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Abstract

Consider the d-dimensional lattice Z¢ where each vertex is ‘open’ or ‘closed’ with prob-
ability p or 1 — p respectively. An open vertex v is connected by an edge to the closest
open vertex w in the 45° (downward) light cone generated at v. In case of non-uniqueness
of such a vertex w, we choose any one of the closest vertices with equal probability and
independently of the other random mechanisms. It is shown that this random graph is a
tree almost surely for d = 2 and 3 and it is an infinite collection of distinct trees for d > 4.

In addition, for any dimension, we show that there is no bi-infinite path in the tree.
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1 Introduction

During the last two decades there has been a considerable amount of study to understand the
structure of random spanning trees. In particular, for the uniform spanning tree model the
tree/forest dichotomy according to the dimension of the lattice was established by Pemantle
[10]. Also, for the Euclidean minimal weight spanning tree/forest model Alexander [1] showed
that the two dimensional structure of the random graph is that of a tree and Newman and
Stein [9] through a study of the fractal dimension of the incipient cluster in the Bernoulli bond
percolation problem suggest that the random graph is a forest in suitably high dimensions.

Lately there has been an interest in studying these random spanning trees where the edges
have a preferred direction of propogation. These studies have been motivated by studies of
Alpine drainage patterns (see e.g., Leopold and Langbein [7], Scheidegger [12], Howard [6]).
In a survey of such models, Rodriguez-Iturbe and Rinaldo [11] have explored (non-rigorously)
power law structures and other physical phenomenon, while Nandi and Manna [8] obtained
relations between these ‘river networks’ and scale-free networks.

Gangopadhyay, Roy and Sarkar [5] studied a random graph motivated by Scheidegger river
networks. They considered the d-dimensional lattice Z%¢ where each vertex is ‘open’ or ‘closed’
with probability p or 1 — p respectively. The open vertices representing the water sources.
An open vertex v was connected by an edge to the closest open vertex w such that the dth

co-ordinates of v and w satisfy w(d) = v(d) — 1. In case of non-uniqueness of such a vertex



w, any one of the closest open vertices was chosen with equal probability and independent
of the other random mechanisms. They established that for d = 2 and 3, the random graph
constructed above is a tree, while for d > 4, the graph is a forest (i.e. infinitely many trees).
Ferrari, Landim and Thorisson [3] have obtained a similar dichotomy for a continuous version
of this model which they termed Poisson trees. In this model, the vertices are Poisson points
in R? and, given a Poisson point u, it is connected to another Poisson point v by an edge if (i)
the first (d — 1) co-ordinates of v lie in a (d — 1) dimensional ball of a fixed radius r centred
at the first (d — 1) co-ordinates of u and (ii) if v is the first such point from u in the direction
specified by the dth co-ordinate.

Mathematically these models are also attractive by their obvious connection to the Brownian
web as described by Fontes, Isopi, Newman and Ravishankar [4]. In particular, Ferrari, Fontes
and Wu [2] have shown that, when properly rescaled, Poisson trees converge to the Brownian
web. Téth and Werner [14] considered coalescing oriented random walks on Z2, oriented so as
to allow steps only upwards or rightwards. Wilson’s method of ‘rooted at infinity’ associates
to this Markov chain a wired random spanning tree on Z2. Téth and Werner also obtained an
invariance principle for the Markov chain they studied.

Motivated by the above, we consider a general class of such models. Here a source of water is
connected by an edge to the nearest (see Figure 1) source lying downstream in a 45 degree light
cone generating from the source. Like above we choose uniformly in case of non-uniqueness.
The random graph obtained by this construction is the object of study in this paper. We
establish that for d = 2 and 3, all the tributaries connect to form a single delta, while for d > 4,
there are infinitely many delta, each with its own distinct set of tributaries. Further we also
show that there are no bi-infinite paths in this oriented random graph.

In the next subsection we define the model precisely, state our main results and compare it

with the existing results in the literature.
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Figure 1: In the 45 degree light cone generated at the open point u each level is examined for
an open point and a connection is made. If there are more than one choice at a certain level
then the choice is made uniformly. As illustrated above the connection could be made to the

open point that is not the closest in the conventional graph distance on Z¢.



1.1 Main Results

Before we describe the model we shall fix some notation which describe special regions in Z2.
For u = (uy,...,uq) € Z% and k > 1 let my(0) = (ug,...,uqg_1,uq — k).

Also, for k,h > 1 define the regions

Hwk)={veZ: vg=ug—kand ||[v — my(0)||z, <k},

A(u,h) ={v:v € H(u,k) for some 1 <k < h}, A(u) = U ;A(u, h) and

B(u,h) ={v:v € H(u,k) and ||v — my(u)||r, = k for some 1 <k < h} .

We set H(u,0) = A(u,0) = 0.
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Figure 2: The region A(u,3). The seven vertices at the bottom constitute H(u,3) while the

six vertices on the two linear ‘boundary’ segments containing u constitute B(u, 3)

We equip Q = {0, 1}Zd with the o-algebra F generated by finite-dimensional cylinder sets

and a product probability measure P, defined through its marginals as
Piw:wu)=1}=1-Pw:wu)=0}=pforuecz?and 0 <p < 1. (1)

On another probability space (Z, S, i) we accomodate the collection {Uy,y : v € A(u),u € Z4}
of i.i.d. uniform (0,1) random variables. The random graph, defined on the product space

(QxE,F xS,P:= P, x ), is given by the vertex set
Vi=Vw &) ={uez2%: wlu) =1} for (w,&) € A xZ,
and the (almost surely unique) edge set
&= {< u,v>:u,v €V, and for some h > 1,v € A(u, h),
A, h—1)NV =0 and Uy < Uy for all w € A(u, k) N v}. (2)

The graph G = (V, &) is the object of our study here. The construction of the edge-set
ensures that, almost surely, there is exactly one edge going ‘down’ and, as such, each connected
component of the graph is a tree.

Our first result discusses the structure of the graph and the second result discusses the

structure of each connected component of the graph.



Theorem 1. For 0 < p < 1 we have, almost surely
(i) for d = 2,3, the graph G is almost surely connected and consists of a connected tree

(ii) for d > 4 the graph G is almost surely disconnected and consists of infinitely components

each of which is a tree.

While the model guarantees that no river source terminates in the downward direction, this

is not the case in the upward direction. This is our next result.
Theorem 2. For d > 2, the graph G contains no bi-infinite path almost surely.

Our specific choice of ‘right-angled’ cones is not important for the results. Thus if, for some
1 < a < oo wehad Ay(u,h) = U'_ H,(u, k) where H,(u, k) = {v € Z%: vg = ug—k, and ||v —
my(u)||z, < ak} then also our results hold. In the case a = oo then this corresponds to the
model considered in [5]. The reuslts would also generalise to the model considered in [3].

Using the notation as in (2), we chose the “nearest” vertex at level h uniformly among all
open vertices available at that level to connect to the vertex u. One could relax the latter
and choose among all open vertices available at level h in any random fashion. If the random
fashion is symmetric in nature then our results will still hold.

For proving Theorem 1 we first observe that the river flowing down from any open point
u is a random walk on Z¢. The walk jumps downward only in the d-th coordinate and also
conditional on this jump the new position in the first d—1 coordinates are given by a symmetric
distribution. Then the broad idea of estabilishing the results for the case d = 2,3 is that we
show that two random walks starting from two arbitrary open points u and v meet in finite
time almost surely. The random walks are dependent and as oppposed to the model considered
in [5] they also carry information,(which we call history), as they traverse downwards in Z<.
The second fact makes the problem harder to work with. Consequently, we construct a suitable
Markov chain which carries the “history set” along with it and then find a suitable Lyaponov
function to establish that the Foster’s criterion for recurrence (See Lemma 2.2). We also benefit
from the observation that this “history set” is always a triangle. The precise definitions and
the complete proof of Theorem 1 (i), is presented in Section 2.

For proving Theorem 1 (ii) one shows that two random walks starting from two open points
u and v which are far away do not ever meet. Once the starting points are far away one is able
to couple these dependent random walks with a system of independent random walks. The
coupling has to be done carefully because of the “history set” information in the two walks. To
finish the proof one needs estimates regarding intersections of two independent random walks
and these may be of intrinsic interest (See Lemma 3.2 and Lemma 3.3).The details are worked
out in Section 3.

The proof of Theorem 2 requires a delicate use of the Burton—-Keane argument regarding

the embedding of trees in an Euclidean space. This is carried out in Section 4.



