1
and
Tn(t)
> Enp[|Guxnrl] 0 (for o =2) (104)
k=1
Further, because of (96), (98), (99) and (101),
2
B rat)-1 DCL,T,L@)} ] = 0.
Hence, because
2
T (1 (8) 2 ¢ 2 T (7 () = 1) = T (7 (1) = B2 [ |G|
T, (1n (1)) 2 t. (105)
Now let
e it >0
W, (1) = &k=t omk 1 . (106)
0 if t <0.

Similarly, let W (¢) be the Brownian motion for 0 <t < co and W (¢) = 0 for ¢t < 0. We

then have
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Lemma 23. Let W (t) be as above, and as before let Z, (t) be the a-stable motion.
Then, for 0 < a < 2 and for every integer [ > 0,

[nt]

e [ 3 W) | 24 (20~ 2 () W), re oo,

j=—nl

where (0, as in (1)) and
the processes W (t) and Z, (t) are independent.

|
The proof of this Lemma is given below separately in the Appendix, Section 7.
We now come back to the proof of the first part of Proposition 22 (assuming that (R1)

- (R4) holds). Because Lemma 23 is true for every | > 0, it entails (keeping in mind the
conditions (A1) and (A2), see Kasahara and Maejima (1988))

_ fdd
(771 ls[nt}u Wn (t)) - (Aa,H(t)a W (t))

where the processes W (t) and A, g (t) are independent. (Here in general the convergence of

Vo 1S[m] in the Skorokhod space does not hold, see Astrauskas (1983)). Further, according

to the arguments given in the next Section 6 for the verification of (R2) (see the Remark

immediately before the statement of Lemma 24), it follows that
T

is approximated by a functional of the process 7, 'S, such that T}, converges in distribution

if 77 Sy 22 g sr(t). We then have

/

an

Ty ="To(m.) = Y Bk {
k=1

_ fdd
('yn 15'[”,5], Wi, (t) ,Tn) = (Aa,H(t), W (t) ,bL?) ) (107)
The next step is to obtain the convergence of ('yn_ 1S[m], W, (Tn)) from (107) (taking
into account further that the marginal process ¢t — W, (t) will be tight, that is, uniformly
equicontinuous in probability, see below). To present the details, let, with ¢ a positive
integer and J > 0,

0="To0 <71 < ..Tgqo1 < Tgq =

be such that

sup |74 — 74i-1] — 0 as ¢ — oo.
1<i<q
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Define
T o Tqi iqui STn<Tq,i+17i:071w~q_]—7
TN T T, >

Letting
T =bLY,

define T, ; analogously. Now, taking 7,441 = 00,
(W (Thg0) <0} =ULo {Wa (751) <v,7 < T, < Ty}

where {W,, (7i) <v,7,4 <T, < 74,+1} are disjoint, and hence, for 0 < uy; < ... <y < 00

and for any reals a;,7 = 1,..., K,

P (Wn (Tn,q,J) < Uu’%:ls[nuj} < ajuj - 17 7k)
= P (Ug 0 {W Tqi) < U, Tqi < Tn < Tq,i-l—l?ry;ls[nuj} < aj?j - 177k})

= ZP o (741) <07 < T < Taivts Vo Sy < 5,5 = 1,000 k)
One can assume without loss of generality that 7,1, ...74, are continuity points of 7". Then
(107) together with the preceding identity entail that
P (Wn (an J) < Uaﬁ)/;ls[nu]-] < aj;j =1,.., k)

— ZP (T4i) < 0,75 <T < Tpi1, Na(uy) <aj,j=1,..,k)

= P(W(Tqﬂ]) <v,Aopm(uy) <aj,j=1,..k).
In other words, we have

-1 Sdd
(Wa (Tng,7) s vn Sin) = (W (Ty,0), e, (t)) -

(Note that Ty s is a function of LY, which, being a functional of A, y(t), is independent of
W (t) by Lemma 23.) In addition, in view of (103) and (105), it is well known that the
marginal process W, (t) satisfies the ‘tightness’ property

lim lim sup P sup (W, (t) =W, (s)] >e| =0

h—0 n—00 |t—s|<h,t,s€]0,M]
for all ¢ > 0 and all M > 0. (Actually W, () = W (¢) in the Skorkhod space D [0, M]
with W (t) € C'[0, M] for every M > 0.) Hence

lim lim lim sup P[|W,, (T, 4.0) — Wy (T,,)| > €] = 0.

J—o00 g—00 n—00
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Similarly
lim lim P[|W (1,,) — W (T)| > ¢ = 0.

J—00 g—00

It follows that

(Wa (T2) 70" Spua) 25 (W(T), A1)
Noting that 7, (T,,) = m, (see (100)) so that W, (T;,) = > ;=" Gk, and in view of the
independence of the processes W (t) and A, g(t) so that the distribution of (W (T"), Aa u (1))
is the same as that of (W\/@ , Ao, H(t)) where W is standard normal independent of the

process A, p(t) (recall T = bLY ), the preceding convergence takes the form

(chk,vn ) = (W bL?,Aa,H@)) (108)

(Recall that > ;" G = /2> 41 f (Sk).) Further, it follows from the arguments of
the proof of Proposition 14 that 2= Y~ | h(S)) occurring the statement of Theorem 1 is
approximated by a functional of the process 7, 'S}, such that the former converges in
distribution to LY [ h(y)dy if v, ' Sy 4 A, m(t). Thus the convergence (108) holds
jointly with 2= %" | h(Sy). This completes the proof of the first part of Proposition 22.
The proof of the second part is identical to that of the first part. [ |

6 VERIFICATION OF (R1) - (R4) AND (R*1) - (R*4) OF SEC-
TION 5

Verification of (R1) and (R*1): First consider (R1) corresponding to (i, defined
Bl |/ (Spiaasy) || < § for a

m

n (87). According to the second part of Lemma 8,
[ > 1, because (26) holds, see (45). Hence

nk]-[nt=1]

Yn e %
B o[ <45 Z Btz [7 (Spsgp) || s ey 27
1=1 'l

Here recall that 7, = nfu,,, where u, is slowly varying.
Hence if 1/2 < H < 1, it is clear that /2= %" 4 7 — 0.
In the case 0 < H < 1/2, we have > )", v% ~ C7, so that
1 n

