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1. Introduction

Let S = (P, L) be a partial linear space with lines of size three. For distinct points
x,y € P, we write x ~ y if they are collinear, otherwise we write z ~ y. If z,y € P
and x ~ y, then we denote by xy the unique line containing x and y and define x % y
by xy = {z,y,x * y}. For unexplained terminology, see [20] and [21].

Definition 1.1 ([14], p.525). A representation (R, ) of S with representation group
R is a mapping ¢ : x — (r.) from P into the set of subgroups of R of order 2 such
that the following hold:

(1) R=(r,:xz € P).

(17) For each line {x,y,x*xy} of S, {1,174, 7y, Tuwy} is a Klein four group.

A representation (R, 1)) of S is faithful if ¢ is injective and is abelian or non-abelian
according as R is abelian or not. Note that, in [14], ‘non-abelian representation’
means that ‘the representation group is not necessarily abelian’. For an abelian
representation, the representation group can be considered as a vector space over
the field F, with two elements. If S is connected (that is; the collinearity graph
['(P) of S is connected), then there exists a unique abelian representation, called
the universal abelian representation, of S with the property that any other abelian
representation of S is a composition of it with a linear mapping [18]. The Fy-vector
space V() underlying the universal abelian representation of S is called the universal
representation module of S.

We refer to [15] for more on universal abelian representations of point-line geome-
tries; and [13] and ([20], Sections 1 and 2) for more on non-abelian representations of
partial linear spaces with p + 1 points per line, p a prime.

A near polygon [22] here is a connected partial linear space S = (P, L) with at least
three points per line and of finite diameter (that is, the diameter of I'(P) is finite)
such that: for each point-line pair (z,l) € P x L, x is nearest to exactly one point of
[. Here, the distance d(z,y) between two points = and y of S is measured in I'(P). If
the diameter of S is n, then S is called a near 2n-gon. If n = 2, then S'is a generalized
quadrangle (GQ, for short) and if n = 3, then it is called a near hexagon. For more
on near polygons, see [10].

Let S = (P, L) be a near 2n-gon. For z € P and A C P, we define 2+ = {z}U{y €

P:x ~ y}and At = ﬂAxL. A subset of P is a subspace of S if any line of S
fAS]

containing at least two of its points is contained in it. For a subset A of P, the
subspace (A) generated by A is the intersection of all subspaces of S containing A.

A geometric hyperplane of S is a subspace of S, different from the empty set and
2
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P, that meets each line of S non-trivially. A subspace C of P is convex if every
geodesic in I'(P) between two points of C' is entirely contained in C. A quad of S is
a convex subspace of P of diameter 2 such that no point of it is adjacent to all other
points of it. If xy, 1y € P with d(z1,29) = 2 and |{z1,zo}| > 2, then z; and
are contained in a unique quad, denoted by Q(z1,x2), and this quad Q(z1,xzs) is a
generalized quadrangle ([22], Proposition 2.5, p.10). We say that S is dense if every
pair of points at distance 2 is contained in a quad.

Let S = (P, L) be a dense near 2n-gon. Then, the number, t+1, of lines containing a
point of S is independent of the point ([5], Lemma 19, p.152). Let to = {|{z,y}*|—1:
x,y € P d(z,y) = 2}. We say that S has parameters (s,t,t5) if each line of S contains
s + 1 points, each point is contained in ¢ 4+ 1 lines and ¢, is as above. If n = 2, then
to = {t}, though ¢, may have more than one element in general. A near 4-gon with
parameters (s,t,{t}) is written as a (s,t)-GQ. We say that a quad of S is of type
(s,t') if it is a (s,t')-GQ. If @ is a quad of S, then for z € P\ Q, either

(1) there is a unique point y € @ (depending on z) collinear with x and d(z, z) =
d(z,y) + d(y, z) for all z € Q; or
(i7) d(z,Q) =2 and the set O, ={y € Q : d(z,y) = 2} is an ovoid of Q.

([22], Proposition 2.6, p.12). We say that the quad @ is big if (i) holds for each
x e P\ Q. If Qis abig quad of S and x € P\ @), then we denote by ¢ the unique
point y as in (7).

