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Abstract: In this paper we prove a stochastic representation for solutions
of the evolution equation
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Ohe = SL'

where L* is the formal adjoint of a second order elliptic differential operator
L, with smooth coefficients, corresponding to the infinitesimal generator of a
finite dimensional diffusion (X;). Given ¢y = v, a distribution with compact
support, this representation has the form ¢, = E(Y;(v)) where the process
(Y:(v)) is the solution of a stochastic partial differential equation connected
with the stochastic differential equation for (X;) via Ito’s formula.
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1 Introduction

The first motivation for the results of this paper is that they extend the
results in [17] for Brownian motion, to more general diffusions. To recall,
there we had recast the classical relationship between Brownian motion and
the heat equation in the language of distribution theory. To be more precise,



if S’ denotes the space of tempered distributions on IR?, the solutions of the
initial value problem,

o = A,
Yo = ¥

for any ¢ € §’, were represented in terms of a standard d-dimensional Brow-
nian motion (X)>o, as ¢y = ETx,(¢). Here 7, : R? — IR?is the translation
operator and the expectation is taken in a Hilbert space S, C &' in which
the process takes values.

The main result of this paper is that the above result extends to the solutions
of the initial value problem

o = S,
Yo = ¥ (11)

where ¢ € &', i.e it is a distribution on IR? with compact support and L*
is the formal adjoint of L, a second order elliptic differential operator with
smooth coefficients given as the first component of the pair (L, A), where

1
i i
A = (Ala"'7Ad)7

d
Ak = — Z Uzg(x>8z
i=1

To describe the stochastic representation of solutions of (1.1), let (X (¢,x))
denote the solutions of the stochastic differential equation

dXt == O'(Xt) . dBt + b(Xt) dt,
XO = .
Then it is well known that a.s, © — X (¢, ) is smooth and induces a map

X : C® — O, namely X;(¢)(z) = ¢(X(t,x)) for ¢ € C*. Here and in the
rest of the paper C* denotes the space of all infinitely differentiable functions
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on R Let Y, := X/} & — & be the adjoint of the map X; : C* — C*.
If v € & C &, then we can show that the process (Y;(¢)) takes values
in one of the Hilbert spaces S_,,p > 0 that define the countable Hilbertian
structure of &’ (Proposition 3.1). Our stochastic representation now reads,
vy = E(Yy(¢))(Theorem 4.3). These results extend the well known results
connecting diffusion processes and partial differential equations(see [1], [5],
[19], [6], [3]). Moreover, they establish a natural link with the subject of
stochastic partial differential equations (see [13],[9], [12],[11] [22],[4]), viz. the
process (Y;(¢)) for ¢ € &, is the solution of a stochastic partial differential
equation (eqn (3.7) below) associated naturally with the equation for (X;) via
Ito’s formula. This stochastic partial differential equation is different from
the one satisfied by the process (dx,) in [16],[7],[8] - the former is associated
with the operators (L*, A*) as above, the latter being associated with the
random operators (L(t,w), A(t,w)), A(t,w) = (A (t,w), - A.(t,w)),

Ap(t,w) = _;Uik(Xt(w)aiv

L(t,w) =

| —

3 () (Xilw)) B = o bi(Xi(w) &

(see [16],[8]). However it is easily seen that when ¢ = §,, the process (Y;(¢))
is the same as the process (dx,). We also note that solutions (¢;) of equation
(1.1) are obtained by averaging out the diffusion term in the stochastic partial
differential equation satisfied by (Y;(¢)) (see Theorem 4.3), a result that
corresponds quite well with the original motivation for studying stochastic
partial differential equations, viz. ‘Stochastic PDE = PDE + noise’ (see [22]
for example).

The definition of Y; as the adjoint of the map X; : C*° — C* induced by
the flow (X (¢, z,w)) does not automatically lead to good path properties for
the process (Y;(v)),v € €. To get these we generalise the representation

Yi0)(@) = [ Ox(aw dv(a)
which is easily verified when ) is a measure with compact support. Indeed,
M) (w), @) = (b, Xi(w) o)
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= [ Xiw) o () dip(a)
= [e(X(ta,w) dula)
=[x 9} ()
= ([ bx( (@), 0.

Here the integral [ dx (. ..)d?(x) is understood in the sense of Bochner and
takes values in a suitable Hilbert space S_, C &’. In Section 3, we define the
process (Y;(v)), for ¢» € £ via a representation such as the one above and
verify that indeed Y;(v) = X;(¢). In Theorem (3.3) we show that (Y;(¢))
satisfies a stochastic partial differential equation.