/ 1 _3
VHZ—NC\/_’}% — %uny

Because 1/3 < H < 1, this converges to 0, and hence (R1) is verified.
In the same way (R*2), which involves ¢, , defined in (88) (note that the sum (.,

involves f <S k=] +l> Whnh=1] 4y y forl > vy, only), is verified using the second part of Lemma
11. |
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Verification of (R2) and (R*2): We first consider (R2) and then we shall indicate
the modifications required for (R*2). We have (recall that n,, = [n£] — [nE1])

m
Nmk

B o] = 502 P [ (S

Nmk Mmk =l

#2022 B [F (Shson) 7 (S|

Noting that (R2) involves Y ;" | E[n = [¢2, ], first observe that as a consequence of Propo-

n

sition 13 and the Remark 2 following Theorem 1, we have for each ¢ > 1,

as n — oo first and then m — oo.
The preceding conclusion holds also (except for the form of the limit), in view of Propo-

sition 15, when f (S[nﬂ]+l> w[nu]%yn and f (S[n@]HH) w[n@]ﬂﬂ’yn are involved in

place of f (Sp,ep.,) and £ (Sp ey, )-

m

Then clearly, (R2) is a consequence of the first parts of the next two Lemmas 24 and
25, that (R*2) is a consequence of the corresponding second parts.

Remark. Recall from Lemmas 18 and 19 of Section 4 that the left hand side of the pre-
ceding convergence was approximated by a continuous functional of the process %S (ny and
then this functional was shown to convergence to right hand side of the preceding conver-
gence. Therefore in view of the next Lemma 24, the same facts hold for >} | E[n k1) (&

also, as n — oo first and then m — oo. In addition according to the usual diagonal argu-

ments (see Section 5) one can obtain a sequence m,, — oo such that the same approximation

2
nmk

Mn

and the convergence hold for ) ™ E[nﬂ] [
Section 5. W
Lemma 24. For each 1 <k <m,

| as n — oo. This fact has been used in

e " Z Z BBy |1 (Spuemagn) £ (Spoesafinss) ]| = 0

as n — oo first and then ¢ — oo.
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The same conclusion holds also when f (S[ o 1]+l) w[n@]ﬂwnf <S[n@]+z+r) Wlnk=1] 414

1s involved in place of f < [nﬂ]Jrl) f (S[n@]+l+r>'
The proof of Lemma 24 will be given later below because it, as well as the verification
of (R3) and (R*3), require Lemma 26 below.

Lemma 25. Under the conditions of Theorem 4,

>[Iz

In particular the quantity b defined in Theorem / is finite.

7|

In the same way, under the conditions of Theorem 5,

5 5
r=1

Proof. Consider the first part. We have | E [e~]

o du < oo

< |E [eminsie

J| = | e 6w,

)l

(see (45)), we have using (37) and (38) (with x =0

in view of (47). Also [ ’]?(u) i

ol [l =32 e (50 2)

3
"

dp < oo
(109)

I=lg

a suitable [;. Because ’ f < )’ <

2
and with the role of (27) now being played by [ ‘f (,u)’ dp < 00 ),

1-1 i e
[ (o 5)]7(5)
i " "
for a suitable /. Hence, (109) is bounded by C'> 7 3, where note that >~ o7 L < o0
"
when the assumed restriction 3H > 1 holds. Hence the ﬁrst part follows.

2

C

dl"’ S o
i

l2l07

Regarding the second part, recall from (20) that wy = Z?Zi% di—;n;, so that

E [wowye wS Z Z d—qdr—p E [140p¢ WS}

q=—00 p=—00

Suppose that p # ¢ and p < 0 (¢ < 0 already). Then, noting that S, = S,, + S}, with

(gs Mp, Sr.) independent of S, we have

r,7r?

fiuST} Srr

JI[E [em]].

’E [77q77p6 < }E [anpefi”
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Here, recalling S,, = >°°___(g(r —s) — g(—s))&, and using E [,] = 0 and E [|n&]] < oo,

S§=—00

fiuSm]

’E [nqqyp@ ’E [nqefw(g(r—q)*g(fq))éq] ’ ’E [npef’iu(g(rfp)fg(—p))gp} ’
< |uflg(r—a) — g(=a)l lg(r — p) — g(—p)|.

Thus, the preceding inequality playing the role of ’f(,u)‘ < C'|pl, the same arguments of
the first part above then give

J 12 e [F 0] die < S 1ot = 0) = at=all gt = p) = 9(-p)].

Similarly, for 0 < p < r we have

5| < | e

B [npeiwg(rip)ép” )E [npe*iuZ};l,#p 9(’”*1)&1

}E [nqnpe

/ ’E [nqnpefi“s’"]

SO i / | [y

q=—00 p=—00,p#q

Z Z |d_q||dr—p| (lg(r — )| + [9(=a)|) (lg(r — p)| + |g(=D)I) -

T g=—o0 p=—00

Here 350 |d 4| lg(—q)| < oo by (3), and 320 |d| |g(r — a)| = 252 dal |9(r + q)].
In the case H — 1 <0, Y20 |dg|lg(r + q)| < C Y02 |dy| < oo. In the case H — 1 >0,

> ldyllgr+ @) = Z\ng (r+q)| + Z gl l9(r + )|
q=0

q=r+1

< 2r\2\d\+2|dugzq

q=r+1

Y

and hence

)f(u)rdu < % lg(r —q) — 9(=q)| lg(r —p)] .

Thus

|

so that

SO qr/»E Harpe

q=—00 p=—00,p#q

NF ] d < S5 max (1,19

T‘

Next, we have

S i, qr/!E 2-ins

q=—00

O [e.o] o0 1 oo
o~ Z ’dq‘ ‘errq’ <C (Z |dq‘2> o~ Z ‘dr+q’2 <C
s g g

’f(u) 2
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Thus, in view of the condition (28) and fact Zfo < oo when H > i, it only remains
to see that y 2, |g§§)‘ < 0o when H — l > 0. Assume for convenience that ~, ~ rf and
g(r) ~ Crf=1/2 Then “’5—2” Where 2H++ > 241 > 1, and hence } 7, 90l < 0.