A near polygon is slim if each of its lines contains exactly three points. Let S =
(P, L) be a slim dense near 2n-gon, n > 1. If n = 1, then S ~ L3, a line of size
3. If n =2, then S is a (2,1)-GQ. In that case, P is finite, ¢ = 1,2 or 4 and for
each value of ¢ there exists a unique (2,¢)-GQ, up to isomorphism ([7], Theorem 7.3,
p.99). Thus, S is isomorphic to one of the classical generalized quadrangles Q (2),
W4 (2) ~ @Q5(2) and Qg (2) for t = 1,2 and 4, respectively. From ([4], Theorem 1.1,
p.349), there are 11 possibilities for S, up to isomorphism, when n = 3. Further, each
of these slim dense near hexagons is uniquely determined by its parameters s = 2, t
and to (see [2], [3], [4] and [22]). For other classification results about slim dense near
polygons, see [23] and [10].

Let S = (P, L) be a slim dense near hexagon having big quads. Since a (2,4)-GQ
admits no ovoids, it follows that every quad of S of type (2,4) is big. Let @ be a
quad of S. If @ is of type (2,t'), then |P| > |Q|(1 + 2(t — t')) and equality holds if
and only if @) is big (see [4], p.359). In particular, if a quad of S of type (2,t') is big,
then so are all quads of S of that type. If @ is big and {a, b, ¢} is a line of S disjoint
from @, then {ag,bg, co} is a line of @ ([5], Lemma 5, p.148).

Lemma 1.2 (see [4], Proposition 4.3, p.354). Let Q1 and Qs be two disjoint big quads
of S. Let T be the map from Q1 to QQy defined by 7(v) = xq,, v € Q1. Then

(1) T is an isomorphism from Q1 to Qs.
(17) The set Q1 x Q2 ={x* 20, : x € Q1} is a big quad of S.
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Further, Y = Q1 U Q2 U Q4 * Qs is a subspace of S isomorphic to the near hexagon
Q1 X Ls, a direct product of Q1 and L3 (see Section 2).

Let B be the collection of all big quads of S and Lg be the collection of subsets
{Q1, Q2, Q1% Q2} of B, where 1 and @), are disjoint. Then F = (B, Lg) is a Fischer
space (see [4], Corollary 4.4, p.354). That is, F is a partial linear space satisfying the
following conditions:

(1) Each line of F contains exactly three points.
(77) The subspace generated by any two intersecting lines of F is isomorphic to
the affine plane of order three or the dual affine plane of order two.

(see [1], p.92). The partial linear space F is called the Fischer space on big quads
of S which is used here in the study of non-abelian representations of S. We also
remark that some of the slim dense near hexagons are constructed in ([4], p.352) using
Fischer spaces.

We list below the slim dense near hexagons admitting big quads with their param-
eters (see [4], Theorem 1.1, p.349).

Near hexagon | |P| | ¢ to dimV (S) | n(S)

DHg(2%)  |891|20| {47} 22 20
E; 567 | 14| {24} 21 20
G 405 [11[{1,2, 4"} 20 20

(1.1) Qs (2)®@Qg(2) 243 | 8 | {1,4*} 18 18
‘ Qs(2) xLg | 81 | 5 | {1,4*} 12 12
DWs(2) 13506 | {2} 15 8

H; 105 5 | {1,2*} 14 8

Wi(2)xLs | 45 | 3 | {1,2*} 10 8

Qi(2)xLy | 27| 2] {17} 8 8

Here, dimV' (S) denotes the dimension of the universal representation module of S and
n(S) denotes the Fy-rank of the matrix Az : P x P — {0, 1} defined by As(z,y) =1
if d(z,y) = 3 and zero otherwise. We add a star in column ¢, if and only if the
corresponding quads are big.

In ([21], Theorem 1.6), it is proved that the representation group R for a non-
abelian representation (R, 1)) of S is a finite group of order 2°, where 1+n(S) < 8 <
1+ dimV (S).

In this paper, we prove

Theorem 1.3. Let S = (P, L) be a slim dense near hexagon having big quads.
(i) If S = DHg(2%),E3 or Gs, then every representation of S is abelian.
(17) If S is one of the near hexagons Qg (2) ® Qg (2), Qg (2) x L3, DWs(2), Hs,
Wy(2) x Ly and Qf (2) x L3, then S admits a non-abelian representation such
that the representation group is an extraspecial 2-group of order 2479,
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The structure of the Fischer space F on big quads of S is used in proving Theorem
1.3(7) and in the construction of non-abelian representation for Qg (2) ® Qg (2).

In Section 2, we give a construction for each of the slim dense near hexagons having
big quads. In Section 3, we study the structure of the near hexagon relative to a line
in the Fischer space F. We prove Theorem 1.3(4) in Section 4 and Theorem 1.3(i7)
in Section 5.