In Section 2, we state some well known results from the theory of stochastic
flows [13] in a form convenient for our purposes. These are used in Section
3 for constructing the process (Y;(¢)) and proving its properties. In Section
4, we prove the representation result for solutions of equation (1.1). Our
results amount to a proof of existence of solutions for equation (1.1). Our
proofs require that the coefficients be smooth. However, we do not require
that the diffusion matrix be non degenerate. The uniqueness of solutions
of (1.1) can be shown to hold if the so called ‘monotonicity inequality’ (see
(4.2) below) for the pair of operators (L*, A*) is satisfied (Theorem 4.4). It
may be mentioned here that the ‘monotonicity inequality’ is known to hold
even when the diffusion matrix is degenerate (see [8]). As mentioned above,
when 1) = 6,,2 € R, Y,(¢)) = dx, where X, = z. As discussed above, for
1 € &', the solutions (Y;(¢))) of the stochastic partial differential equation
(3.7) can be constructed out of the particular solutions (dy,) corresponding
to ©» = 0,. In other words the processes (dx,), Xo = x, can be regarded
as the ‘fundamental solution’ of the stochastic partial differential equation
(3.7) that (Y:(¢)) satisfies. This property is preserved on taking expecta-
tions: in other words Edx,, Xy = x is the fundamental solution of the partial
differential equation (1.1) satisfied by ¢, = EY;(¢)) - a well known result
for probabilists, if one notes that Edy, = P(t,x,-) the transition probability
measure of the diffusion (X;) starting at x (Theorem 4.5). Assuming that
this diffusion has a density p(¢, z,y) satisfying some mild integrability con-
ditions, we deduce some well known results. If L* = L then the density is
symmetric (Theorem (4.6)), and in the constant coefficient case we further
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have p(t,z,y) = p(t,0,y — x). Finally if T, : C*° — C* denotes the semi-
group corresponding to the diffusion (X;), and S; : & — &£’ is the adjoint,
then S;, given by Si(¢) = EY;(¢), is a uniformly bounded (in t) operator
when restricted to the Hilbert spaces S_, (Theorem (4.8)).

2 Stochastic Flows

Let Q = C([0,00), IR") be the set of continuous functions on [0, c0) with

values in IR". Let F denote the Borel o-field on €2 and let P denote the

Wiener measure. We denote Bi(w) := w(t), w € Q, t > 0 and recall that

under P, (B;) is a standard r dimensional Brownian motion. Let (X;);>¢ be

a strong solution on (2, F, P) of the stochastic differential equation
dXt = O'(Xt) . dBt + b(Xt)dt

(2.1)

XO = T

with 0 = (o), i=1...d,j =1...r and b = (b',...b%), where o/ and b’ are

given C'* functions on IR? with bounded derivatives satisfying

d r 1/2 d 1/2
lo (@) || + llo()[| = (ZZ |0§-(27)\2> + <ZW($)|Q> < K(1+ |])
i=1j=1 i=1

for some K > 0. Under the above assumptions on ¢ and b, it is well known
that a unique, non-explosive strong solution (X(Z,2,w));>¢.cpe €xists on
(Q,F, P) (see [10]). We also have the following theorem (see [2], [13] and
[10], p.251 ).

Theorem 2.1 Forz € R andt > 0, let (X (t,x,w)) be the unique strong so-
lution of equation (2.1) above. Then there exists a process (X (t, z, W))>02e R
such that -

(1) For all x € R P{X(t,z,w) = X(t,z,w), YVt >0} = 1.

(2) For a.e. w(P),x — X(t,z,w) is a diffeomorphism for all t > 0.

(3) Let 0, : Q@ — Q be the shift operator i.e. yw(s) = w(s +t); then for
s,t >0, we have

X(t+s,zw) = X(s, X(t,z,w),0w)
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forallz € R, a.e. w (P).

Denote by 0X(t,r,w) the d x d matrix valued process, given for a.e. w by

(0X)i(t,w, ) = 9X(t,x,w) for all t > 0 and = € IR?. Denote by do,(z) the

dxd matrix (0o, (z)); = % and by 0b(z) the dxd matrix (0b(x))} = %.
Then it is well known (see [13]) that almost surely, 0X (f,w, x) is invertible

for all ¢t and x and the inverse satisfies the SDE

th = - Z Jt . 80a(Xt) dB?
a=1
— g+ |0b(X,) = 3" (00,) - (00a)(Xy)| dt
a=1
Jo = 1

where [ is the identity matrix and J;-0o,(X;) etc. denote the product of dxd

matrices. In proving our results, we will need to show that sup |0" X (¢, )|
zeK

and sup [(0X) (¢, z)| (here 0" := 9] ... 05" and | - | denotes the Euclidean
zeK

norm on IR in the first case and on R? in the second case) have finite
expectation for ¢ > 1 and K C IR? a compact set. To do this we will use the
results of section 4.6 of [13], as also the notation there. First, we note that the
stochastic differential equations for (X;) and (0X (t)) can be combined into a
single stochastic differential equation in IR“% | which in the language of [13],
can be based on a spatial semi-martingale F(z,t) = (F'(x,t), ... F™% (2,1)).
Having done this and having verified the regularity hypothesis on the local
characteristics of F'(z,t) we can apply Corollary 4.6.7 of [13] to get our results.

To fix notation we note that the set {k : d < k < d*+d} is in 1-1 correspon-
dence with {(i,7) : 1 <14,j < d}. We fix such a correspondence and write
k  (i,) if k corresponds to (i, 7). If x € R we will write z = (1, )
where z; € R? and 5 € R™. For 1 <k <d,let

Fra,t) =Y of(21) By + 0" (1)t

a=1

Ford+1<k<d+d? let

T

Fia,t) = =3 (v2-00a(w1)); BY

a=1



_ t<932' [ab(f’fl) - i(aaa) ' (80‘”)(:51)]);

a=1

where k < (i, 7), and the notation x5 -do,(x;) stands for the product of d x d
matrices xo and do, (1) . The local characteristics of F'(z,t) are then given

by (a(z,y,t), B(x,t),t) where:
B, t) = W), 1<k<d

= zy-0b(z1) — i(@aa) (004) (1), d+1<k<d+d

a=1
Bz, t) = (B x,b),...0%%(x,1), == (x1,25) € RHT.