7
This completes the proof of the lemma. W

2H+1 )

We next consider the
Verification of (R4). Here recall that (R4) pertains only to the case a = 2 and hence
E[&] =0 and E [£2] < oo, see (9).

For notational convenience, we take 7, = 71 and ¢ (r) ~ Cr=/2. Then (recall from

(91) that xoms = 25 ST, &)

1_1-H

Cnkanmk =n 2 (Il,nmk + IZ,nmk + IB,nmk)

where S
Rk = 32 30 1 (Suszafn) St
=1 r=I+1
Nmk Mmk Nmk
Iy pmi = Z Z 5[,1%]“]1 <S[n%]+1n) , I3 i = Z f <S[n%]+l) f[n%]ﬂ
=1 r=l+1 =1

According to the first part of Lemma 11, we have F Hf <S[nﬂ]+z> §[n 71]““ < 1% for
all [ > 1, and hence

1

1-H 1 1 _1-H H
E [n’TT \L;mmk@ <Cnzn 2 Z — < Cn~ nt™ =Cn~2,

and therefore

’E[n%] [n’éflilg nmk} ’ — 0 for each m > 1. (110)

Clearly
E[n%] (11 nmik] = 0. (111)
To deal with Iy i we have (see (47)) S[ k1], = S[ bet] SE‘ 1]y where recall
that SE‘ . 1]+M = Zz;ég(q) f[n%]-{—r—q and is independent of S[ By We also have

f(S) =5 fe_”\s’“f()\) d\. Hence

Busgy [Epeseyond (Spsger)]|
< %/’E [&emz;;ég(q)s,«_q] f()\)’d)\

_/‘E £ it l)&” I1 ¢<%Q(Q))Hf(%)'d/\, (112)

q=0,q7#r—1

IN
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Now, because F [{;] = 0 and F [¢2] < oo ((R4) pertains only to the case a = 2),

o [ ne] -

Bl (e 1)) < oy -,

Further )f(%)) < O, see (45). Also [T/ 70, l)zp (%g (q))‘d)\ < C by (37) - (39).

Hence

‘E[n%] [5[ ]+zf< = )H <7 g (r =1 (113)

Thus, noting that v, = r and Y°,_ ' |g (r — I)] ~ Crf*1=1/2 because g (s) ~ Cst=1/2,

NMmk Mmk
niif% ’E[n%] [[2,nmk]’ = 757 E Z Z E k 1 |:€l+ k— 1]f< r—+ [n%])}|
=1 r=I+1
Nk T—1
_l__

< o2 S S e
r=1 [=1

< Cpr oz —op (114)

Because 3H — 1 > 0, this together with (110) and (111) complete the verification of (R4)
in the situation of the Statement (I) of Theorem 1.

In the case of the situation of the Statement (II) of Theorem 4 also the bound (112)
holds except that the factor f(%)
50 (5 [mas (8270 ()] 77 ()
of Lemma 8. Hence, using (46) as in the proof of the second part of Lemma 8, it is seen
that (R4) holds in the present situation also. This completes the verification of (R4). W

We next consider the

in the right hand side needs to be replaced by

), see for instance the proof of the second part

Verification of (R*4). Here the analogue of I3, above is

Nmk

I:';knmk - Z f < k ! +l) [n%]Jrl,yg[n%]Jrl
[nT]—H Nk
- Z d[n%]Jrl—j Z / <S[n%]+l) mf[n%]w
j=[nE2t | H—v+1 =1

where we have used w,, = > 7_ . dsjn;. The same arguments of the first part of

Lemma 11 gives F Hf (S[nﬂhl) njg[n@]ﬂ } < z% for all [ > 1, and therefore




which is the same as the bound for E [|/3mk|] obtained above.

Defining 15,,,., analogous to I3 i above, we have

NMmk Mmk I:n;:l+?"
o= 30 X gl (Spsagen) s
=1 r= l-l—l [ = ]+T v+1

Similar to (113), we have

Buscsy s (Spssagor) ]

<olotr=0llo ([n522|4r=d)| it o

Thus
Nk Tk [nE2t]4r
> > B {Jeuuanf (Spusaifer) ] [dpuscryor
=1 r=l+1 j:[n%]w—uﬂ,j;é[ %]H
< i zm: 7% g (r—1)] Z g ({nkﬂzl] +T—j)‘ =il
=1 r=I+1 k 1

g:[nT +r—v+1
Nk Mok v— Nmk Mmk
= > Y A PFlgr =1 \g ||d\)<22%3\g (r=1)
1=1 r=l+1 j= I=1 r=I+1
which bound is the same as the one involved in (114). Regarding the remaining factor in
I3 g, We have

NMmk Mmk

> By

=1 r=I+1

astpaf (5 [n%w) "[n%wﬂ -]

<oy y ey Ml con

I=1 r=I+1 1r17"+l

which bound is the same as for E [|I3 ,mi|] obtained above.

For If .k, the analogue of I ;,,x, we have E[nﬂ] [Ifnmk} = 0, for the same reason

E[n%] [I1.nmi) = 0. This completes the proof of the verification of (R*4). W

It remains to prove Lemma 24 and to verify (R3) and (R*3). For this purpose we need

the next Lemma 26, where and in the rest of the paper we let
90,r) =90 +7) = 90) = cju1+ . + G
Lemma 26. Let g(j,r) be as above. Let ¥ > 0 be such that

O<ﬁ<{min(1— H} —) if H#
min(l—a,—) if H=

[0

1
R (115)
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Then

g(j+qr)
Yr

sup b <Cl foralll<l<n. (116)

[1/21<j<l,g>1,r>1

Proof. First consider the case H # %, in which the requirement (A2) of Section 2
holds. Let 0 = % so that (115) becomes

1

(%

1

H ,—) . (117)

«

0 < 36 < min (1—H,H,

Recall the Potter’s inequality, mentioned in Lemma 6 of Section 3 above, that if G(z) is

slowly varying at oo, then there is a B > 0 such that ’gg; < Bmax{(z/y)?, (z/y)°} for

all x > 0,y > 0. Therefore one can assume that

C; .5 5 r 5 s
Z'H—l—é < Bi", Z.H_é < B, ’r_é < Br°, ? < Br
We in particular have
b
_l S CléJrériHJré. (118)
Yr