2 Dimensions 2 and 3

In this section we prove Theorem 1(i). We present the proof for d = 2 and later outline the
modifications required to prove the theorem for d = 3. To begin with we have a collection
{Uuy : v € A(u,h),h > 1,u € Z%} of i.i.d. uniform (0,1) random variables.

Consider two distinct vertices u := (u1,u2) and v := (vq,v2) where
u, v are such that |u; —vi| > 1 and v = ug — 1; (3)

This ensures that u € A(v,h), v & A(u,h) for any h > 1. We will show that given u and v
open, they are contained in the same component of G with probability 1.

This suffices to prove the theorem, because if two open vertices u and v do not satisfy the
condition (3) then, almost surely, we may get open vertices wi, ..., wy such that each of the
pairs wj and w;jq as well as the pairs u and wq, and v and wy, satisfy the condition (3). This
ensures that all the above vertices, and hence both u and v belong to the same component of
g.

To prove our contention we construct the process dynamically from the two vertices u and
v as given in (3). The construction will guarantee that the process obtained is equivalent in
law to the marginal distributions of the ‘trunk’ of the trees as seen from u and v in G. Without
loss of generality we take

u:= (0,0) and v := (lp, —1). (4)

Note that all the processes we construct in this section are independent of those constructed

in Section 1.1.

Figure 3: The construction of the process from u and v.

Before we embark on the formal details of the construction we present the main ideas. From
the points u and v we look at the region A(u)UA(v). On this region we label the vertices open

or closed independently and find the vertices u; and v; to which u and v connect (respectively)



according to the mechanism of constructing edges given in Section 1.1. Having found u; and
v1 we do the same process again for these vertices. However now we have to remember that we
are carrying a history, i.e., there is a region, given by the shaded triangle in Figure 3, whose
configuration we know. In case the vertical distance between u; and vy is much larger than the
horizontal distance or the history set is non-empty we move the vertex on the top (see Figures

4 and 5), otherwise we move both the vertices simultaneously (see Figure 6).
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Figure 4: The movement of the vertices : case non-empty history (the lightly shaded region),

only the top vertex moves, the darker shaded region in (b) is the new history.
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Figure 5: The movement of the vertices : case empty history, ratio of height to length is large.

Only the top vertex moves.

Figure 6: The movement of the vertices : case empty history, ratio of height to length is small.

Both the vertices move.

Note that in this construction, the history will always be a triangular region. Also, at every
move during the construction of the process we will keep a track of the vertical height, the
horizontal length and the history. This triplet will form a Markov process whose recurrence

properties will be used to establish Theorem 1(i).



For the formal construction of the process we take
HO = 1, LO = |lo| and Vo = @

Now let wyy € {0, 1}AWYANM | Tet hy := inf{h : wyv(w) = 1 for some w € A(u, h)} and
hy = inf{h : wyv(w) = 1 for some w € A(v,h)}. Note that under the product measure P as
defined earlier via the marginals (1) on {0, 1}AWYAN) " the quantities hy and hy are finite for
P-almost all wy,v-

Let u; = (u1(1),u1(2)) € H(u, hy) be such that wyv(u1) = 1 and Uy, < Uyw for all
w € H(u, hy) with wyv(w) = 1. Similarly let vi := (v1(1),v1(2)) € H(v,hy) be such that
wav(vi) = 1 and Uyy, < Uy for all w € H(v,hy) with wyv(w) = 1. Further define,
Hy = |u1(2) —v1(2)], L1 = |ui(1) —v1(1)] and Vi = (A(vy) NA(u, hy)) U (A(ur) NA(V, hy)).

Having obtained uy := (ug(1),ur(2)), vi := (vg(1),v%(2)) and Hy, Ly and Vi we consider

the following cases
(i) if Vx # 0 or if Vi =0 and Hy/L; > Cy for a constant Cj to be specified later in (15) and

(a) if ug(2) > vg(2) (see Figure 4 for Vi, # () and Figure 5 for Vi, = (}) then we set
V41 1= Vi
and consider w € {0, 1}V Let

w(w) if we A(ug) \ Vi,

W, vy (W) 1=
o W v (W) if w e Vi N A(uy)

and let hy, := inf{h : wy, v, (W) = 1 for some w € A(uy,h)}. Again under the

product measure P on A(uy) such a hy, is finite almost surely.

Now let w1 := (ury1(1),ur41(2)) be such that wy, v, (uk41) = 1 and Uy, u,,, <
Uu,,w for all w € H(uy, hy,) with wy, v, (W) = 1.
We take

Hpq1 = [ug41(2) — vp41(2)]5 L1 = |wp41(1) — vgg1(1)[ and
Vi1 = (AVeg1) 0 A(ug, fuy ) U (Augg1) 0 V));
(before we proceed further we note that either A(vii1) N A(ug) or A(ugyr) NV is

empty — the set which is non-empty is necessarily a triangle)
(b) if ug(2) < vg(2) then we set
Ug+1 := Ug

and consider w € {0, 1}AVe)\Ve | Let

w(w) if we A(vg) \ Vi,

Wy, v (w) =
oo W v (W) if W € Vi N A(v)



and let hy, := inf{h : wy, v, (W) = 1 for some w € A(vy,h)}. Again under the
product measure P on A(vy) such a hy, is finite almost surely.

Now let viy1 := (ve41(1),vr41(2)) be such that wy, v, (Vki1) = 1 and Uy, v,,, <
Uy, w for all w € H(vy, hy, ) with wy, v, (W) = 1. We take

Hpq1 = [ug41(2) = vp41(2)]s L1 = |wpg1(1) — vgga(1)] and

Virr = (A1) O AV o)) U (A(vei1) 0 Vi)

(again, note that either A(ugy1) N A(vy) or A(vigs1) NVy is empty — the set which

is non-empty is necessarily a triangle);

(ii) if Vi = 0, and Hy/Ly < Cy (See Figure 6) then we take wy, v, € {0, 1}A@W)VUANVE) - Let
hy, = inf{h : wy, v, (W) = 1 for some w € A(ug,h)} and hy, = inf{h : wy, v, (W) =
1 for some w € A(vg,h)}. Again under the product measure P the quantities hy, and

hv,, are finite for P-almost all wy, v,-

Let ugy1 := (upy1(1),ur41(2)) be such that wy, v, (uky1) = 1 and Uy, u,,, < Uy,,w for
all w € H(uy, hy,) with wy, v, (W) = 1.

Similarly let vii1 := (vk41(1),vk41(2)) be such that wy, v, (Vky1) = 1 and Uy, v,,, <
Uy, w for all w € H(vy, hy,) with wy, v, (W) = 1.

We take

Hyp1 = |uk41(2) = vk1(2)], L1 = [ug+1(1) — vpga(1)] and
Vit = (Avs1) 0 Ak, b)) U (A1) 0 AV o, ).
(again, note that either A(vi+1) N A(ug, by, ) or A(ugy1) N A(VE, by, ) is empty — the set

which is non-empty is necessarily a triangle).

We will now briefly sketch the connection between the above construction and the model
as described in Section 1.1. For this with a slight abuse of notation we take wy, v, to
be the sample point wy, v, restricted to the set A(ug,hy,) U A(Vg, by, ). Also let w; €
{0, 112\ (A g JUAVE-hv)) - where 1g = u and vo = v. Now define w € Q2 as

(w) Wav, (W) if w € A(ug, hy, ) U A(Vg, hy, ) for some k
v w1(w) otherwise.

Thus for every sample path from u and v obtained by our construction we obtain a realisation

of our graph with u and v open. Conversely if w € ) gives a realisation of our graph with u

and v open then we label vertices u; and v; as vertices such that < u;_1,u; > is an edge in

the realisation with hy, := u;(2) — w;41 > 0, and hy, = v;(2) — v;41(2) > 0 is an edge in the

realisation with v;(2) < v;—1(2). Now the restriction of w on U2, (A(u;, hyu,) U A(vy, hy,)) will

correspond to the concatenation of the wy, v, we obtained through the construction.

Lemma 2.1. The process {(Hy, Ly, Vi) : k > 0} is a Markov process with state space S =
(NU{0}) x (NU{0}) x {A(w,h)),w € Z* h > 0}.



(a) (b)

Figure 7: The geometry of the history region.

Proof: 1If up, = u and v; = v are as in Figure 7 (a) or (b) (i.e. ug(2) > vi(2)) then we

make the following observations about the history region V.