Furtherv for x = ($lax2)7y = (ylay2) ,a(x,y,t) = Oék[(x7y7t)7 1 S k7 14 S
d + d? where

oM (z,y,t) = (o(wr) o)), 1<k (<d

T

= 3 (w2 90 (1))} (02 - Do (1)

a=1

d+1<kl<d+d ke (i,5),0 (i, 5)

= —Z (21)(y2 - Ooa(1))}
1§k§d,d+1§€§d+d2and€<—>(i,j)

= 3 (- Boa(m))ict (31)

a=1
1<(<d,d+1<k<d+d*andk « (i,).
Let n = d + d? andf:B”eR",g:R”xR"eR"Q. Consider for m > 1

and ¢ > 0, the following semi-norms (see [13]),

s = s LD 5 o)

(1 + |ZL’|) 1<|a|<m z€R"
|0°f(2) — *f(y)]
+ sup
|a2=:m zyERT |z —yl°
THY



lg(z, )]
lgllms = sup + sup 950, g(x,y)|
i ACERE TR R DR AL
+ Z Sup \aﬁag‘g(x,y)—8?(9;‘9@’,3/)—8§8§g(x,y’)—f-ag‘a;‘g(x’,y’)\

i o=l o
TFET YFY

Let for 0 < s < T, {ps:(x),s <t < T} be the solution of Ito’s stochastic
differential equation based on the semi-martingale F'(x,t),x € RH e

0o(T) = T + / F(s (), dr).

For x = (x1,75), where 2, € R* and z, € R” corresponding to the
identity matrix I, let of, (z), 1 < k < d + d* denote the components
of the vector ¢g,(z). Note that of,(z) = X¥(t,21) for 1 < k < d and
@b(x) = (0X71)i(t,x1), for d+1 < k < d+d* and k < (i,5). We then
have the following theorem.

Theorem 2.2 Given 0 < s < T,a = (ay...aq) a multi-indez, N > 0, and
q > 1, there exists C = C(s,T,a, N,q) > 0 such that

E sup |0%ps4(2)]? < C
|lz|<N

for any t satisfying s <t < T. In particular, for any compact K C IR%, q >
1, a multi-index,and 1 < 1,5 < d, there exists C' >0

Esup |0°X(t,x)]? < C
zeK

and

Esup (90X~ !(t,x))}" < C

rzeK
for0<t<T.

Proof: It is easily verified that the local characteristics («, 3,t) verify for
m>1, 6d=1:

sup [|a(?)][7,1 < oo and sup |[B(t)(|m,1 < oo.
t<T t<T
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In the language of [13], the local characteristics («, ,t) belong to the class
B! for all m > 1. Thus the hypothesis of Corollary 4.6.7 in [13] is satisfied.
Hence for p > 1,a a multi-index, N > 0 and 0 < s < T, there exists
C =C(p,a,N,s,T) such that

E sup |0°p4(z)|* < C.
|z|<N

The result for ¢ = 2p > 2 and hence for ¢ > 1 follows. a

3 The Induced Flow on Distributions with compact
support

We will denote the modification obtained in Theorem 2.1 again by (X (¢, z,w)).
For w outside a null set N, the flow of diffeomorphisms induces, for each ¢ > 0
a continuous linear map, denoted by X;(w) on C*®. X;(w) : C* — C™ is
given by (Xi(w)(¢)(z) = ¢(X(t,z,w)). This map is linear and continuous
with respect to the topology on C'*° given by the following family of semi-

norms: For K C IR? a compact set, let ||¢||,.x = max sup |D*f(x)| where
laj<n zeK

@ € C™® and n > 1 an integer and a = (o, ... ) and || = a3 + ... + ag.
Let K, denote the image of K under the map x — X (¢, z,w). Then using
the ‘chain rule’ it is easy to see that there exists a constant C'(t,w) > 0 such
that

[ Xe(@)(@)lnx < C(E,w)[@ln, k.-
Let X;(w)* denote the transpose of the map X;(w) : C* — C*°. Then if &
denotes the space of distributions with compact support we have X;(w)* :
&' — &' is given by
(Xe(w)" Y, @) = (¥, Xe(w)e)
for all p € C*° and ¢p € &'. Let v» € &. Let supp v» C K and let N =

order(¢)) + 2d. Then there exist continuous functions g¢,, |a| < N,supp g, C
V where V is an open set having compact closure, containing K, such that

=3 . (3.1)

la] <N

9



See [21]. Let ¢ € C*. Let f; € C* and f = (f1,... fa). Let a be a multi
index. We now describe each of the numbers 9*(p o f)(z),2 € IR as the
result of a distribution (depending on = € IR?) acting on the test function
¢. Let 5°,i = 1,---,d be multi indices each with d components. Using the
chain rule for differentiation , it is easy to see that for each multi index ~
with |y| < |af, there exist polynomials P,, in a finite number of variables
,with deg P, = |v|, such that

(o filz) = > ()N (32)

IvI<lal

Py((0° f1,0% fay ooy 0% £2) 01<100) () (0, 070 5()).

For w ¢ N, define Y;(w) : & — &' by

V@) = X 0 ()7 [ ga@)

lo|<N IvI<lal

P((07 X1 ... 0% Xy) pi1< o) (t, T, 0) O Ox(t0w) dr (3.3)
Take Yy(w) =0 ifw € N.