Further, noting H —1 — X +§ < 0 (see (117)), we have when j > [1/2],

9+ a7 = [crgr1+ -+ Cigrr]
1
ClG+q+1) e

< Cr(i+q " T < Cr(min(l,g) T j>(1/2]. (119)

)H—l—é-i—(s

P 4+ (gt

IN

Here, in obtaining the second inequality we have used j > [I/2] and H —1 — £ 4+ 6 < 0.
Further, when H — é < 0 (in which case H — é + 9 <0, see (117)), we have

g +a.r) < lgG+a)|+9(i+q+7)]
< Ci+q s <Cmin(l,g)™ =+, j>[/2],  (120)

and similarly when H — é > 0,

. . _1
g +q,r) < C@G+g+r)=r

{czH—é+5 ftj<ir<i
Cri=—atd ifj <l r>1 o

Cq=at if j<I,r<gq
{CrHi” if j <I,r>q

IN

(121)
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First consider the situation
q<l.

Using (118) and (119) and noting 1 — H — 2§ > 0 (see (117)),

< OaHS—HAS JH-1-2+6 _ (f
- [

g(j+aq,r)

1-H-26
. ) P < OB itr <1, 5> [1/2].

by

In addition, using (120) and (121) and noting H — & > 0 and = — 20 > 0 (see (117)), we

have

g(j+q,r)
Yy

b

_ ClatSp—HH6[H—3+0 — Cp—HFS[H=835 < (]38 H-1<0,r>1j<I
T\ Clathy RO oG = Oy a PP < O, H-1>0,r>10,5<1.

Now consider
q>I.
From (119) we have,

g(J+aq,r)
o

Lis —H+5, H—1-L145 r\ e 36 35 -
b < Cla"r rq a0 =~ & [ <Cr ifr<gq,j>1l/2].

q

When H — é < 0, r > ¢, we obtain from (120) that

g(j+q,7)
Yo

by

L_9§
< Ol oy HHoH—g40 — (g>H_6 (g) Com<a.
T q

When H — é > 0, r > ¢, we have from (121) that

1 _ _1 l
S Cla+6r H+6TH S+ (_
r

g(j+q,7)
Yo

]
bl ) l35 S Cl35

because = —26 > 0 (see (117)) and [ < ¢ < r. This completes the proof of the lemma when
H# 2+

Now consider the case H = In this case, by (11), we have sup;, |ic;|] < C. In

1
addition sup;s, |g ()] < C by (Al). Therefore, the inequalities (118) - (121) hold when

H = é, and hence the remaining arguments also hold with H = é This completes the

proof of the lemma. W

Below we assume ¢ of Lemma 26 satisfies (in addition to (115))
3H — 69 > 1. (122)
This is possible in view of the restriction 3H > 1.
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We are now in a position to proceed with the proof of Lemma 24 and the verification
of (R3) and (R*3).

Proof of the first part of Lemma 24. First note that the bound in (50) holds for
B ]@(qﬂ%h”%ﬂﬂﬂﬂﬂ)mmmwtwmgkmﬂmm&hwda@ougnmbe

k

)—‘S‘

We first consider the proof under (18). We need to apply the bound (50) with F\p =
A()\) f( ). Recall that in the proof of the first part of Lemma 9, we used the fact that
’f (A ‘ < C. Now the fact ’f()\)’ < C'|A|, which we now have in view of the condition (26),
see (45), will be crucially used. Here note that, for any ¢ satisfying (115),

blg (]7 T)
r

Y9 (J,7)

_ <ClU, [I)2]<j<l, r>1 123
79(7) i/ (123)

_| ‘
big(j)
by (36) and Lemma 26. Therefore, using ‘f(/\)‘ < CA|,
/A : - A &
f<_+gUOﬂ_g>f(u)'<C(l\\M lﬂ)@j
o owel) w Vr oo w) %
Hence, in exactly the same manner as in the first part of Lemma 9 (when f()\, ) =

FN) F (1)), we have
1 /1P 1\ 1
= - - < —4+— | — > 1.
Bt [ (Spuscagan) £ (Sppasageass)] | < € -~ (% * %) n bzl
Thus we need to show, under the restriction 1 < 3H, that

By (5rg) 5 (129

=1 r=q

as n — oo first and then ¢ — oo. To see that this is true, take for convenience that

Yo =nt foralln>1.

First note that, using the restriction 1 < 3H,

n 1\ 1 _
VZZW% ( ;W)ZV_?SCCf 3 0 as g — oo,

=1 r=q

where we have used 2 37" | - < C'and 371 o5 =370 5w < Cg' M. Next

Clogn if2H —19 >1
Cn'=2H+0 if 2 — ¢ < 1.
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Also, 2= = n/'~!. Hence

2
Yn Z Z z": '\ _ ) ot (log n)? if 2H — 9 > 1
”y % n — %2 | opH-2-AHA29 — o 1-3HA29 (F 9 9 < (1126

=1 r=q

where note that 1 — 3H + 29 < 0 in view of (122) Thus (125) holds and hence the proof
of the first part of Lemma 24 is complete under the restriction (18).
Under the restriction (19), we use the same bound (50) but with f()\, ) replaced by

i O] |77 ()]

In this case, using the arguments in (53), together with (46), we have
Ag(J
w( ( ))
MmN

/R@(%”“Xﬂ—%)iifm(%%féz?iu—%)

lﬂ
W n

oy O] R )| max (|35 )] [ M7 ()]

-1

I

i=[t/2]

’d)\

The same holds when M, . is replaced by iy, . Then the same arguments used in (53)

give
By |7 (Sputsrtr) £ (S5, %hm)”
C 1 zﬂ —
Y Vr Vi Vi ’Yr 77 Vr
r—1
— (1
B (7)' R
J1=
c /1’ 1 1 A\
(— +— + |m| +p@) — + ||+ " (7—) :
YMYr \ N r T Vr 12