Observations:

(i) Vi is either empty or a triangle (i.e. the shaded region in the figure),

(ii) all vertices in the triangle Vj, except possibly on the base of the triangle, are closed under

Wuay, v
(iii) the base of the triangle Vj must be on the horizontal line containing the vertex v,

(iv) one of the sides of the triangle V;, must lie on the boundary B(u, Hy) of A(u, Hy), while

the other side does not lie on B(u, Hy) unless u and v coincide,
(v) the side which does not lie on B(u, Hy) is determined by the location of vj_1,
(vi) if ug(2) = vg(2) then Vi =0,

(vii) the vertex uiy1 may lie on the base of the triangle, but not anywhere else in the triangle.

While observations (ii) — (vi) are self-evident, the reason for (i) above is that if the history
region has two or more triangles, then there must necessarily be a fourth vertex w besides the
vertices under consideration, u, v and v;_; which initiated the second triangle. This vertex w
must either be a vertex u; for some j <k —1 or a vertex v; for some j < k — 2. In the former
case, the history region due to w must lie above u; and in the latter case it must lie above
Vi_1. In either case it cannot have any non-empty intersection with the region A(u).

In Figure 7 (a) where the vertex v does not lie on the base of the shaded triangle, however
it lies on the horizontal line containing the base, there may be open vertices on the base of the
triangle. If that be the case, the vertex ug,; may lie anywhere in the triangle subtended by
the sides emanating from the vertex u and the horizontal line; otherwise it may lie anywhere

in the region A(u).



In Figure 7 (b) where the vertex v lies on the base of the shaded triangle, the vertex uyi;
may lie anywhere in the triangle subtended by the sides emanating from the vertex u and the
horizontal line.

Finally having obtained ugyq, if Vi # 0 or if Vi = 0 and Hy/Ly > Cy then we take
Vii1 = V; otherwise we obtain v, by considering the region A(v) and remembering that in
obtaining ug; we may have already specified the configuration of a part of the region in A(v).

The new history region Vi1 is now determined by the vertices uy, v, ugy1 and vgiq.

This justifies our claim that {(Hy, Ly, Vi) : k > 0} is a Markov process. O

We will now show that
P{(Hg, Lg, Vi) = (0,0,0) : for some k > 0} = 1. (5)

For this we change the Markov process slightly. We define a new Markov process with
state space S which has the same transition probabilities as {(Hy, Lk, Vi) : kK > 0} except that

instead of (0,0, () being an absorbing state, we introduce a transition
P{(0,0,0) — (0,1,0)} = 1.

We will now show using Lyapunov’s method that this modified Markov chain is recurrent.
This will imply that P{(Hg, Lx, Vx) = (0,0,0) : for some k > 0} = 1. With a slight abuse of
notation we let the modified Markov chain be denoted by {(H, Lk, Vi) : k > 0}.

Define a function g : R4 — Ry by :

g9(x) = log(1 + z). (6)
Some properties of g :
@) =
@) = <
9(3)@) = (1 _Ex)37
gW(z) = ﬁ < 0 for all z > 0.

Thus, using Taylor’s expansion and above formulae for derivatives, we have two inequalities:

for z,z9 € R4

ole) ~ glan) < T -
and
(r—z0) (z—z0)? (v —10)°
g(x) - 9(1’0) < (1 + «TO) B 2(1 + 370)2 3(1 + 1;0)3
= m 6(1 4 20)%(x — o) — 3(1 + o) (z — 0)? + (z — x0)®|.  (8)
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Now, define f : S — Ry by,
f(h, 1, V) =R+ 1% (9)

Also, we define u : § — R by
u(h, 1, V) = g(F (b, 1,V)) + (V) = log |1+ (" + b + (V) (10)
where |V| denotes the cardinality of V.

Lemma 2.2. For all but finitely many (h,l,V) € S, we have
E(w(Hn 1, Lot Vi) | (Hos Ly Va) = (1Y) ) < (B, 1 V). (11)

Proof : Before we embark on the proof we observe that using the inequality (7) and the

expression (9), we have that
E [U(Hn+1, Ln—i—l, Vn+1) - u(h7 la V)|(Hm Lm Vn) = (h, l, V)]
= E[g(f(Hns1, Lus1, Var1) = 9(F (b, V)| (Hns L, Vi) = (1)
+E || Vat1| = [VI[(Hn, Ln, Vi) = (b, 1,V)
— E[log(1+ iy + Lpiy) = log(1+ A + 14)|(Hy, L, Vi) = (.1, V)]

+E |Vn+1| - ’VH(HTHLWVH) = (h,l,V)

1
< B [ H o Ly — (0 4 ) (Ha, Lo Vi) = (0,1
+E Vo] = VI[(Hn, Ly, Vo) = (R, 1, V). (12)

Let ag = 0 and for £ > 1 let b, = 2k + 1 and a; = Ele b;. We define two integer valued

random variables T" and D whose distributions are given by:

P(T=k = (1—p)%1(1—(1-p)%*)fork>1 (13)

1
P(D=jT=Fk = 2k+1for—k§j§k (14)

For i = 1,2, let T;, D; be i.i.d. copies of T, D. Let

fi = E(Dy— Dy)?
By = E(Ty —Ty)?

Let Cy > 0 be small enough so that
36(1+ C)(B1 + C3B2) — 4861 < 0 (15)

We shall consider three cases for establishing (11)
Case 1: V is non-empty.

We will prove the following inequalities:

11



E[Hyy — BY(Ho, Lo, Vi) = (B0, V)]

sup 3 <y, (16)
(L V):V#£0,h>1 h
E |:L;41+1 - l4|(Hm Ly, Vn) = (h7 l V):|
sup 3 <C (17)
(R, V):V£0,1>1 ]
and
IE[|V| — | Vag1l|(Hp, Ly, Vi) = (b1, V)] > Oy — Czexp(—Cy(h +|1])/2) (18)

where C1, Cq,Cs and Cy are positive constants. Putting the inequalities (16), (17) and (18) in
(12), for all (h,1,V) € S with V non-empty, we have

E[u(HnH,LnH, Virr) — w(hy 1, V| (Hony L, Vi) = (B, 1, V)

3 3
< C1h° + C1]l]

T — Oy +CgeXp(—C4(h+ M)/Q) <0

for all (h,l) such that h + |I| sufficiently large. Therefore, outside a finite number of choices
of (h,l), we have the above inequality. Now, for these finite choices for (h,[), there are only
finitely many possible choices of V' which is non-empty. This takes care of the case when the
history is non-empty.

Now, we prove (16), (17) and (18). Define the random variables

Thy1 = max(un(2) — upt1(2), va(2) — vn1(2)) (19)

and

Dust = (va(1) = Vur1(1)) = (0a(1) = oy (1)). (20)
It is easy to see that the conditional distribution of H, 1 given (H,, L,,V,) = (h,1,V) is same
as that of |T,,41 — hl.

Note that, for any given non-empty set V', as noted in observations (iv), at least one diagonal
line will be unexplored, and consequently 7,11 is dominated by a geometric random variable
G with parameter p. Further, given T},11 = j, the value of |D,, ;1| is at most 2j. Thus, for any
k>1

E(TF,,) < E(G*) < 00 and E(Df, ;) < .

Therefore, we have
E[H,A;H —RY(Hy, L, V) = (h,z,V)}
- E {(TM1 T h4]

< ARPE(Tnga) + 6R°E(T2, ) + 4hE(T2 1) + E(T,)
h3Cy

IN

for a suitable choice of (.

12



Similarly, we have that the conditional distribution of L,y given (H,, L,,V,) = (h,[,V)

is same as that of |D,,+1 — [|. Therefore, we have,
E (L1 — U1(Hn, Ln, V) = (b1, V)]

E[(Dn+1 . 14]

< 4PE(Dnsa]) + 6UPE(| Dot |?) + 4[UE(| Dps1]*) + E(| Doy |*)
< 4|IPE(G) + 6]1)°E(G?) + 4|I|E(G3) + E(G*)
< |1]3¢y.

For the inequality (18), we require the following observations:
o If T, 1 < hthen V11 CV,.

o If h <Tpi1 < (h+|l])/2 then V41 = 0.

o 16T,y > (h+ J1)/2 then [Vear| < (Tt — ( -+ [1))/2)°.

Further, when T,11 < h, we have
P([V| = [Vata| = 1) > min{p(1 - p),p/2} =: a(p).