2. Constructions

DHg(2%) and DW;(2) : Let S = (P, L) be a polar space of rank n > 2 (see [6]). The
partial linear space, whose point set is the collection of all maximal singular subspaces
of S and lines are the collections of all maximal singular subspaces of S containing a
specific singular subspace of co-dimension 1 in each of them, is called the dual polar
space of rank n associated with S. Cameron characterized these geometries in terms
of points and lines and proved that dual polar spaces of rank n are dense near 2n-gons
([8], Theorem 1, p.75). The neat hexagons D Hg(2%) and DWs(2) are the unitary and
symplectic dual polar spaces of rank 3, respectively. All slim dense near hexagons
having big quads are subspaces of DHg(2?) (see [4], p.353).

QF(2) x Lz, Wy(2) x Ly and Qg (2) x Lz : Let S; = (Py,Ly) and Sy = (P, Ly)
be two partial linear spaces. Then, their direct product S; x S5 is the partial linear
space whose point set is P; x P, and the line set consists of all subsets of P; x P
projecting to a single point in P; for each 7 and projecting in P; onto an element of
L;, where {i,7} = {1,2}. A direct product of near polygons is again a near polygon
([5], Theorem 1, p.146). The slim dense near hexagons on 81, 45 and 27 points are
direct products of a (2,t)-GQ with Ls for t = 4,2, 1, respectively.

Qs (2) ® Qg (2) : The following description of this near hexagon is taken from [12].
Let S = (P,L) be a (2,4)-GQ, T = {l, - --,ly} C L be a spread of S and [ be an
arbitrary line in 7. Let ¢; : P — [; be the map taking each x € P to the unique
point of /; nearest to x in S. Let G = G(5, T, 1) be the graph with vertex set { x T'x T'.
Two distinct vertices (x,1;, ;) and (y, Ly, l,) are adjacent whenever at least one of the
following two conditions holds:

(1) j =n and ¢;(z) and ¢,,(y) are collinear points in S;
(2) i =m and ¢;(x) and ¢,(y) are collinear points in S.

Note that if i = m and j = n, then (1) and (2) both are satisfied. Any two adjacent
vertices of G are contained in a unique maximal clique of size three. The points and
the lines of Qg (2) ® Qg (2) are, respectively, the vertices and the maximal cliques of
g.

Gs3 : Let the vector space F§ with base {eg, -+, €5} be equipped with the non-singular
hermitian form (z,y) = zoy2 + T1y} + - - - + x5y2. Let H denote the corresponding
hermitian variety in PG(5,2%). The support S, of a point a = Fyx of PG(5,2?) is
the set of all i € {0,1,---,5} for which (z,e;) # 0 and its cardinality is called the
weight of a. A point of PG(5,2?) belongs to H if and only if its weight is even. A
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subspace of PG(5,2%) contained in H is said to be good if it is generated by a set
of points whose supports are pairwise disjoint. Then, G3 is a subspace of D Hg(2?)
whose point set consists of all good subspaces of H of dimension 2 (see [11]).

E; : A non-empty set O of points of a partial linear space S is called a hyperoval
if every line of S intersects O in zero or two points. The unitary polar space Hg(2?)
of rank three has two isomorphism classes of hyperovals [16]. The hyperovals of one
class contain 126 points and the hyperovals of the other class contain 162 points. Let
O be a hyperoval of Hg(2?) of size 126. Each maximal singular subspace of Hg(2?) has
zero or six points in common with O. Then, Es is the subspace of D Hg(2?) consisting
of all points intersecting O in six points (see [10], p.159).

Hs : Let X be a set of size 8. The point set of Hj is the set of all partitions of X
into 2-subsets; and the line set consists of all triples of these partitions sharing two
2-subsets of X (see [4], p.355).

The following alternate construction of Hz and DW4(2) [19] is used in Section 5.
Proposition 2.1. Let S = (P,L) and S' = (P!, L") be two (2,2)-GQs and let T :

x— 2, v € P,a' € P!, denote an isomorphism from S to S'. Let

P={(z,y}) e Px Py calt};
L= {{(z,u'), (y,v"), (z,w")} : {x,y, 2z} is a line or a complete triad of points of S
and {x',y', 21} = {ul, 0w} in S}
P=PUPUPY
L= LuU”Ll!, where L' = {{z, (z,u'),u'} : (z,u') € P}.
Then & = (P,L) ~ H3 and S = (P,L) ~ DWg(2) ([19], Theorems 2.1 and 2.2).
Clearly, Hs is a geometric hyperplane of DWg(2).