1 2
and 72 = v ¢, and noting (recall 0 < p < 1) that p" <;—;) =

IN

o= (2))

=

By choosing 1 = v,

2
pnti < oyt

that in (124). This completes the proof of the first part of Lemma 24 (for the situation of
Theorem 4).

and similarly p!2t < Cv;', we see that the preceding bound reduces to
y R ol g

Proof of the second part of Lemma 24. The second part involves
7 (Sfgn) sz (S Wpsgsar

33 e () o () B

i=l—v+1 j=r—v+1
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Recall that | > v,, which entails that Mnk=t]4s is independent of {fj; 7 < [n%]} for
1 > 1 — v, + 1. Suppose in addition that » > v,. Then in the preceding identity [ + j > 7.
Then, similar to (49), we have (recall Sy, = ZJ L9 =)k )

sy [ (Spsayan) Matsayad (Spossofines) Mt ones

< |: —iA1 Zq 1,q21 91—@)&g—iA2 Zp 1,p#l+5 g(l+r— p)f:|
% | E [pe 00081 | | B [eao—6iss] | ’f( A) ’f( 2o)| d\ids.
Here, using E [m] = 0 and E [|m&]] < oo
2 [ 900] | < Pl =, g e 55 50] | < al g e )]

Thus the role of ‘f()\)) < C'|A] in the proof of the first part above is now played by the

preceding inequalities. Therefore in place of (124) we have

20 [ £ (Sputsayon) Mossagoed (Spossapoes) Mossapos
1 v 1 1 ) . .
< C —+— ) —lgU=llg(r =7 Hl=va,r=rn
Ny NN W)
This bound holds also when r < v, but [ + j # i. Thus

l r
> Yoo ldiillde]

Ei [f (Sputsaon) Mwtsap (Spessapotes) Messryores]
i=l—vp+1 j=r—vnp+1,1+j#i

1 l19 1 1 1Y 1 1
<o (te)o Zuug co (L 1)1
YiYr i Vr YiYr Vi Yr Yr

which bound is the same as that in (124).
Next consider the sum Y, bl D

0
> ldllde]

jzr*VnJrl

1 0
< C Z ‘dﬁHdr J‘<C— (Z’d‘>2’drﬂ‘ <C—

R N

i1 fOr T <y but [+ j =i, that is,

B | £ (Sputaayon) Mossafansf (Spistfoner) Mtoa) v

Thus, combining the preceding two inequalities,

By [F (Spotsego) Wi eionf (Sptstfonnn) Watst]itinsn)

1 1Y 1 1 1
< c (— + —) Lic
MYr \N Yr/) Ur MY

Z \d,;|* forall I > v, r>1. (127)

=0



Hence, in view of (125), it only remains to show that

By

=1 r=q

Z!drﬂ\ <CZ Z!drﬂ\ — 0 as n — oo first and then ¢ — oo,
YiVr

which is true by (28). This completes the proof of the second part of Lemma 24. W
We next verify (90).

Verification of (90). This is essentially contained in the preceding proof of the second
part of Lemma 24. Recall that there the restriction [ > v,, was needed in obtaining the
inequality (127), because the left hand side involved the conditional expectation E[n k1) []
+; 1s independent of {ﬁj;j < [n%]} for ¢ >
l—v,+1, in order to obtain the right hand side bound in (127). When only the expectation

and it was required to ensure that M=)

E'[] is involved in the left hand side, it is easily seen that the restriction [ > v, is not

required, see the arguments of the proof of the second part of Lemma 25. In other words,

B (Sptcapon) Wty d (Spst]ter) Wttt

bound in the right hand side of (127), for all [ > 1, » > 1. Thus, using this bound, it

follows in the same way as in the proof of the second part of Lemma 24 that

7”"ZZ\E[ (Spctjon) Whistfsannd (Spictfieee) Optsr)itirn)

and hence

is bounded above by the same

<(C foralln>1,

Vn

Tn

[ ( k;Ll]H) w[n%]%ynf (S[n%]ﬂw) w[n%h“wn] ) — 0 because % — 0.

=1 r=1

We also have 23" F Uf <S[n%]+l> Whnb=1] 410,

2
} — 0, using the first part of Lemma

11. Now note that F [|R;mk|2] is the sum of the preceding two quantities. Hence (90)
follows. W
Verification of (R3) and (R*3) First consider (R3). We show that (recall n,,, =

(] = [R5

C ) ok
E[ﬁmk]gﬁ—i—C Tn Z — (ﬁz_,)> for some w > 0.

! (128)

This will verify (R3), because then

iE <O—m+0<v—il><maxhn§i>
”mk’ - n 1<k<m n 4= v

k=1



1-H
where 2377, = < C and maxi<p<m 2 3000 L~ (2) as n — oo.

J=1 ~; 1-H
We shall show in detail that

Nmk Mmk

(%) Z Z Z }E Sl+r) f2 (SlJrrJrq)] ’ (129)

nk= 1]+1r 1 qg=1
and

Nmk Mmk Mmk

(%) Z Z Z Z ’E SlJrr) f (Sl+r+q) f (SlJrrJqurs)H (130)

[ ]+1 r=1 g=1 s=1
are bounded by the right hand side of (128). The same can be similarly shown to be true for
n l:[n%

We shall use Lemma 26 in a manner similar to the proof of Lemmas 24 above. In addition,

we shall give the details of the verification only for the situation of the Statement (1) of

the remaining analogues in the expansion of F[(} ] = (“’—")2 E (Z[ ’"]k 141 f (Sl)) ] .

Theorems 4 and 5. The corresponding situation of the Statement (II) can be similarly

verified using the ideas in the earlier proof of Lemma 24.