This is seen in the following way. We look at the case when T},11 = 1 and connect to the point
which will always be unexplored. In that case, |V| — [V,4+1] > 1. Note that if both points on
the line T, 11 = 1 were available, this probability is at least p(1 — p). If both points were not
available, then there are two possible cases, i.e., the history point on the top line is open or
the history point on the top line is closed. In the first case, the probability is p/2 while in the
second case the probability is p.

Thus, we have
E[IV] = Vasall(Hu, L, Va) = (V)
= E[[IVI- Vot 1(Ts1 < WI(Ha, Ln, Va) = (1,1, V)]
E[[IV] = Wara] b < Tosa < (o W)/ (Ha Ly Va) = (1,1, V)]
E[[IVI= [Vasa) 1T = (b W)/ (Hos L, Vi) = (1, V)

E|:“V| |Vn+1] ( n+1 < h)|(HmLmVn) = (h,l,V):|

v

B[ Vet | 1T = (b4 1)/2)|(Ho, L, Va) = (0,1,V)]
> a(p) — E|(Tupr = (h+ [1)/2)1Tos1 = (h+111)/2)|
> alp) ~ E[T211 (T > (h+11])/2)]
> a(p) - [GQ (G>(h+\l\)/2)}
> alp) — Czexp(—Ca(h +11])/2)
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where C3 and Cy are positive constants. This completes the proof in the case when history is
non-null.

Case 2: V:@,%ZCO

For this case, we use the inequality (12) with |V| = 0. We will show that, for all i large

enough,
E[Hip = h(Hy, L Vo) = (0 L0)] = =Csh® + O(h?), (21)
E[Lﬁﬂ—zﬂ(ﬂn,fzn,vn):(h,l,@)] < Cgh?, (22)
E[|vn+1\|(ﬂn,Ln,vn):(h,z,w)] < Crexp(—Csh) (23)

where C5, Cg, C7 and Cy are positive constants.
Using the above estimates (21), (22) and (23) in (12) with |V| = 0, we have,

E[u(HTL—i-la Ln+17 Vn—i—l) - U(h, l; ®)|(HTL7 Ln7 VTL) = (h7l7 ®)

—Csh3 4+ Cgh?

Ty + C7 exp(—Cgh) < 0 for all h large enough.

Now, we prove the estimates (21), (22) and (23). It is easy to see that the conditional
distribution of H,,4+1 given (H,, Ly, V) = (h,l,0) is same as that of |T},+1 — h| where T},41 is
as defined in (19). Therefore, we have

B[y = B (Hos Ly Vi) = (h,1,0)
- Ekﬂﬂ—hf—hﬂ
— —AWPE(Tper) + GRE(TE, ) — ARE(TE, ) + E(T2, )
= —h3C5+O0(h?)
where C5 = 4E(T},+1) > 0.

Again, we have that the conditional distribution of L, 1 given (H,, Ly, V) = (h,1,0) is

same as that of | D, 11 — [|. Therefore, we have,

E[Li—‘rl - l4|(Hn’Ln)Vn) = (h7la®)

E[(Dn+1 o

— APE(Dy1) + GI2E(D2,,) + 4IE(D,,) + E(DL,)
61LPE(| Dy [?) + AUE(Dyy ) + E(| DY)
6h°E(|Dy111%)/C§ + 4hE(| Dy |*) /Co + E(|Dpya|*)
Cgh?

INIA

IN

for suitable choice of Cg > 0.
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Finally, to prove (23), we observe that if T),11 < (|l| + h)/2 then V41 = 0.

(JI] + R)/2 then |Vyq1| < (Thy1 — (JI| + h)/2)2. Therefore, we have
E|Vas1l|(Ha, L, Va) = (A1, 0)]

E|(Tus1 = (b + 11)/2)*1(Tusa = (h+ [i])/2)]
E[T201(Tor1 = (h+ [1)/2)]
E:Tg A 1(Tpr > h/z)]

C7 exp(—Cgh)

IN

IN

IN A

for suitable choices of positive constants C7 and Cg.

Case 3V =0, 2 < Cy. Using (8), we have,

]
U(Hn—i-h Ln—i—la Vn—i-l) - u(h7 l, Q))

< a0 [ )~ 6 )

—3(1+nt+1h {(H4+1 + LA ) — (R + 14)] ?

#ttt 2 = 60 ]|+ Vol

Taking conditional expectation and denoting, (Hj,; + L. ;) — (h* +1*) by Ry, we have,

E(u(Hn+17Ln+17 Vn—i-l) - U(h,l,@) | (HmLm Vn) = (hvla(b))
1

= A n

=31+ h* +1YE(R2 | (Hp, Ly, Vi) = (h,1,0))

[m 0+ IYE(Ry | (Hay L, Vi) = (1, 0))

+E (R, | (Hp, Ln, Vi) = (h,1,0))

+E(|Vn+1| | (HmLmVn) = (h,l,@))

We want to show that: for all [ large enough,

E(Ry | (Hn, Ly, Vo) = (h,1,0)) < 6|I[81 + C5 3]
E(R}, | (Hn, Ln, V) = (h,1,0)) > 16]I°8
E(R}, | (Hn, Ln, Vo) = (h,1,0)) < Cyoll)?
E(|Vasa| | (Hn, Ln, Vo) = (h,1,0)) < Ciyexp(—Chall])

where (31, B2 are as defined earlier and Cy, Cg, C11 and Cio are positive constants.

15
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Using the above inequalities in (24), and the definition of Cj, we have,

E[w(Hai 1, Lt Vaos1) = w(hs b, 0)| (o, L, Vi) = (h1,0)
< 1
T (I+ht404)3
—48(1+ b + U181 + Crolil’] + Cy exp(~Cralil)

< 0 for all |I| large enough.

[36(1 R+ 2128 + C26)

Proof of (25) and (26): Let us assume without loss of generality that v, (1) = u,(1) +1
and v,(2) = un(2) + h. Let T, | = v,(2) — v 41(2), D}y = vn(1) — vpy1(1) and T =
Un(2) = uny1(2), Diyy = un(l) — upq1(1). Using this notation, we have

Ry = [h+ Ty — Tyl = b+ (14 (Dfyq — D)) =1
= ATy = Th) + 6B (T — Tiy) + 4AR(T oy — Ty y)?
+(TYy = Ti)* + 4% (Dyyy — Dty y) + 612(D)q — Dyt y)?
+4U(Dyy 4y — Diyy)® 4+ (Diyq — D)™ (29)

Now, it is easy to observe that if both T, ; < (|| + h)/2 and T}Y | < (|I| — h)/2, both of
them will behave independently and the distribution on that set is same as that of T'. Further,

the tail probabilities of the height distribution 7" decays exponentially. Thus,

E(T/ 1, w=n) = O(exp(=[I| = [n])) ~ for all j > 1.
2

Hence we have for all j > 1,
E(Tyy1 = Tia)’ | (Hay Lo, Vo) = (h,1,0)) = E((T2 — T1)’) + O(exp(—|1])
where T, T are i.i.d. copies of T" and similarly we have
E((Dy 1 = Dijy) | (Hp,y L, Vo) = (h1,0)) = E((D2 = D1)?) + O(exp(~|I]))

where and Dy, D5y are i.i.d copies of D.

Now, to conclude (25), we just need the observation that all odd moments of the terms
Ty — Ty and D; — Dy are 0. Thus in the conditional expectation of (29), we see that the
terms involving h? and {? do not contribute, the coefficient of [? in the second term contributes
6E(D; — D3)?, the coefficient of h? contributes 6E(T; — T3)? and all other terms have smaller
powers of h and [. From the fact that h/|l] < Cy and our choice of Cy given by (15), we
conclude the result.

To show (26), studying R2, we note that there are only three terms which are important,
(a) coefficient of 16, (b) coefficient of h% and (c) coefficient of h3[3. All other terms, are of
type h'lJ have i + j < 6 and, since h/|l| < Cp, these terms are of order smaller than [°. The

coefficient of 16 is 16IE((D1 - D2)2) = 1601, the coefficient of hS is 16IE((T1 - T2)2) > 0 while

16



the coefficient of %3 is 16E (T} —T2)(D1 — D2)) = 16E((T} — T5)E(D;y — Ds|T, 1)) = 0. Thus
(26) holds.
Proof of (27): In the expansion of R3, all the terms are of type h‘l/ with i +j < 9. Thus,
using the fact that h/[l] < Cp, and all terms have finite expectation, we conclude the result.
Proof of (28) : Finally, the history set V11 is empty if T, ; < (|| +h)/2 and T}y, | <
(]I] = h)/2. Otherwise, the history is bounded by (T}, ; — (|I| + h)/2)21T;;+1>(\l\+h)/2 +(TY —
(lt] = h)/ 2)21T5+1>(|l|_h) /2- Again, since the tails probabilities decay exponentially, the above

expectations decay exponentially with |I|.