Let S be the space of smooth rapidly decreasing functions on IR¢ with dual
S’ the space of tempered distributions. It is well known ([9]), that S is a

nuclear space, and that S = (1) (Sp, || - ||»), where the Hilbert spaces S, are
p>0

equipped with increasing norms || - ||,, defined by the inner products
(frg)p= D2 QI+ )7 (f i) (9. i), fg€S
|k|=0

Above, {ht}f5—o is an orthonormal basis for L? (Rd, dx) given by Hermite
functions (for d = 1, hp(t) = (28k\/T) 2 exp{—t2/2} Hy(t), with Hy(t),
a Hermite polynomial. see [9]), and (-,-) is the usual inner product in
L? ( Rd,dx). We also have &' = | (S_p. || - ||-p). Note that for all —c0 <

p>0
p < 00, Sy is the completion of S in || - ||, and S}, is isometrically isomorphic

with S_,, p > 0. We then have the following proposition.
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Proposition 3.1 Let ¢ be a distribution with compact support having rep-
resentation (3.1). Let p > 0 be such that 00, € S_, for |a| < N. Then
(Yi(v))i>0 is an S_, valued continuous adapted process such that for allt > 0,

Yi(¥) = X7 (¢) a.s. P,

Proof: From Theorem 4.6.5 of [13], it follows that for any multi index v and
compact set K C IR?, sup sup |07 X;(s, x,w)| < oo a.s. for all T > 0.

s<T zeK
From this result, the fact that ; : S_,_ 1= S_, is bounded, and Theorem
2.1 of [17], it follows that for all 7" > 0 a.s.

J 10 IPL(©0% Xy - 0% X)) (2, 0)] 076x |yl < O] 3.4)
\%

for some finite positive constant C'(w) that does not depend ont for0 <t < T
It follows that (Yi(z)) is a well defined S_,-valued process. Since for all
r € R% (07X;(t,x,w)) is an adapted process, and jointly measurable in
(t,x,w) it follows that (Y;(¢)) is an S_,-valued adapted process.

To show that the map ¢t — Y;(¢) is almost surely continuous in S_,,, we first
observe that for any p € IR and any ¢ € S,, the map x — 7,¢ : R — Sp
is continuous, where 7, : S’ — S’ is translation by z € IR?. To see this, let
r, — = € IR®. Note that from Theorem 2 of [17], given € > 0, there exists
1 € S such that

€

||Tw¢_7_wn¢||p < ||Tw¢_7_wn¢||l7+2

From the definition of ||.||, we have

Hﬂcdj - Tzn¢||§ = Z(Q‘k‘ + d)2p<7—zw - T:cn,’vb> hk>2

k

Since 1 € S, for every ¢ and since the result is true for p = 0, the right hand
side above tends to zero by dominated convergence theorem and

H7—r¢ - Tmn¢||p < €
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for large n thus proving the continuity of the map x — 7,¢. In particular if p
and « are as in the statement of the theorem, the map x — 079, is continuous
in S_, for |y| < |a| . Now the continuity of ¢ — Y;(¢)(w) follows from the
continuity in the ¢ variable of the processes (07X;(t,z,w)) and (070x(tz.w))
and the dominated convergence theorem .

We now verify that Y; () = X/ (¢). Let ¢ € C*°. From (3.3),
Y (w)p,0) = > (=Dl 3 (=N

la|<N [vI<le

/ga(x)P,y((aﬁle .. .aﬁdXd)W‘ga‘)(t, x,w) <8’Y5X(t,x’w), ¢> dx
1%

-y (_1)\04/ga(;p)ao‘(qﬁoX(t,x,w))dJZ (by (3.2))
\%

<N

= > (0"¢a,d0 X(t,-,w))  (by (3.1))

la <N

= D (0700, Xi(w)9)

o] <N
= (¥, Xy(w)o).
O

We now define the operators A : O — L(IR",C*®) and L : C* — C=(IR?)
as follows: For ¢ € C®, z € IR?,

We define the adjoint operators A* : & — L(IR",&’) and L* : & — & as
follows:

d
A = =3 ook,
k=1

12



d d 4
= Z —>_ai(b'y).
j=1 i=1
The following proposition gives the boundedness properties of L* and A*.

For K C IR%, let £'(K) C &£ be the subspace of distributions whose support
is contained in K.

l\DI»—t

Proposition 3.2 Let o}, i = 1...d,j = 1...r and b',...b%, be C> func-
tions on IR® with bounded derivatives satisfying the linear growth condition
lo (@) + [[6(2)]| < Co(1 + [=])

for some constant Cy > 0.Let p > 0 and q > [p] + 4, where [p] denotes the
largest integer less than or equal to p . Let K be a compact subset of IR®.
Then, A*: S_,NE(K) — L(R",S_,NE(K)) and L* : S_,NE"(K) — S_,N
E'(K). Moreover, there ezists constants C1(p) > 0, Ca(p) > 0 independent of
the compact set K such that

A Y| as—q) < Cr(p) [[Wll-p,  IL7Y[[—g < Calp) 1]y

where

(o77))

—-q

"A*¢||%S(—q) =

d * 2
= ;HAMH_(]