<o),

27r ‘E [ ) f (Sl+r) f2 (Sl+r+q)] }

= Wi’yq/ ﬁ ¢(%§Jl))‘ i_[

According to (56), we have (noting

(M29 Jo )‘
Vr

J1=[t/2] Jj2=lr/2]
qg—1

AlA ~( Xy A
< II |v (“39 Js )‘ 'f( L —)‘ ‘f (—2 - i)‘duldugdug. (131)

= Yr Tr TV

Jz=la/2]

where recal'l that (with g(j,7) = g(j +7) — g(j) ), M + Ao Végéjél’; + )\371%22(;75"1) = L,
Ao + )\3% = uo and A3 = pg, see (56). Here note that, in the same way as in (123)

using (36) and Lemma 26, we have

Yr9(J2, q) Yg(J1,7) Y9(jr +7,q)

' 'gcrﬂ, | <Ol : 'S(Jzﬂ
7qg (]2) P)/Tg(jl) ﬂng(]l)
uniformly in the variables involved. (For instance, using (36) and Lemma 26, 77”; EJJ;&T)"“ —
b T
s | |2 < €17, [1/2] < Gy <1, r,q > 1) Therefore,

GG -2))
" Vr Tr g

1 1
< (5 (Jpea] + |2l 17+ paa] 107 + s 17) +7— (2] + |ps| )) (7— (2| + ps] r?)
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Substituting this in (131), the right hand side in (131) is bounded by (in the same way as
n (124))

3 ) C (lﬂjtlﬂr19 ﬁ) (ﬁ i)
(2m) ‘E [f (S1) f (Ster) f (Sl+r+q)” < VeV o7 + Yr Vr - Vq

(132)

Thus we need to consider

] ik

NN L N
Eg o e
n 17l’7r’7q Vi Yr Yr Vq

k
S K

We have, similar to (126),

i | Ont Rt ol — 9 < 1.

]
S

Essentially the same holds for all other terms in (132) except for

1 r=1

7 2 [n%] Ok v, 2 Tk (nmk ,,,,219)
) > ey s )3
n ot |41 =1 0= WY nso = VY —

which is of the form of the bound in (128) because » "¢ ”QT < 00 in view of 3H — 29 > 1
(see (122)). Thus the bound in (128) holds for (129).

Next consider (130). The ideas involved are the same as those used for (129). In
obtaining (132) we used (56). Now we use (57), with (3, = v, and with f (x¢,z1, xe,z3) =
fo (xo) f1 (z1) fo (z2) f1 (z3) (and Ay, Ay, A3 and A4 as in (58)). Then, in exactly the same
way as above, we see that, using )f()\)’ < C|A,

(2m)* [E [ (S0) f (Stir) | (Stirta) £ (Stvriqrs)l|

C (l19 + 1977 4 [0 ¢g? N r¥ 4+ rﬂqﬂ) (7"19 +r'q? N qﬂ) (q19 N 1 ) 1
VYoV Vs Y Yr Yr Ya) \ Vg Vs) Vs

Using this bound and using (122), it easy to see, in the same way as in (132), that the sum
(130) is bounded by the right hand side of (128). This completes the verification of (R3).

Verification of (R*3) is done similar to the proof of the second part of Lemma 24, using

IA

the preceding ideas of the verification of (R3) together with those in the proof of the second

part of Lemma 24. For this reason we omit the details. W

7 Appendix: A martingale CLT and the proof of Lemma 23
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We begin with the reduction of Lemma 23 to an explicit version of a martingale CLT.
First, for convenience, we extend the random variables ¢, , defined in Section 5 for 1 <

k < oo to all —oo < k < oo by taking
¢, =0for k <O0.

The random variables ., as well as the o-fields F ,,x, for —oco < k < o0, are as in Section
5. The stopping times 7, (t) are also as in Section 5, in particular {7, (t) < k} € Fx-1.
Recall that W, (t) = S ¢7, for t > 0 and W, () = 0 for ¢ < 0.

mnt]
First consider the case 0 < a < 2. We have Zm"t] (1) Xk = 1/% Z][*—nl ] &
Hence, using (1) and noting that [ is an integer,

52

[mnt]
Z Xnk — 1/0‘(5 Z 5] — nl/a5 Z 5] _> O t 18 ﬁxed)
k:—mn(l—f—l) ]—771,[ mnt ]

mn,

Therefore, letting

[mnt]

ZTZ (t) = Z Xnk,

k=—mn(I+1)

we need to show that (Z, (t), W, (t)) T (Zo (t) — Zo (1) , W (1)) with Z, (t) and W (¢)

independent, where Z, (t) is the stable process as before and {W (t),0 <t < oo} is a
standard Brownian motion (note that W (¢) = 0 for ¢ < 0). This means, for each finite

to <t < ... <tgoq <ty <ty <...<tgp, <00 with
t() = —[] and tq = 07

and for reals uq, ....ug1r, V1, ..., Ugtr, We need to show that

Z (uj (Zn (tj) — Zn (tj-1)) +v; (Wi () — Wi (1))
= D (i (Z(t;) = Z(tj-1)) + v (W () = W (;21))), (133)

j=1
with Z, (t) and W (¢) independent. Here it is important to note that the marginal conver-
gencies of ng wj (Zn () — Z (tj_1)) and S 927 v; (W, (t;) — Wi, (tj_1)) are well known.

7=1
The deeper part is that the limits Z, (t) and W (¢) are independent.
fdd

First note that, by (1), Z,, (t) = Z, (t)—Z4 (—1). Also, foreachn > 1, {xnx, —00 < k < 00}

is an array of iid random variables. In addition, because % — 0,

sup P|xnk| > €]l = P[|lxn| > €] — 0.
— 1 (141) <k <[, M]
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Therefore, the following conditions (134) - (137) hold, where ¥ (z) is the Levy measure
corresponding to the stable random variable Z, (1), 0 < a < 2, see Loeve (1963, Section
22.4, Central Convergence Criterion, page 311). (The detailed form of ¥ (z) and of the
function A (7) in (136) below are not essential for what follows.)

For every s < t,

[mnt]
Z P [xnk < z] = ([mnt] = [Mmps]) Plxn <] — (t— )V (z) forallz <0
k=[mps]+1 (134)

and

[mnt]
Z Plxnk > x] = ([mnt] — [mns])) Pxm > 2] — (t —s) ¥ (z) forall z >0,
k=[mns]+1 (135)

for some 7 > 0, there is a constant A (7) such that

]
o B Dwlioni<n] = (mat] = [mas]) E X T(yien] = (= 5) A(7),
k=[mps]+1 (136)
and
]
> (B Tiwi<a] = (B Denlgoni<at])?)
k=[mns]+1
= ([mat] — [mas]) <E XL ixl<et] = (B [anﬂ{|xn1|<sﬂ)2> — 0 (137)

as n — oo first and then ¢ — 0.