This completes the proof of Lemma 2.2 and we obtain that
E(w(Hns1, L1, Vas1) | (Hay Loy Va) = (0,1,V) ) < u(h,1,V)

holds outside | > Iy, h < hg and |V| < k for some constants [y, hg and k.
By Foster’s criteria (see Asmussen (1987), Proposition 5.3 of Chapter I) we have that the

Markov chain is recurrent. Therefore, we have
IP’[(Hn,Ln,Vn) = (0,0,0) for some n > 1|(Hy, Lo, V) = (h,l,v)] =1

for any (h,l,v) € S.

For d = 3 we need to consider the ‘width’, i.e. the displacement in the third dimension.
Thus we have now a process (Hy, Lp, Wy, V,),n > 0 where H,, is the displacement in the
direction of propogation of the tree (i.e. the third coordinate), and L,, and W,, are the lateral
displacements in the first and the second coordinates respectively. Now the history region V,,

would be a tetrahedron. Instead of (10) we now consider the Lyapunov function
u(h,l,w, V) = g(f(h,lw,V)) + (V]) =log |1 + (I* + * + w")| + (V)

where

f(h,Lw, V) =1*+h* +u?

and g(z) = log(1+ ) is as in (6). This yields the required recurrence of the state (0,0, 0, ) for
the Markov process (Hy,, Ly, Wy, V;,) thereby completing the proof the first part of Theorem 1.

3 d>4

For notational simplicity we present the proof only for d = 4. We first claim that on Z* the
graph G admits two distinct trees with positive probability, i.e.,

P{G is disconnected} > 0. (30)

We start with two distinct open vertices and follow the mechanism described below to

generate the trees emanating from these vertices. Given two vertices u and v, we say u > v if
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u(4) > v(4) or if u(4) = v(4), and u is larger than v in the lexicographic order. Starting with

two distinct open vertices, u and v with u > v we set
Tuv(0) = (ug, vo, V) where ug = u,vg = v, and V) = 0.

Let R(u) € Z* be the unique open vertex such that (u, R(u)) € G. We set u; =
max{R(u),v} and vi = min{R(u), v} where the maximum and minimum is over vectors and

henceforth understood to be with respect to the ordering . We define,
Tu,v(]-) = (ul7V17 ‘/1)
where

Vi = (AW)NA(ul) - R@)) U (Vo N Aa).
= A(v)NA(u,u(4) — R(u)(4))

The set V; is exactly the history set in this case.
Having defined, {Tuv(k) : K = 0,1,...,n} for n > 1, we define Ty v(n + 1) in the same
manner. Let R(u,) € Z* be the unique open vertex such that (u,,R(u,)) € G. Define

Up41 = max{R(uy,), vy}, vpt1 = min{R(u,),v,} and
Tuv(n+1) = (Wny1, Vg1, Vot1)

where

Va1 = (A(vin) NA(uy, uy(4) — R(uy)(4))) U (Vo N A(1p41)).

The process {Tyv(k) : k > 0} tracks the the position of trees after the k™ step of the
algorithm defined above along with the history carried at each stage. Clearly, if uy = vy, for
some k > 1, the trees emanating from u and v meet while the event that the trees emanating
from u and v never meet corresponds to the event that {uy # v : k > 1}.

A formal construction of the above process is achieved in the following manner. We start
with an independent collection of i.i.d. random variables, {W " (z), Wy¥(z) : z € A(w), w € Z*},
defined on some probability space (2, F,P), with each of these random variables being uniformly
distributed on [0,1]. Starting with two open vertices u and v, set ug = max(u,v),vp =

min(u,v) and Vy = 0. For w € Q, we define ky, = ky,(w) as

ku, := min{k : W' (z) < p for some z € H(uy, k)}
and

Nao 1= {2 € H(ug, kuy) : Wi (2) < p}.

We pick
R(up) € Ny, such that W5'°(R(ug)) = min{W,"°(z) : z € Ny, }.
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Define, as earlier,

u; = max(R(up), vo), vi = min(R(up), vo)

and
Vi = (A(vo) NA(ug, kuo)) U (Vo N A1) = (A(vo) N A(ug, kuy))-
Further, for z € Vi, define
Wi (z) = Wi (a).
Having defined {(ug, v, Vi, {Wllf[(z) 1z € Vi}) 11 <k <n}, wedefine upi1,Vyi1, Vita,
{Wit(z) : 2 € Vi1 } as follows: for w € Q, we define ky, = ku, (w) as
kw, = min{k : Wg(z) < p for some z € V,, N H(uy, k)
or Wi'"(z) < p for some z € H(u,, k) \ V,,}

and

Ny, :={z € H(up, ky,) : Wi(z) <pifz eV, N H(u,, k)
or Wi'"(z) <pifz € H(uy, k) \ V,,}.
We pick
R(u,) € Ny, such that W3 (R(u,,)) = min{W,y""(z) : z € Ny, }.
Finally, define
Up41 = max(R(uy,), vp), Vo1 = min(R(uy,), vy)

and

Vi1 = (A(Vn) N A(uy, kun)) U (Vn N A(un)).

For z € V,, 1, define
Wh(z if ze V,NA(u,
Wit(z) i A(vy) N A(uy, ky, ).

This construction shows that the {(ug, vk, Vi, {(Wk(z) : z € Vi.}) : k > 0} is a Markov chain
starting at (ug, vo, 0, (). A formal proof that this Markov chain describes the joint distribution

of the trees emanating from the vertices u and v can be given in the same manner as in Lemma

2.1.
For z € Z*, define
2]l = |z(1)] + |2(2)] + [2(3)]

where z(4) is the i*" co-ordinate of z. Fix n > 1, 0 < € < 1/3 and two open vertices u, v and
consider the trees emanating from u and v. Define the event,

u, A vy for 1 <k<n*—1,V,u=190,

Ape = Ap (g, vo) == 02079 < |jup — vpal|, < 02149,
0 < upa(4) — vpa(4) < log(n?)

for which we show that the following Lemma holds:
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Lemma 3.1. For 0 < € < 1/3 there ezist constants C1,3 > 0 and ng > 1 such that, for all
n > no,
. inf P(Ane | (wo,vo, Vo) = (u,v,0)) >1—Cin "
n'=c<[lu—v|, <n'te,
0<u(4)—v(4)<logn
First we prove the result using the Lemma 3.1. First, for fixed 0 < € < 1/3, we choose n
from the above lemma. Now, fix any n > ng and u such that n'~¢ < [Jul|; < n'T¢,0 <u(4) <
logn. With positive probability, the vertices 0 and u are both open. On the event that both
the vertices 0 and u are both open, we consider the trees emanating from u and v = 0. We
want to show that P{uy # vj for k£ > 1} > 0.
Let 70 = 0 and for i > 1, let 7; := n* + (n2)* +--- + (n* )% For i > 1, define the event

uy # v, for rioy <k <7,V =0,
Bi = n21(1—e) S ”uTi - Vﬂ'”l S n21(1+6_)7
and 0 < u,(4) — v, (4) < logn®

Then, we have

IP’{for all k> 1,ug # vk} = lim IP’{for 1<k <m,u # vk}
1— 00

> limsupP{for 1 <k < 7;,u; # vy, and for 1 <1 <4,V =0,

1—00
0?0 < Jluy, = va |, <0209 and 0 < uy, (4) - voy (4) < logn?'}

= limsup P(ﬂ?lel)

1—00
7
= limsup [ [P(B; | N'Z} B;)P(B1). (31)
11— 00 1=2

For [ > 2, By is a event which involves the random variables (uy, vy, Vi) for k = 71 +
1,..., 7. Using the Markov property, we have that ]?(Bl | ﬂé;llBj) depends only on (luTF1 Vo Ve )
Furthermore, on the set ﬂé;llBj, we note that n2 (179 < ur_, —vr I, < n2 1+ o <
u, ,(4) —v;_,(4) <log n? ™" and V;,_, = 0. Therefore we have that, for [ > 2,

P(B | mg;llBj)

Z -1 lnf -1 ]P(Bl | (uTl_l)VTl_l)VTl_l) = (Z17Z27@))
n2 (1_€)§||Z1—ZQ||1§n2 (1+€)’
0<z1(4)—z2(4)<logn
= inf L P(A -1 | (uo,vo, Vo) = (21,22,0))
n2 (1_€)§||Z1—ZQ||1§n2 (1+€)’ ’
0<z1(4)—z2(4)<logn
_9l—1
> 1-Cin 278 (32)

and since n'~¢ < [lull; < n!t¢,0 < u(4) < logn.