Proof Clearly A* : &'(K) — L(IR",£'(K)) and L* : &'(K) — &'(K). We
prove the bounds for A*. The bounds for L* follow in a similar fashion. By
definition, if ¢ > p + 1/2,

<

HA*¢||%IS(—¢1) = Z
=1

—-q

lofel? - (35)

T

<

Let o denote a C'* function with bounded derivatives satisfying |o(x)| <

C(1 + |x|). We first show that for n > 0,the map v — o¢p : S, NE'(K) —
S, N E'(K) satisfies

lop]ln < C [Pllnta
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where the constant C' depends only on ¢ and n but not on K. First assume
that ¢» € SN E'(K). We use the equivalence of norms (see [17], Proposition
3.3b ) viz. forp € S

IWlh <G Y 295 < Cellvll:
loo|+[8]<2n
Applying this to oy € S ,we then have
lowls <Cr > (2% (aw)]l3-

lo|+[8]<2n

Clearly,
lz0%(e)ll§ < Co D 1L+ [z a5,
INE]
It follows that
lovlly < Cs > [la®0"Ylfs

|a|+]y|<2n+-2
< Cl9l-

We now extend this to ¢ € S,,;1 NE'(K): Since S is dense in S,,,1, we can
get Uy, € S, Yy, — ¢ in S, 1. By multiplying by an appropriate C'*° function
with compact support can assume, v, € SNE'(K). By the above inequality
applied to ,,, it follows that o, converges in S,.1, and hence converges
weakly to a limit ¢ in S’. Hence if f is C*°(IR?) with compact support,

(0.f) = lim (00, f)
= TAEE%Q(@bn1a01f>
= (¥,0f) = (0¥, f).
Hence o, — o in §,, and the required inequality follows for ¢ € S,,.1 N
E'(K).
Now we consider the case of || - ||_,_1, n > 0. Let v € SNE'(K).

loYll-n-1 = sup [(o¢, )]
llellp41<1
peS

= sup  [{goy, )|

llellp41<1
p€eS
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where g € C*,g = 1 on K, supp(g) € K¢, an eneighbourhood of K.
Therefore,

loll-n—1 < |[¥ll-n sup |logells
llellp41<1
pES

< Cllf-n. (3.6)

In the same way as for n > 0, we can extend the above inequality to ¢ €
S_n-1NE(K). Now the proof can be completed using (3.5) and (3.6) and
by choosing a ¢ € IR such that ¢ > m + % > m > p for some integer m.
In particular, we may take ¢ > [p] + 3. A similar calculation for L* shows
that in this case we may take ¢ > m + 3 > m > p for some integer m. In
particular we may take ¢ > [p| + 4. O

Theorem 3.3 Let ¢y € £ have the representation (3.1). Let p > 0 be such
that 070, € S_p,, |7| < N. Let g > p be as in Proposition 3.2. Then the S_,-
valued continuous, adapted process (Yi(v))i>0 satisfies the following equation
inS_q: a.s.,

Vi) = v+ [ A'Y)-dB.+ [ L(Y()) ds (37)

for allt > 0.

Proof: From Proposition 3.2 and the estimate (3.4), it follows that for ¢ > 0,
a.s.

t t
JIAY @) rs—g ds + [ ILY() ] -ds < o0.
0 0

Hence the right hand side of (3.7) is well defined. Let ¢ € C*°. Then by
Ito’s formula

Xilp) = o+ [ X(Ap)-dB.+ [ X.(Lo)ds

where the integrals on the right hand side are understood as C'*° valued pro-

t t
cesses given by (t,z,w) — [ Ap(X(s,x,w)-dBsand (t,s,w) — [ Lp(X(s,z,w))ds.
0 0
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By multiplying by a smooth function with support contained in the support
of ¢, we may assume that these processes have their supports contained in
a fixed compact set not depending on ¢ and w viz. the support of .

particular, they belong to S C S,. Using Proposition 3.1, we get, for ¢ € .S,

MiW)e) = (W Xile))
= W)+ [ X,(A) - dB,+ [ (0, X(Le)) ds

= (@) + [(AYi(),9) - dB,+ [(LVi(), ) ds

:<¢+/mmw»w%+/vnwwm<m

and the result follows In the above calculations we have used the fact that
T f A*Y(¢) - dBs = f TA*(Ys(¢)) - dBs for any bounded linear functional

T S_q— IR O

4 Probabilistic representations

In this section we prove the probabilistic representations of solutions to the
initial value problem for the parabolic operator 9; — L*. We also show unique-
ness for the solutions of the initial value problem under the ‘Monotonicity
conditions’. We first prove some estimates on ||0,||—, and ||079,||—, that are
required later.

Theorem 4.1 a) 0, € S_, iff p > %. Further if p > %, then
| l|im 102]|—p = 0.

b) Further if v € Z 15 a multi index and p > § + ‘ , then

sup [|070,]|—p < o00.
zcIR?
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Proof: We first prove b). Since 97 : S_;, — S_ I 1S a continuous operator
2

Wehaveforp> —i—' il
||875x||—p < O”‘SIH(_p_%)
Further from Theorem (2.1) of [17], it follows that for any compact set K
contained in IR?, sup |6, (py a1y < 00. Since p + % > 4 the statement in
zeK —(r+7)

part b) of the theorem now follows from part a).