In addition, in view of (103) and according to (105), for any 0 < s < ¢, we have

Tn (t) Tn(t)

2 2
Y Euxa [ICIMI H{|¢;k|>g}] 50 and ) Enge [IC;kI ] St s,
k=Tn(s) k=7n(s) (138)

where we now use the notations Py [.] = P[.| F nx-1] and Ex_1[.] = E[.| F nx—1] (instead
of P,x—1].] and E,, ;—1 [.] as in Section 5).

Note that the sums Z, (t) and W, (t) involve respectively the time scales [m,t] and
Tn (t). To proceed further we need to rewrite them as sums involving a common time scale,
which becomes possible because one of the time scales is the natural time scale [m,t]. For

this purpose, let
T (tgsr41) = max (7, (tgtr) s [Mnlerr]), Tn (tg—1) = [nto] . Also 7, (t,) = 0 because t, = 0.
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Define, with the reals uy, ....ug¢r, v1, ..., Ugs, as in (133),

U Ui Xnk if [ntj,l] <k < [ntj] , j = 1, e q T
nk —
0 if [maptgr] <k < 7 (tgrren)

and (recall that ¢/, =0 for k£ <0)

0 it [nto] < k <0,
Vak =9 vl 7 (tjio1) <k<7, (), j=q+1,....q+r,
0 if Tn (tq+7‘) <k S Tn (tq+7’+1) .

Then, the left hand side of (133) takes the form

Tn (tg+r+1)

> (Unk+ Vi),

k= [nto}

where the array {(Uni, Var) , [nto] < k < 7, (tg4r41)} is now viewed as the array

{(Un.Tn(tj_1)+17 Vn.Tn(tj_1)+1> IEERER) (Un.Tn(t]-)a Vn.Tn(t]-)> ) j =q,..,q+1r+ 1}

adapted to the array {an,fn(tj71)+1, s Fonporn(ty)s 3= @5 s g+ 17+ 1}.

With these preliminaries, the main step in obtaining (133) will consist of verifying the
following conditions (139) - (142) from (134) - (138). With ¥ (x) and A (7) as in (134) -
(136),

g+r
S P [Un+Vie<a] B (t—t,1) ¥ (uﬁ) for all z < 0 (139)
j=0 7
and
q+r .
> P U+ Ve >a] B (t—t,1) ¥ <u—) for all z > 0, (140)
i=0 J

q+r
T
Z Ek—l [(Unk + Vnk) I[{‘Unk+vnk‘<7}i| ﬁ> Z (tj — tj—l) A (u—) for some 7 > 0,
J

7=0 (141)
and, as n — oo first and then ¢ — 0,
2
Z <Ek71 [’Unk + Vnk’2 H{|Unk+Vnk|<a}] - (Ekfl [(Unk + Vnk) ]I{\Unk+Vnk|<6}}) )

q+r

L vl —ti). (142)

J=q+1
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Tn (tg+r+1)

Above and below, we make the convention that the notation >, stands for fmnto]

unless otherwise specified.
Now, we have

(a). (137) entails, as n — oo first and then € — 0,

S (Bt [0 Lygai<a] = (Becr [Uailai<a])’)
gtr  [nt;]

=2 > ( (x| g <ey] — (E[uwmﬂﬂmmm<aD2>—*0' (143)

J=1 k=[nt;_1]
(b). Similarly, (139) - (141) above with Uy, + V. in the left hand side replaced by Uy
are implied respectively by (134) - (136).
(c). (138) implies

q+r

> B Vil Tgvsey] 20 and > By [[Viul] 2 D of (= ti).
j=a+l (144)
Theorem A. Assume that the preceding conditions (a) - (c) (each of them involve
either Uy ’s only or Vyi's only) are satisfied. Then the conditions (139) - (142) involving
Uni + Var’s are satisfied.

As a consequence
B [e 2 UnitVar)] et Dipn vt [ iw L w(Z (l)_Z(tl—l))] for all real w.
(145)
It is well known that (139) - (142) imply the convergence in distribution of > (Uyx + Vi)
to a suitable infinitely divisible distribution determined by the limits in (139) - (142). We
in particular obtain (145), where the specified form of the limit follows from the forms of
the limits in (139) - (142). See for instance Jeganathan (1983) for the details. Therefore it

only remains to obtain (139) - (142).°
Verification of (139) - (142). First consider (139). Because V,,;, = 0 for [nty] < k <0,

0 [nt;]
Z Py U+ Ve <a] = Y Pooy [Un < 7 Z > Plujxo <
k=[nto] k=[nto] =1 k=[nt;_1]

q
— Z (t; —tj-1) (—) for all z < 0, (146)
=

using (134). Next, using the fact {Unx + Vig < 2, |Vor| < e} C {Unr < 2+ €}, we have

Tn(tq+r+1) 7'n(tq+r+l)
Z Py 1 [Unk + Vo < 2] < Z P [Unk§$+€]+zpk71 [|Vik| > €],
k=1 k=1
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and similarly

n(tgtr+1) Tn (tgt+r+1)

Z Pe1 [Upk + Vg < 2] > Z Py U <z —] =Y Poa[[Var| > €]

Now note that, similar to (146), T"(t‘”’"“) Py [Unk < @ + €] is nonrandom and converges
to Y7o (tgrj — tgrj1) ¥ (x:]) if z +¢ < 0, using (134). The same holds when x — ¢ is

T

) as € — 0, and taking into

Ug+j

involved in place of x 4+ €. Thus, because ¥ < qﬂ) — U <

account the first part in (144), we have

Tn(tg+r+1) r

Z P4 [Unk + Ve < ZE] N (tq-I—j — tq—i—j—l) U ( * ) if z <0.
Uq+j

k=1 Jj=0

This together with (146) gives (139). In the same way (140) holds also.