P(B1) = P(Ane | (w0, vo, Vo) = (0,0,0)) > 1 - Cin " (33)
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Therefore, from (31), (32) and (33), we have,

P{G is disconnected} > IP’{u 0 are both open} % lim H 1 _ Cln_zl 1ﬂ) 0.

17— 00

This completes the proof of the claim.
We will work towards the proof of Lemma 3.1. Towards that, we introduce an independent
version of the above process. In the same probability space, starting with two vertices u and

@

v, and the same set of uniformly distributed random variables, define uy’ = max{ug, vo} and

v(()I) = min{uy, vo}. For w € Q, we define kgg = kgg (w) as

M) - uy (1)
k4 ==min{k : W;° (z) < p for some z € H(u,’, k)}
Uo

and

I M ug!
Nu“) ={z € H(u, ,kug)) W0 (z) < p}.
0

We pick
(1) (1)
RW (u(()l)) € NI(JI(())I) such that W, (R(I)(u(()l))) =min{W,"° (z):z ¢ N](JI(())I)}.
Now, define ugl) = max{R )(u (()I)),v(()l)} and vgl) = min{R(I)(u(()I)),v(()I)}.
Having defined, {(uk ,V](CI)) :1 <k <n}, we set,
Ay : u) (D)
MO min{k : W™ (z) < p for some z € H(u,,’, k)}
and
I uf)
NL(I;U = {z e Hu, k<(>1)> Wi (z) < p}.
We pick
(1) (4 (1) ) ul) (1) (44 (D) : ul oy )
RY(u)) € Nu“) such that Wy (RY (u,)) = min{W," (z) : z € Nu(l)}
and define uq(Brl = max{R"(u (I)) vl } and V(J)r1 = min{RD (u (I)),v,g)}.

The independent version tracks the two trees, emanating from the vertices u and v, with
the condition that the trees do not depend on the information (history) carried. The only
constraint is that while growing the tree from a vertex, it waits for the tree from the other
vertex to catch up, before taking the next step. Note that if the history set is empty, then both
constructions match exactly.

We define an event similar to A,  but in terms of {(uk ,v,g)) 1 <k<n' Fixn>1,
0 < e < 1/3 and two open vertices u,v € Z and define the event,

[ul — v ||1>10g( Nfor 1 <k<n—1,
Bp(ud vy = o<u,§>() D(4) < log(n?) for 1 < k < n?,
n2(1—€) < ”u I ” <n2(1+e)

We will show that the following lemma holds:

21



Lemma 3.2. For 0 < € < 1/3 there exist constants Ca,v > 0 and ng > 1 such that, for all
n > no,
inf ]P’(Bmé(u,v)) >1—Con™ 7.

n1=e < fu—v]l, <ni*e,
0<u(4)—v(4)<logn

First we prove Lemma 3.1, assuming Lemma 3.2.

Proof of Lemma 3.1: Given 0 < € < 1/3, fix ng > 1 from Lemma 3.2. Now fix n > ng and
u,v € Z* such that n'=¢ < lu — v|; <n'*t€and 0 < u(4) — v(4) < logn. Now note that both
the events A, ¢(u,v) and B,, (u, V) are defined on the same probability space.

We claim that A, (u,v) 2 By, ¢(u,v). To prove this, we show that, on the set By, (u, v), we
have that {(ug,vg, Vi) = (u,(j),vlg), 0) : 1 < k < n*}. This follows easily from the observation
that if Vi = (), for some k£ > 0, then the two constructions, given before, match exactly.
That is, if (ug, vy, Vi) = (ug),vg),@) for k < i,i > 0, we have, R(u;) = R(I)(ugl)). Thus,
we have u; 11 = ul(.le and v;11 = Vgr)l. Furthermore, on the event B, (u,Vv), we have that
[Wis1 — vit1ll; > log(n?) and 0 < w;1(4) — vit1(4) < logn?. From the definition of the
history set, the separation of u and v implies that V;; = (). Therefore the claim follows by an

induction argument. Thus, we have
]I”(An75|(u0,vo, Vo) = (u,v,@)) > P(Bn,e(u,v)) >1—-Con™".

Hence, Lemma 3.1 follows by choosing C1 = Cs and § = 7. O
Now define for & > 0, S,(f) = uy, — vi. Then, the event B,, . can be restated in terms of S,il).

Indeed, define s = u — v where u > v and

||51£I)||1 > log(n?) for 1 <k <n* -1,
Cne(s) == 0<8(4) < log(n?) for 1 < k < n?,
n?1-9) < HS(I}Hl < p2(+e),

Lemma 3.2 now can be restated as

Lemma 3.3. For 0 < € < 1/3 there exist constants Co,y > 0 and ng > 1 such that, for all
n > no,
inf P(Cphe(s)) >1—Con™7.
”17€§||S||1§n1+6, ( n,e( )) = 2
0<s(4)<logn

In order to study the event C,, ((s), we have to look at the steps taken by u,(j) for each k > 1.
Let X = R(I)(ug)) — u]g) for k > 0. The construction clearly shows that each {Xj : k > 1} is
a sequence of i.i.d. random variables.

The distribution of X} can be easily found. Let ap = 0, and for ¢ > 1, a; = |A(0,7)| and
b; = |H(0,%)|. Define a random variable T on {1,2,... }, given by

P(T=i)=(1-p)“*(1—(1-p)"). (34)

22



Now, define D on Z3 as follows:

for (z,—i) € H(0,1)

P(D==z|T=i)= (35)

1
b
0  otherwise.
Note T" and D are higher dimensional equivalents of 7" and D in (19) and (20). It is easy to
see that Xy and (D, —T) are identical in distribution. Let {(D;, —T;) : i > 1} be independent
copies of (D,—T). Then, {S,g) : k > 0} can be represented as follows : set S(()I) = s and for
kE>1,
s |5+ Dk =T) it S, + (Dy, ~Ti) = 0
g —(S,EBl + (Dy, —Tk)) otherwise.

Note that, from the definition of the order relation, S( (4 ) |Sk 1(4) =T} > 0 for each k > 1.
Now, we define a random walk version of the above process in the following way: given s > 0
and the collection {(D;,—T;) : i > 1} of i.i.d. steps, define : S(gRW) =s and for £ > 1,

Sl(wa) = (s(1),s(2 (Z D;, \S(RW |>

The random walk S ,ERW) executes a three dimensional random walk in its first three co-ordinates,
starting at (s(1),s(2),s(3)) with step size distributed as D on Z3. The fourth co-ordinate
follows the fourth co-ordinate of the process S ,iI).

Note that, we have constructed both the processes using the same steps {(D;, —1;) : i > 1}
and on the same probability space. Therefore, it is clear that the fourth co-ordinate of both
the processes are the same, i.e., S,E:I) (4) = S,(CRW) (4) for k > 1. We will show that the first three

co-ordinates of both the the processes have the same norm. In other words,
Lemma 3.4. For k> 1 and «;,3; > 0 for 1 <i <k,

]P’{HS-(RW)Hl = Oéi,S'(RW)( 4) = f; for 1 <i < k}
=P{|S"||, = a;, S (4) = B; for L <i < k}.

We postpone the proof of Lemma 3.4 for the time being. We define a random walk version
of the event Cj, ((s). For n > 1 and 0 < e < 1/3 and s > 0, define

ISEV, > log(n?) for 1 <k <n' — 1,
Dype(s) =14 0< S,E/, )( 4) < log(n?) for 1 < k < n,
n20-9 < ||5(§W)||1 < n20+e),

In view of Lemma 3.4, it is enough to prove the following lemma:

Lemma 3.5. For 0 < € < 1/3 there exist constants Ca,v > 0 and ng > 1 such that, for all
n > no,
inf P(D,, (s)) >1—Cyn™ 7.
n1*5§||s||1§n1+5, ( n, ( )) = 2
0<s(4)<logn
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We first prove Lemma 3.5 and then return to proof of Lemma 3.4.