The proof of part a) of the theorem uses the generating function for Hermite
functions given by Mehler’s formula (see [20], page 2). First we note that

2 d - / t2p 1 —(2n+d) tdt
(2n+d)~% (2p—1
Hence,
6012, = > (@2n+d)™" 3 |h(z)]?
n=0 |k|=n
- /Ootzp—l g(t, z)dt
—1)! ’
(2p—1)! /
where

Ze—@n—l—d Z |h

|k[|=n

Using Mehler’s formula ,

—2t
5 e—%(i+e,4t)2\w|2+( )2l
_ _d 4\ —2
= ¢ dtﬂ_ 2(1—6 4t) 5
< e—(tanh t)|x|?

It is easy to see that for all x

d
2

g(t,z) ~ (1— 6_4t)_ , t—0

—dt _—(tanh t)|z|?
€ ’

and g(t,z) ~e t— 00

17



where a(t) ~ b(t) if and only if % converges to a positive number c. It

follows that for all ¢ > 0 and z € IR?,

/tzp_lg(t,x)dt < 00
0

iff p > 4. Also g(t,z) — 0 as |z| — oo, for every ¢ > 0. Hence by the
dominated convergence theorem,
lim [|0,]>, = lim _ /Oot2p_lg(t z)dt
|x|—o00 “h-p |z|—o0 (2p — 1)' 5 ’
= 0.

Proposition 4.2 Let ¢ € & with representation (3.1). Let p > %%—% where
N = order(y)+2d. Let (Yi(v)) be the S_, valued continuous adapted process
defined by (3.3). Then for all T > 0,

sup E||Y,(1)]|2, < oo.
t<T

Proof: Using the representation (3.3) for Y;(¢) and the result of Theorem
41,

B2, <c- 3 3 /‘/_E{Py((aﬁle...6ﬁdXd)W|§‘a|)(t,x,w)}2dx.

|| <N |y|<]e]
Hence it suffices to show,

sup sup E{P,((0" X1 ...0% X y) pi)<|a)) (t, 7,w) }* < 0.

t<T z€V

This follows from Theorem 2.2 and completes the proof. a

We now consider solutions to the following initial value problem

% = Lu
ot
F— } (4.1)

18



for ¢ € £'. By a solution to (4.1) we mean an S_,-valued continuous function
Y [0, 7] — S_, for some p > 0, such that the equation

" =w+/tL*ws ds
0

holds in S_,, where ¢ > p is such that L*¢, € S_,,0 < s <T" and is Bochner
integrable on [0, 7] with respect to Lebesgue measure. Note that, in our
definition the initial value ¢ belongs to S_,. Note also that we can take
q > p given by Proposition 3.2 .

Define ¢, = EY;(¢),t > 0. If ¢ has compact support,and p is as in the
previous proposition , then v is a well defined element of the Hilbert space
S_p. The following theorem gives us the existence of solutions of equation
(4.1) and a stochastic representation of its solutions.

Theorem 4.3 Let 1) € £ have representation (3.1) and let p be as in Propo-
sition 4.2. Then (Yi)o<i<r 15 an S_,-valued solution of (4.1).

Proof : Let ¢ > p be as in Proposition 3.2. Because of Proposition (4.2) we
can take expectations in (3.7):

t
E||/A*Y8(¢)-st||2_q < E/IIA* D)irs(—q)ds
0
g<xEﬂmwmws
0

< 0o0.

Similarly,

Bl [ LYiwys|, < E/||L* )]s

IN

cw/mwmuw<w
0
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t
In particular, F [ A*Y,(¢) - dWs = 0. Taking expectations in (3.7), we get
0

t
b= EYi() = v+ [ BLY,(¢)ds.
0
Since L* : S_,NE(K) — S_,NE'(K) is a bounded operator (Proposition
3.2), EL*Y () = L*EY;(¢)) = L*1),. This completes the proof. 0

We now consider the uniqueness of solutions to the initial value problem
(4.1). For p > 0, let ¢ > p be as in Proposition 3.2 (¢ > [p] + 4) so that
A S ,NE — L(R",S_,N&)and L*: S_,NE — S_,NE are bounded
operators. The pair (A*, L*) is said to satisfy the monotonicity inequality in
S_,N & if and only if there exists a constant C' = C(p), such that,

2(0, L") g + 14"l r5—q) < C llllZ, (4.2)

holds for all p € S_, N E".

Theorem 4.4 Let ¢ € E'(K) have representation 5.1. Let p > 4 + & and
N = order ¢+ 2d (In particular ¢ € S_,). Let ¢ > [p]+4. Suppose the pair
(A*, L*) satisfies (4.2). Then, the initial value problem (4.1) has a unique
S_, valued solution given by vy = EY3(v).

Proof: The existence has been proved. It suffices to show uniqueness. Let
Y, be another S_,-valued solution. Let ¢; = ¢y —¢;. Then () satisfies,

¢
got:/L*cpsds, 0<t<T
0
in S_, for ¢ > [p] + 2. Hence
t
ey = 2 [{ou Loy ds
0
¢
< /{2<908a L¥ps) g + ”A*SOSH%{S(—q)}dS
0

20



t
0

Now, the Gronwall inequality implies ¢, = 0,0 <t <T. O

Remark: When o%(x) and b'(z) are constants (independent of ), the in-
equality (4.2) for (A*, L*) was proved in [8].