3. Preliminaries

Let S = (P, L) be a slim dense near hexagon having big quads. Fix two disjoint
big quads @, and @) of S. Let Q3 = Q1% Q2 and Y = Q1 U2 U Q3. By Lemma 1.2,
Y is a subspace of S isomorphic to QF (2) x LLs, W4(2) x Lz or Qg (2) x Ly according
as 1 and Qs are of type (2,1), (2,2) or (2,4). Now, fix a big quad @ of S disjoint
from Y. Let {i,7,k} = {1,2,3}. For z € P\Y, we define 27 = z¢, and, for z € Q;,
we define zJ = xq,. Thus, for x € Q;, {x, 21, 2%
and Q. For a line [ = {a,b,c} of S, we set lg = {ag,bg,co} if INQ is empty, and
UV =A{d,b,d} if [N Q, is empty. We denote by 7; the isomorphism from Q to Q;
defined by 7;(z) = 27, x € Q and by 7;; the isomorphism from Q; to @Q; defined by
7ij(z) = 2}, © € Q; (see Lemma 1.2(7)). For x € P\ (Y UQ), we denote by z7, the
point (zq)" in @Q;. Similarly, for a line I disjoint from both Y and @, we denote by [f,
the line (Ig)" in Q;.

Lemma 3.1. Let . € P\Y. Then:

(4) d(Zii,ﬂ) =1 and d(z*,27) = 2.

(i0) {a', 2%, 25} is a line in Q;.

} is a line of Y meeting each of @;, @,
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Proof. (i) Since x € T'y(2') N T (a?), d(a?,27) = 2. Further, d(2%,27) = d(2?, 2/,) +
d(z Z,x]) So d( Z,x])—l

(¢¢) By (i), 2' ~ 2%, and 2’ ~ 2!,. We show that z; ~ 2!,. The quad Q(z7,z")
of Y is of type (2,1) and {27, 2"}+ = {z%,,2/,} in Y. Now, from the parallel lines
{27, 28;, 28} and {2*, 20,27, } in Q(a7,2%), it follows that 2, ~ z1,. O

Lemma 3.2. Let | ={a,b,c} be a line of S intersecting Y at c.

(1) If c€ Q; UQj, then d(a', b)) = 2.
(i) If ¢ € Qy, then d(a', V) = 1. In fact, a' = z};.

Proof. (i) Let ¢ be in, say, Q;. Since a' =" = ¢, d(a’,1’) = d(b', /) = 2 by Lemma
3.1(1).

(ii) We have a* = b* = c. Since [ is disjoint from Q;, I* = {a*,b',¢* = 2!} is a
line of @;. By Lemma 3.1(i4), {V', z};, 2, = 2.} is also a line of Q;. So, a’ = 2, and
d(a’,b’) = 1. O

Lemma 3.3. Let ! be a line of S disjoint from Y and x,y € | with x # y.

(i) If IV = a? i in Qj, then (y y) = (2,27« 2 ) or (a %25, x) In particular,
I'=2a'zl, in @, IV = x]zwi in Q; and 7;;(I') = are equivalent.
(40) d(z',y7) <2 if and only if I' = x'2%; in Q;.

Proof. (i) If I/ = 2727, then y] e {~ Z,xﬂ * z” .}. Assume that ¢/ = 27 x z Slnce
T(alzl) = ald Z; =
also, " is a point in the line 2'2’;. Now, d(y',y’) = 2 implies that y* = z',.
If 4/ = zi, then applying the above argument to (x * y)? = a7 * zi
(xxy) =2, and so, y' = 2" * 2.
(¢6) If I' = 2'2!; in @, then 7;;(I') = I/ by (i) and it follows that d(z',y’) < 2.
Suppose that I' # 22%; in Q;. By (1), I/ # 272), in Q;. So 3/ = 2/, and d(z%, ) =

d(x*,2),) + d(z Z,yj)—1—|—2—3 0

= 2" % 2, and so y' ~ 2’ * z,; (Lemma 3.1(2)). Slnce y' ~

i, we get

Lemma 3.4. For every x € @, there exists a unique line | in () containing x such
that 7;(1") = . In particular, I' = {a', zL;, 2", }.