Proof of Lemma 3.5: For z € Z3, define ||z|| = |z(1)| + |z(2)| + |z(3)], the usual L' norm in
73. Define, A; = {z € 73 : ||z < k}. Let st = (s(1),s(2),s(3)) be the first three co-ordinates
of the starting point s. Let ry represent the random walk part (first three co-ordinates) of

S]E:RW)7 ie, ry=sl + Zle D;. Now note that

C
(Dn,e<s)) C EpeUFycUGpeUHy,

where
By L] {lrell < 108n)},
k=
e = {Hr all > ”2(1+6)} = {rn4 ¢ An2(1+e)}7
nye - {Hr all < ”2(1_6)} = {rn4 € An2(1—5)}7
and

TL4
Hy = |J{ S8 (4) = log(n?) }.
k=1

Note that the events F, ., Fj, . and G, depend on the random walk part while H, . de-
pends on the fourth co-ordinate of S ,gRW). Also note that E;?:l Dj is an aperiodic, isotropic,
symmetric random walk whose steps are i.i.d. with each step having the same distribution as D
where Var(D) = oI, for some o > 0 and Y., 32| ?P(D = z) < co. The events F,, . and G,
are exactly as in Lemma 3.3 of Gangopadhyay, Roy and Sarkar (2004). Hence, we conclude
that there exist constants C3,Cy > 0 and a > 0 such that for all n sufficiently large,

sup ]P’(F,m) = sup ]P’(Fn,e) <Cs3n™ ¢
nl_e§||5||1§n1+€7 S(l)eAn1+€\An1+€
0<s(4)<logn
and
sup ]P’(Gn,e) = sup ]P’(Gn,e) < Cyn™ <.
nt=e<|s|l, <ntte, sEA 1+ \A 1
0<s(4)<logn

The probability of the event E,, . can be computed in the same fashion as in Lemma 3.3 of
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Gangopadhyay, Roy and Sarkar (2004). Indeed, we have,

P(Ene) = ]P’(HrkH < 2logn for some k =1,2,...,n% — 1)

Mw

= P D; e ( M 4 Agiogr) for some k =1,2,. nt— 1)

=1

Mw

(
(
(

< P D; e ( M 4 Asiogr) for some k > 1)
=1
k
< P {ZDi:zfor somek21}>
265D 1 Agpogn =1
k
< Cs(2logn)? sup IP’{Z D; = z for some k > 1} (36)

z€—sW+Ag10gn =1

for some suitable positive constant Cs.
From Proposition P26.1 of Spitzer [1964] (pg. 308),

i
‘ l|1m |z ]]P’{Z D; = z for some i > 1} = (4no®)7 > 0. (37)
Z|— 00
j=1
For sV € (A, 040 \ A,0-0) and z € —s(V) + Agjog,,, We must have that ||z| > n'~¢/2 for
all n sufficiently large. Thus, for all n sufficiently large, we have, using (37) and (36),

(a=¢)

]P’(En,e) < C5(2log n)?’Cﬁn_(l_E) <Cwmn~ 2

where C5, Cg and C'7 are suitably chosen positive constants.
Finally, for the event H, , let Ej, = {S,(CRW) 4) > log(nz)}. Then,

nd

H,.=E U] B, i} Ef,

k=2
and we have
TL4 TL4
P(Hpe) =P(E1) + Y P(E,NZ{ Ef) <P(Ey) + Y P(E | NS Ef).
k=2 k=2

On the set ﬁ;?;llEg, we have 0 < S(RW)( 4) < log(n?) and S,g ( ) = |S(RW (4) — Ty| > log(n?)
implies that T}, > log(n?). Hence, P(E} | ﬂk 1EC) < P(Ty > log(n?)). Similarly, P(E;) <
P(Ty > log(n?)). Thus, we get

P(Hp,) < n*P(T > log(n?)) < n*(1 — p)(21°g(”))4 < Cgexp(—Cylogn)

for some positive constants Cg, C9 > 0. This completes the proof of the lemma 3.5. O
Finally, we are left with the proof of Lemma 3.4.
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Proof of Lemma 3.4: We define an intermediate process on Z* x {—1,1} in the following
way. Given s > 0 and the steps {(D;, —T;) : i > 1}, define (Sy, Fy) = (s, 1) and for k > 1,

(gk—l + (Fy—1Dy, —T},), Fk—l) if Sg_1 + (Fy—1Dy,—T)) = 0

Si, Fr) =
( ’ k) <S£)1+(Fk 1Dy, —Tk), Fi— 1) otherwise.

We first claim that for & > 1,
S — Fk(S +ZD) ( +ZD)
where z() is the first three co-ordinates of z. Indeed, the claim is obvious for k = 1. Assume

that it is true for k = 1,2,...,n. Then, SV~ g, <§él) + >0 DZ->. If F,, = 1, then, S —
Sgl)+2? Y. D Hence, if S+ (F, Dyy1, —Toi1) > 0, we have F, 1y = F,, = Land ), = SV +

F,D, 1 = + > Di+Dpy1 = S(l Z;:‘ll D;=F, (S(l) Z;-H'll D-). Otherwise, we
have F, 1 = —F, = —1 and §{), = — (S,(}) —|—FnDn+1) - —( + D, ) = Fpi1 (Sgl) n
Z”“D) If F,, = —1, then, S = =8\ — ™" | D;. Hence, if S, + (FuDpy1, —Thi1) >

0, we have F,.1 = F,, = —1 and S(ng = S( ) + FyDpy1 = —SO — > .Di — Dpy1 =
—5(()1) - Z?:Jrll D; =F,1 (SO + Z?:ll Di). Otherwise, we have F,, 1 = —F,, = 1 and 57(11421

(S 4 FuDnr) = (=58 = Di= D) = S0+ 50 Di = B (S8 + 52127 D).
Therefore, we have that for k > 1, ||Si ||, = ||s™™ —|—ZZ L Dil| = ||S(R |, since Fj, € {—1,1}.
Further, from the definition, we have S]E:I)( 4) = Si(4) = S,(CRW)( 4) for each k > 1.

Now we claim that, for k > 1,

(SP i=0,1,... .k} and {S;:i=0,1,... k} (38)
are identical in distribution. Note that, from the definition of .S ,(f)
k>0,

and Sg, we can write, for

Si(gizl = f(S](gI)aDk-l—laTk) and Sy = f(Sk, FxDrs1,Tk) (39)

where f : Z* x 73 x N — Z* is a suitably defined function. The exact form of f is unimportant,
the only observation that is crucial is that we can use the same f for both the cases.

To show (38), we note that it trivially holds for k& = 1. Furthermore, from (39) we have
that {Si(l) :i > 1} is a Markov chain starting at s and {(S;, F}) : 4 > 1} is also a Markov chain
starting at (s, 1).

Assume that (38) holds. Using the fact that Dy, is symmetric and the Markov property,
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we have that

P{S;i=2;:i=0,1,...,k+1}
= P{S;=2;:i=0,1,....,k+1,F, =1}
+P{S;=2;:i=0,1,...,k+1,F, = -1}
= P{Si=2:i=0,1,...,k Fp = 1}P(f (2, Ds1, Tk) = Zps1)
+P{S;=2;:i=0,1,...,k Fp = —1}P(f (21, —Dps1,T) = Z111)
= P{Si=2:i=0,1,...,k Fp = 1}P(f(2r, Ds1, Tk) = Zps1)
+P{Si =2;:i=0,1,....k, Fp = =1}P(f(2k, Diy1, Th) = Zh41)
= P{Si=z:i=0,1,...,k}P(f(z&, Dps1,Tk) = 2411)
= PSP =2;:i=0,1,...,k}P(f(zt, Dps1, Tp) = Zis1)
= PSP =z:i=0,1,... k+1}.

This establishes (38) and completes the proof of Lemma 3.4. O

Hence we have shown that
P{G is disconnected} > 0
and by ergodicity this implies that
P{G is disconnected} = 1.

A similar argument along with the ergodicity of the random graph, may further be used to
establish that for any £ > 1

P{G has at least k trees} = 1.
Consequently, we have that
IP’{ ﬂ{g has at least k trees }} =1
k>1

and thus
P{G has infinitely many trees} = 1.

4 Geometry of the graph G

We now show that the tree(s) are not bi-infinite almost surely. For this argument, we consider,
d = 2. Similar arguments, with minor modifications go through for any dimensions.