We now show that the expected value of the ‘stochastic fundamental solution’
(Y:(02)) = (6x@t2)) of equation (3.7) gives us the fundamental solution of
(4.1). Let P(t,z,A) = P(X(t,x) € A) be the transition function of the
diffusion (X (¢, z)).

Theorem 4.5 Let 1) be an integrable function with compact support . Let
p> 2
a) Then for 0 <t <T and x € R, P(t,xz,-) € S_, and

P(twru ) = E(;X(t,x) = E}/t(ér>

b)Let (1) be the S_,-valued solution of equation (4.1) given by 1y = EY(¢).

Then
by = /w(x) Plt.x

where the integral in the right hand side above is an S_, valued Bochner
integral.

Proof: a) The equality Edx.) = EYi(d,) follows from the fact that if
pesd,

(EY:(02),¢) = < ( 2): @)



On the other hand, we have E¢(X(t,x)) = (P(t,x,-),¢) and the equality
asserted in a) follows. To show that P(t,z,-) belongs to S_,, we first note
that using Theorem (2.1) of [17], there exists a polynomial P(x) such that

IEY:0u)ll-» = [1EOx@mll-»

< Blloxall-»
< (EIP(X(E,2))]) 160l —p-

It follows that P(¢,x,-) belongs to S_,.

b) To prove b) we first show the Bochner integrability of ¢(x)P(t,x,-) in
S_,. This follows from the calculations above for part a) and the fact that
by Theorem 2.2,

sup [Pz, ), < sup  (E|P(X(L,2))]) [[0]l—
z€ SUpPp ¢ z€ SUpp v
< 0.

Hence the integral [ (z) P(t,x,-) dx is well defined and belongs to S_,.
Further since v is an integrable function with compact support, the repre-
sentation of Y;(¢) given by equation (3.3) reduces to

Vi) = [ (@) dx do
\%

where supp(¢)) C V, V an open set with compact closure. Hence
Y = EYi(y) = /Wx) Edx (10 dx

- /¢(x) P(t,z,) da.

Suppose now that (X (¢,x)) has a density p(¢, z,y), i.e.

P(t,z, A) = /p(t,x,y) dy.
A
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We shall assume for the rest of the section the following integrability condi-
tion on p(t, z,y) : For every compact set K C IR?,

//Kpr(t,x,y) dz dy < oo.

Corollary: Let K C IR? be a compact set and ¢ be as in Theorem 4.5. If
supp(¢)) C K, then ¢, = EY,(¢) is given by a locally integrable function
f(y) where f(y) = [4(x) p(t, z,y) dz.

Proof: Let ¢ € C2°. Then

(1) = [ 1) o) dy= [ o) ([ (@) p(t,,y) do)dy

where the third equality follows from our assumptions on p(t, z,y) and Fu-
bini’s theorem. O

We now consider the self adjoint case L* = L. We deduce, under some mild
integrability conditions, the well known result that the transition density is
symmetric.

Theorem 4.6 Suppose U;-, bt are in C™, and are bounded with bounded deriva-
tives of all orders. Suppose (A*, L*) satisfy the monotonicity condition (4.2).

Suppose further that L* = L . Then for 0 <t < T,p(t,x,y) = p(t,y,x) for

every (z,y) outside a set of zero Lebesque measure in R x R?.

Proof: Let ¢ € C°. Let 9(t,z) = E¢¥(X(t,x)). Under our assumptions on
o},b" and 1, and the assumption L = L*, it is well known (see [1], p.47 )
that ¢ (¢, x) is a classical solution of the initial value problem (4.1). On the
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other hand by the monotonicity condition (4.2), we have uniqueness of the
initial value problem (Theorem 4.4) and hence by Corollary to Theorem 4.5,
we have

[ 0@ plty) dy = Bu(X(t ) = b(t.a)

sz p(t,y,z) dy

for a.e. x € IR®. Since 1 is arbitrary, this implies p(¢,z,y) = p(t,y, ) for
every (x,y) outside a set of zero Lebesgue measure and completes the proof.
O

In the constant coefficient case we can deduce the following well known result.

Proposition 4.7 Suppose 0%, 0" are constants and that (A*,L*) = (A, L)
satisfy the monotonicity inequality (4.2). Then p(t,x,y) = p(t,0,y — x) for
almost every (x,y) with respect to the Lebesgue measure on IR® x IR®.

Proof: Let 1) be a continuous function with compact support. By Corollary
to Theorem 4.5, the distribution EY;(¢) is given by the locally integrable
function ¥(t,y) = [ (x) p(t, z,y) dz. On the other hand, by the uniqueness
of solutions to the SDE (3.7) (see [7],[8] ) we have a.s. Y;(¢) = 7x,(¢) for
all t > 0, where (X}) is the diffusion (X(¢,2z)) with = 0. In particular
EY;(¢) = E7x,(v). The latter distribution is given by a locally integrable
function of y. We then have for a.e. y,

[ @) plt.ay) de = w(ty) = BYi(y) = Brx,(¥)
= [ ne) plt.0,2) da
= [ (@) p(t. 0,y —x) da.