Proof. Since 7; is an isomorphism from () to ();, there exists a line [ of () containing
x such that I' = z'2';,. By Lemma 3.3(¢), 7;;(I') = /. The line [ in @ through
x such that 7;;(I') = I is unique because, for any other line [ of Q) containing z,
Tij (lZ) and 7 are two disjoint lines in (); containing zi . and 27, respectively. Now,
I'=a'zl, ={a",2';, 2"} (see Lemma 3.1(it)). O

Notation 3.5. For x € (), we denote by (, the unique line | in Q) containing x as in
Lemma 3.4 and we write Ty = {(, : © € Q}.

Corollary 3.6. Ty is a spread of Q.

Proof. This follows because, ¢, = ¢, for x € @ and y € (,, by Lemma 3.4. O



8 B. K. SAHOO AND N. S. N. SASTRY

Let | = {a,b,c} be a line of Q. First, let | € Ty. Set T" = I UV UI* and
Th, = I"Ur;(I") Ui (l"). The set T}, is a quad of Y of type (2,1) whose lines are the
rows and the columns of the matrix

a z, zfl

I _ i J k

(3.2) Tio=| 0 =z 2z
o2

ct ct

Since [ € T, Lemma 3.4 implies that 7" coincides with T},. So T" is a quad of Y~ of
type (2,1) whose lines are the rows and columns of one of the matrices

at bk at vk
(3.3) T'=|0b o & |;o0T'=|0b & d*
¢ voadk ¢ oal bk

Note that if b* ~ a’, then the line containing them is {a‘, ¢/, b*}.
Now, let | ¢ Ty. Then, 7;(I°) and I/ are disjoint lines in @Q;. The set T =
I'U7j(19) 7 (1F) form a (2,1)-GQ in Q;. In fact, we can write

a b ¢ 2. 2 2 A
(B4) Ti=1|2, 2, 2 |:Ti=|d V¥V & |;andTy= |2k 2f 2%
2 2 Xk 2 2 2 a* v

Each row as well as each column in T} (respectively, T;, T}) is a line of Q; (respectively,
Qj, Q). Further, the (m,n)-th entries from T, T]l and T} form a line of Y.
As a consequence of the above, we have

Corollary 3.7. Let [ be a line of Q. For distinct a,b € 1, d(a*,b’) < 2 ord(a’,b’) = 3
according as | € T or not.

4. Proof of Theorem 1.3(1)

A finite 2-group G is extraspecial if its Frattini subgroup ® (G), the commutator
subgroup G’ and the center Z (G) coincide and have order 2. An extraspecial 2-group
is of exponent 4 and of order 2'*2™ for some integer m > 1 and the maximum of the
orders of its abelian subgroups is 2™ (see [9], section 20, p.78,79). An extraspecial
2-group G of order 22" is a central product of either m copies of the dihedral group
Dy of order 8 or m —1 copies of Dg with a copy of the quaternion group (Jg of order 8.
In the first case, G possesses a maximal elementary abelian subgroup of order 2'+™
and we write G = 2?2’”. If the later holds, then all maximal abelian subgroups of GG
are of type 2! x 4 and we write G = 212",

Let S = (P, L) be a slim dense near hexagon having big quads of type (2,4) and
(R,%) be a non-abelian representation of S. For z,y € P with d(x,y) <2, [r,,r,] =
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1:if d(z,y) = 2, we apply ([20], Theorem 1.5(i), p.55) to the restriction of ¢ to the
quad Q(z,y). From ([20], Theorem 2.9, p.58, see [20], Example 2.2, p.56) and ([21],
Theorem 1.6), we have

Proposition 4.1. The following hold:

(i) For x,y € P, [ry,r,] # 1 if and only if d(x,y) = 3. In that case, (ry, 1) is a
dihedral group of order 8.
(i7) |R'| =2 and R' = ®(R) C Z(R).
(1ii) v & Z(R) for each x € P, and 1 is faithful.
(iv) R is of order 2°, where 1 +n(S) < B < 1+ dimV (S).
(v) If 6 =1+ n(9), then R is an extraspecial 2-group. In that case, R = 2?"(5)
except for the near hexagon Qg (2) ® Qg (2), in which case R = 9! n(s),

We repeatedly use Proposition 4.1(7), mostly without mention.

Let @1 and )5 be two disjoint big quads of S and Y be the subspace of S generated
by them. Then, ¥ ~ Qg (2) x Ly and Y = Q1 U Q2 U @3, where Q3 = Q1 * Q2 (see
Lemma 1.2(i7)). Let (R,%) be a non-abelian representation of S. Set M = (¢(Y))
and N = Cp(M). Then M =~ 21! (Theorem 4.1(v)) and R is a central product of
M and N, written as R = M o N. In the following, we use the notation of Section 3.