To proceed further, we next obtain

> By [(Varl + Vi) (Wuizry + Lgvevilza) ] = 0. (147)

To see that this is true, consider for instance, for all 0 <e < Z,

Bt [[Varl Lpussvinizr] < Bt (Ve Tt r—evanizet] + Bt [Vl Lyt
1
< g2p [\Unk| > ]-l— — By [|Vn/€| H{IVnk\>€}]

where note that >, (fatrs1) P [|Upnx| > 3] is non random and is bounded by (134) and (135),
similar to (146). Thus, taking (144) into account further, > | Ej_ [\Vnk\Q 110, + Vel 27 | -
0. In the same way the remaining parts in (147) are obtained.

In addition to (147), we also have
> Bt [(10ni] + U2 [T, svil<ry = Lwi<ny|] 0. (148)

To see this, note |Lju,+viul<r} — Livml<rt] < Lvmet vzl <rt + LUt Vil <m U 27} -
We have

Byt [|Unie] v, v Uil <r}] < TPt [|Unie + Vil > 7, Ui < 7],
where

Poo1 [|Uni + Vik| = 7, |Uni| < 7]
Pk,1 HUnk—i_Vnk‘ > T,‘Unk| <T—€]+P]€,1 [7’—8 < ‘Unk| < 7']

IN

IN

Pe 1 [|[Vak| = €l + Pey [7— € < |Unk| < 7],
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using {|Unk + Vorl > 7, |Uni| < 7 —€} C {|Vak| > ¢}. Here > Py [|Var| > €] — 0 by
(144). Further, >~ Py [T < |Unk| < 7 + €] is nonrandom and converges to 0 as n — oo first
and then £ — 0, according to (134) and (135). Thus 3 Ey_y [|Unk| Ljjv, v mUni <o) —
0.

Similarly > Ej_4 [(Unk + Vor) H{\UnHVnkKT,\Unklzr}] 2 0, because we have already veri-
fied (139) and (140). Hence, taking (147) into account, > Fy_; [|Unk\ H{|Unk+vnk|<7'7|Unk‘ZT}:| 2,
0. Thus (148) holds.

Now consider (141). We have, |Ej_1 [Viulqu,4vini<rt] | < Bt [|[Virl L vioel=71)
because

‘Ek:—l [Vnkﬂ{|Unk+Vnk|<T}” = ‘Ek:—l Vel v, Vg 57} } , using Ej_q [Voi] = 0.

Hence, using (147), we have }Ek,l [Vnkﬂ{\UnkJrVnkKT}” 2, 0. Hence, taking (148) into
account further, (141) follows from (143).
It remains to obtain (142). For this purpose let

ok = Unk — B [Unkﬂ{\UnkJrVnkKs}] ) Ve = Var — Ej [Vnkﬂ{\UnkJrVnkKE}} :
Then the left hand side of (142) takes the form
Z By U + Vo T Vil <e3 ] - (149)
Consider
> B [V P Tgu,esviu<e)]
2
= D B [Vl Tosvini<a] = D (Beor Varlosvigi<a]) s (150)

. 2 2
Where, using (147), Z (Ekfl [Vnkl[{\Unk-l—VnkKé}]) = Z (Ekfl [VnkH{IUnk-i—VnkIZE}]) £> 0 and
using (147) again Y Ej_4 [\Vnkﬁﬂ{wnﬁvng}] 2, 0. Thus

ZE’C% 1Viirl* v+ V<] = ZEkfl [IVarl"] 2 0. (151)

Next consider

ST By [JU Ljvnesvini<et] = O Bt (Ul Tjosvini<et) =Y (it [Uniggusvin<ey]) -

Here

> |(Bir [Uniliusviai<n])” = (Bror [Ualgouien])’|

< max By [[Uni] (Loi<r) + Lgvasvinl<rt)] D Bt [0kl [Lgoevini<r = Lgoil<n ]

20.
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Here, 2 0 holds because of (148) and because Ej,_; [\Unk\ I[{‘Unk+vnk‘<7}i| < Ep_ [|Unk\ I[{‘Unk‘q}} +
0p (1) using (148), and Ej_4 [[Unk] H{|Unk|<7}] < 7. Combining this with (148), we then see

that the difference between > Ej_ UU:]C’2H{|Unk+Vnk|<5}] and the left hand side of (143)
converges to 0 in probability, and hence, by (143) again,

ZEk,l UUZHQ}IHUHH‘/MK&}] 20 as n — oo first and then £ — 0. (152)

Now, the difference between (149) and (150) is bounded by

Z Epa U Ui 4 2V Tu, 4 Vi <2y
< \/Z Bt (U3 Lot v <)) \/Z Ep [JUn + 2V Ljoavil<ey] = 0,

using (152) and (151) together with (144). This means, in view of (151), the difference
between (149) and ) Ej_4 [\Vnk\Q] converges to 0 in probability. Thus in view of the second
part of (144), (142) is verified.

Now consider the case « = 2. In this case recall that E [¢;] = 0 and F [£}] < oo, see

(8). Therefore, taking 4, = ﬁ in (1), we have maxy E [x2,] = F[x2;] — 0 and
[mnt]
Z Ex2] — (t—s)2 foralls<t.
k=[mns]+1

Further, by (1) for a = 2, Z, (t) 22 (Zy(t) — Z, (1)), where recall that Zs () is a

Brownian motion with variance 2. Therefore, because the Lindeberg condition is both

sufficient and necessary for the preceding normal convergence, we have

[mnt]

Z E [Xikﬂﬂxn“zg}] — 0 forall s<t.
k=[mns]+1

The above conditions (together with E [x,1] = 0 ) now replace (134) - (137). Taking into
account (104) and (144) further, it then follows, as can be easily seen, that

q+r q+r
> Bt Ui+ Viul] 2>l (5 —tia) + Y 0 (5 —tj1)
j=1 J=q+1

and
Z EiL_q UUnk) + Vnk‘Z I[{‘Unk+vnk‘>5}i| 2 0 for all £ > 0.

Therefore, taking into account Ey_; [Upr + Vx| = 0, (145) still holds, by applying a suitable
version of Martingale CLT for the sum ) U,;+V,x. This completes the proof of the Lemma
23.
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See Jeganathan (2006a) more general statements related to Theorem A and the preced-

ing convergence.
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