For t € Z, define the set of all open points on the line L; := {(u,t) : —00 < u < oo} by
N;. In other words, N; :={y € V:y = (y1,t)}. Fix x € Ny and n > 0, set By (x) := {y €
V : h"(y) = x}, where h"(y) is the (unique) n*" generation off-spring of the vertex y. Thus,

B, (x) stands for the set of the n'"" generation ancestors of the vertex x.
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Now consider the set of vertices in N; which have n'* order ancestors, i.e., Mt(n) ={x €
N; : By (x) # 0}. Clearly, Mt(") C Mt(m) for n > m and so R; := lim,, Mt(n) = ﬁnzoMt(n) is
well defined. Clearly, this is the set of vertices in Ny which have bi-infinite paths. Our aim is
to show that P(R; = () = 1 for all ¢ € Z. Since {R; : t € Z} is stationary, it suffices to show
that P(Ryp = 0) = 1.
We claim, for any 1 < k < o0,
P(|Ro| = k) = 0. (40)

Indeed, if P(|Rg| = k) > 0 for some 1 < k < 0o, we must have, for some —co < 1 < x9 <
... <z < oo such that,

]P’(RO = {(ycl,O), (372,0), ey (xk, 0)}) > 0.
Clearly, by stationarity again, for any ¢ € 7Z,

]P’(Ro = {(1:1 + t,O), (1’2 + t70), RN (a:k + t,O)})
= P(Ro = {(z1,0), (2,0),...,(z4,0)}) > 0. (41)

However, using (41)

P(|Ro| = k) = > P(Ry = E) = .
E:{(zl70)’("[270)"“’(11670)}

This is obviously not possible, proving (40) .
Thus, we have that
P(|Ro| = 0) + P(|Ro| = o0) = 1.

Assume that P(|Rg| = 0) < 1, so that P(|Ry| = oc0) > 0.

Now, call a vertex x € R; a branching point if there exist distinct points x; and x5 such
that x1,%x9 € Bi(z) and B, (x1) # 0, B(x2) # 0 for all n > 1, i.e, x has at least two distinct
infinite branches of ancestors.

We first show that, if P(|Rg| = oo) > 0,

P(Origin is a branching point) > 0. (42)
Since P(|Ry| = o0) > 0, we may fix two vertices x = (x1,0) and y = (y1,0) such that
P(x,y € Rg) > 0.

Suppose that x1 < y; and set M = y; —x1 and xp;y = (0, M) and yps = (M, M). By translation

invariance of the model, we must have,
P(xa,ym € Ry) = P(x,y € Rg) > 0.

Thus the event Fy := {Bp(xar) # 0,Bn(ynm) # 0 for all n > 1} has positive probability.
Further this event depends only on sites {u := (u1,u2) : ug > M}.
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Now, consider the event Ey := {origin is open and all sites other than the origin in
Axpr, M) U A(ya, M) is closed}. Clearly, the event Eo depends only on a finite subset
{u = (u1,u2) : 0 <wupg < M —1,|us| <2M} and P(E3) > 0. Since E; and E3 depend on

disjoint sets of vertices, we have,
P(Origin is a branching point) > P(E; N Ey) = P(E;)P(Es) > 0.

Now, we define C} as the set of all vertices with their second co-ordinates strictly larger
than ¢, each vertex having infinite ancestry and its immediate off-spring having the second co-
ordinate at most t, i.e., Cy = {y = (y1,u) € V:u >t,By(y) # 0 for n > 1, and h(y) = (z1,v),
with v < t}. Since every open vertex has a unique off-spring, for each y € C, the edge joining

y and h(y) intersects the line L; at a single point only, say (I,(t),t). We define, for all n > 1,
Ci(n) :={y € C; : 0 < I,(t) < n} and r¢(n) = |C¢(n)].
We show that E(r:(n)) < oo and consequently 7.(n) is finite almost surely. First, note that
Ci(n) =Ul_{y € C; : j — 1 < I, (t) < j}.

Since the sets on the right hand side of above equality are disjoint, we have
n .
ri(n) = Z rgj )
j=1

where rgj) =y eCi:j—1<1,(t) < j} for 1 <j <n. By the translation invariance of the
model, it is clear that the marginal distribution of rt(j ), are the same for 1 < j < n. Thus, it is
enough to show that E(rt(l)) < 00.

Now, we observe that {y € Cy : 0 < I,(t) <1} C U :={y = (y1,u) € V :u > t,h(y) =
(x1,v),v <t,0 < I,(t) < 1}. The second set represents the vertices whose second co-ordinates
are strictly larger than ¢, for each such vertex its immediate off-spring having a second co-
ordinate at most ¢ and the edge connecting the vertex and its off-spring intersecting the line
L; at some point between 0 and 1. Note that we have relaxed the condition of having infinite
ancestry of the vertices above.

Set a; =1+ 2¢, fori =1,2,... and s; = 2321 a;. Here, a; is the number of vertices on
the line L;1; which can possibly be included in the set Uy. Now, if s;.1 > |Uy| > s;, then some
vertex x whose second co-ordinate is at least (¢t + 4+ 1) will connect to some vertex y whose
second co-ordinate is at most . Thus, the probability of such an event is dominated by the
probability of the event that the vertices in the cone A(y) up to the level x are closed. Since

there are at least i2 — 1 many vertices in this region, we have
2-1

P(sit1 > |Us] > s;) < (1 —p)’

Thus, E(|U|) < oo.
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Now, consider Cy(n) and divide it into two parts, C’él)(n) and C(()2) (n) where C’él)(n) =
{y € Con) 1 y = (y1,1)} and CP(n) = {y € Co(n) : y = (y1,u),u > 1}. We divide the set
082)( ) into two further subsets. It is clear that for each y e, (2) (n), the edge joining y and
h(y) intersects both the lines Ly and Li. Let us denote by (I(y;1),1)(= I,(t + 1)) the point
of intersection of the edge (y,h(y)) with L;. Define,

CP(n;1) = {y e ¢ (n) : 0 < I(y;1) < n}

and
C’éz)(n; 2)={y € Céz)(n) :I(y;1) >nor I(y;1) <0}.

Thus, by definition of C'(()2) (n;1), we have Céz) (n;1) € Cq1(n). Further, for any vertex x, h(x)
can lie at an angle at most 7 from the vertical line passing through x, so we see that any vertex
of 032) (n) which intersects Ly at (I¢(y),0) with 1 < I;(y) < n — 1, must intersect L; at some
point (I(y;1),1) with 0 < I(y;1) < n. Therefore, we must have that,

C?(n;2) C {y € Co: 0 < L,(0) < 1} J{y € Co:n— 1 < I,(0) < n}.

Thus, we get,
1CP (n;2)] < (Y + 1. (43)

Now, consider the set CO ( )\ {(=1,1),(n,1)} and partition it into two sets, one of

which contains only branching points and the other does not contain any branching point,

ie., CSm)\ {(=1,1),(n,1)} = CY(n; 1) U C{V (n;2), where
C’él)(n; 1) = {y € C ( )\ {(—1,1),(n,1)} : y is a not branching point}

and
C’O(l)(n; 2) = {y € CO ( )\ {(=1,1),(n,1)} : y is a branching point}.

Now, it is clear that for each y € Cél)(n; 1), there exists a unique ancestor which further

has infinite ancestry. Therefore, we can define,
Dy ={z:h(z) € C(()l)(n; 1) and B, (z) # 0 for n > 1}.

For y € C’O(l)(n; 2), being a branching point, there exists at least two distinct vertices, both of

which has infinite ancestry. Thus, we may define,
Dy = {21,279 : h(z1),h(z2) € Co(l)(n; 2) and By, (z1) # 0, Bp(z2) # 0, for n > 1}.

Since every vertex has a unique off-spring, we must have, D1 N Dy = (). Further, by definition
of C1(n), we have, D1 U Dy C Cq(n). Also, it is clear that (D; U D2) N 00(2) (n;1) = 0 as the

off-spring of any vertex in Dy and D- lie on the line Ly while the off-spring of any vertex in
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C’(()2) (n;1) lie on L,, for u < 0. Thus, we have,

ICi(n)] = 1CP(n:1) + 1G5 (5 1)] — 2 + 2(IC5P (n; 2)] — 2)
= [P ;1) + 168 (0:2)] + |8 (n; 1)] + 1C§V (n; 2)]]
+ eV (n:2)] - 6 — |0 (n;2)]
> [Co(n)| +1C5 (n52)] = 6 — i 41V (44)

where we have used the inequality (43) in the last step.
But, we have from stationarity, E(|C1(n))| = E(|Co(n)|) for all n > 1. Thus, for n suffi-

ciently large, from (42) we have

0 =E(Ci(n) - Co(n))
> E(C5(n;2)]) — 6 — 2E(rg")
= nlP(Origin is a branching point) — 6 — 2E(rél))

> 0.

This contradiction establishes Theorem 2.
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