Since v is arbitrary, it follows that p(¢, z,y) = p(t,0,y — x) for almost every
(z,y) with respect to Lebesgue measure in IR* x IR”. O

Define Si(¢)) = EYi(¢),t > 0 for ¢ € €. Then S; : & — 5’ Let (T})i>0
be the semigroup corresponding to the diffusion (X;) solving (2.1) i.e. for
feS Tif(x)=Ef(X(t,x)). We have the following result:
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Theorem 4.8 a) T, : S — C™ and we have Sy = T} in the sense that

(S(¥), 0) = (¢, Ti9)
forally € & and ¢ € S.

b) Let K C IR" be a compact set and p > 0. Then for ¢ > 2d + [p] + 1,
Si: S_,NE(K) — S_; is a bounded linear operator. Further, for any T > 0,

sup | Sil < C(T)
t<T

where || - ||g is the operator norm on the Banach space H of bounded linear
operators from S_, N E'(K) to S_,.

Proof: a) Clearly for f € S, that T;f(z) = Ef(X(t,z)) is C> follows
from Theorem 2.2 and the dominated convergence theorem. In other words,
T, : S — C™ Alsoif ¢ € £ and p > %%— %,N = order(y) + 2d, then
Proposition 4.2 implies EY;(¢) = Si(v) € S_, C 5" . Hence S; : & — 5.
Let p € S, € £, and ¢' € C, ¢’ =1 on support of ¢b. We then have

(S:(¥),0) = EXi(v), ¢) = E(Y, Xi())
= E{,¢'(o(X(t,))) = (¥, ¢'E(o(X(¢,))))
= <¢7Tt(¢)>-

Here the last but one equality follows from the fact that E¢'(¢(X (t,-))) =
¢'EP(X(t,-)), and the fact proved below that

Ell¢'o(X (E, Dy < Ell¢"(@(X (£, )l pl+1 < o0

for every p > 0 . This implies thatE¢'(¢(X (¢,-)) belongs to S, for every
p > 0 and in particular belongs to S. This completes the proof of part a).

b) Without loss of generality, we may assume p is an integer (since S_, C
S_(p+1), where [p] = greatest integer < p). Note that ¢ € S_, N E'(K)
implies order v < 2p.This follows from the fact that if p is an integer and if
support of ¢ is contained in K then (see [17])

ol <Cr > [12°9(9)§ < Calloll;.

lal+|8|<2p
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Hence if ¢ is as in the statement of the theorem and N = order of 1)+ 2d, then
q > %+ which in turn implies, by Proposition 4.2, that E||Y;()]|%, < cc.
In particular, Sy(¢)) € S_, and hence it suffices to show that there exists
C=C(T,p,K) > 0such that for p € S_,NE'(K),p € 5,

[(Se(¥), &) < Cllell-pll ¢l

Note that the left hand side above is given by

[(Se(), 9)| = |EMi(¥), 9)] = [E(¢, Xi(9))]
= |E(, ¢'Xi(9))]

where ¢ € C°,¢' =1 on K. Hence from the above equality we get

(S(®), &) < [18]1-p(Ell¢' Xa(9)II7)? -

Since (see [17])

loXe(@)l; <C > 1l2°07(¢Xe(o))ls

lo|+]B8]<2p

it suffices to show that for ||+ |5] < 2p, there exists a constant C" > 0
depending only on 7',p and K such that

Elz*0’(¢'X(o))ls < C'loll;.

Let the support of ¢' = K'. We first compute the expression inside the
expectation sign in the right hand side above for w ¢ N where N is as in
equation (3.3) :
la* 0" (@ Xu()ODIE = [ 2°0%(8' (@)p(X (¢, 2, ) da
Kl

= [l* Y 09w (Xt r,w) e

K’ Iyl+1y'1=I8]
= [ Y 2@ Y
K’ IyI+1y'1=I8] Iy I<kI

Py (90(X))(t, 2, w) 0" p(X (¢, 7, w)) | *dee
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where Py, is a polynomial as in (3.2) with 7} and 4 corresponding respec-
tively to v and o in (3.2). Also in the above expression 75 = (¥4, "+, V5a)
corresponds to (3%, ---,4%) in (3.2) and the vector 902)(X) corresponds to
the vector {((0”' X7 ...9%Xy) pi|<|a))} in eqn (3.2). Using the change of vari-
able y = X (¢, z,w), the integral in the last equality above is

< > Y I W) T e (X W)
W I=IBL <l Ik

P, (8%) (X)(t, X Mt z,w), w))@”%(x) 2 |det(0X (t,w) )X (¢, 2,w))| dr.

where 0X (t,w) is the Jacobian of x — X (¢, x,w) , 0X (t,w) ! is the inverse of
0X (t,w) and K, (w) = X (t, K',w) is the image of K" under the map X (¢, .,w).
Hence from the above, we get

2207 (¢ Xe(w)(O)l§ < C an(t)a(t) - /Ia"’ z)|* do
vI<Iél

for some constant C' depending only on p and K’ , where

ai(t,w) = max max sup |Py 002 (X)) (¢, z, w)|?
1t w) max max sup |P, | Py, (072(X))(, 2, W)
woltyw) = sup |(det(OX) (L, z,w))].
reEK'’
Note that v} depends only on «;. Summing over o and 3 with ||+ || < 2p,
we get

I X (@)@l < C ar()az(B)lISll;

Hence
EllgXi(o)ll; < CllollzE(ar(t)as(t))
< CllollEsup (E(an(t)))*(B(an(®))?)”
< Clol;

for some constant C' that changes from line to line, but depends only on p, T,
and K. Note that we have used Theorem 2.2 in the last inequality. It now
follows that

(Se(¥), 0)] < Cllel-pl1 1l
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and this completes the proof .
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