Lemma 4.2 ([21], Proposition 5.3). For each x € P\'Y, r, has a unique decompo-
sition as Ty = 1.1 1.2 Ny, where n, is an involution in N\ Z(R).

Lemma 4.3 ([21], Corollary 5.5). Let Q be a big quad of S disjoint from Y and
I(N) be the set of involutions in N. Let 6 be the map from Q to I3(N) defined by
d(z) =ng,x € Q. Then:
(1) d is one-one.
(17) Forz,y € Q, [0(x),d(y)] =1 if and only if x =y orxz ~y.
(1ii) There ezists a spread T in Q such that for x,y € Q with x ~ y,

[ 6@y fayeT
o y)‘{(S(x)a(y)e Jayd T

where R = {1,0} (see Proposition 4.1(ii)).

The proof of the above two lemmas is mainly based on the fact that big quads of
S are of type (2,4).

Proposition 4.4. Let S = (P, L) be a slim dense near hexagon having big quads of
type (2,4). Suppose that the Fischer space on big quads of S contains a subspace H
isomorphic to the dual affine plane of order 2. Then, every representation of S is
abelian.

Proof. Let H = {Qh Q27 Q37 Q7 T17 T2} with lines {Qh Q27 Q3}7 {Qb Q7 T1}7 {Th T27 Q?)}
and {Q, T, Q2}. Then, Y = Q1 U QU Q3 is isomorphic to Qg (2) x Ly and @ is a big
quad of S disjoint from Y.
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Suppose that (R,) is a non-abelian representation of S and let M and N be as
above. Let [ = {a,b,c} be a line of S meeting T} at a, Ty at b and Q3 at c. We show
that n, = np,ne = na, and ny = ny,. Since ag # by, Na, = Ny, would contradict
Lemma 4.3(7), thus completing the proof.

For m € {1,2}, [ is disjoint from @, so I"™ = {a™,b™", ™ = 2} is a line of Q.
By Lemma 3.2(i7), (a',b') = (2, 2L) and (a?,0?) = (2}, 2%). Sor, = SRR
rprpzn, by Lemma 4.2, Similarly, r, = raren,. Now, rory = (rpry)(reirez )ngn, =
(ryima1 ) (rp2ra2)ngny = rarengn,. The second equality holds since d(a',b?) = 1 by
Lemma 3.2(4i). Since ¢! = 2! ¢ = 2% and {c, 2}, 22} is a line of Y, we get r,r, =
rengny. But r,ry, = r. by the definition of a representation. So n, = ny,.

Now, consider the line I, = {a,aq,a" = ap} meeting Ty at a, Q at ag and @ at

1 2

_ 1 _ - RN 2 _ .2 92 _ .2
a' = ag. We have 7474, = r41. Since [, is disjoint from Qq, I7 = {a®, ad), 25 = Zab}

is a line of Q2. Now, 7,7, = 7.1 7.2 7.1, 7.2 NaNa,. By Lemma 3.2(i), d(a',a)) = 2
a a a a
2 “q
and so, [r,2 ;7,1 | = 1. Since a' = ag, we get rora, = 7.1 7,1 Nalg,. Since the
a a a a
Q 2
line 2 is disjoint from Q, its projection on @ is the line {a' = ab,z;%zi%}. So
TaTag = TalMaNag- ThUs, Ny = N, . Similarly, considering the line I, = {b, bg, b? =

bé} disjoint from @)y, the above argument yields that n, = ny,. This completes the
proof. O

Proof of Theorem 1.3(i). Let S = (P, L) be either E3 or G3. Let Ag be the graph
on big quads of S, two distinct big quads being adjacent when they have non-empty
intersection. If S = Ggs, then Ag, is the 3-coclique extension of the (2,2)-GQ, and if
S = Es, then Ag, is locally the collinearity graph of the (2,4)-GQ (see [4], p.361). In
either case, it follows that for two adjacent vertices Vi and V5 of Ag, there exists a
vertex V of Ag which is not adjacent to both V; and V5. Consider the Fischer space
F on big quads of S. Since V; and V5 are not collinear in F, the subspace H of F
generated by the two intersecting lines {V, V1, V* Vi } and {V, V3, V x V3 } is isomorphic
to the dual affine plane of order 2. So, by Proposition 4.4, every representation of S is
abelian. Since S is a subspace of DHg(2?) (see [4], p.353), Proposition 4.1(i) implies
that every representation of DHg(2?) is abelian. O

5. Proof of Theorem 1.3(ii)

In this section, we construct non-abelian representations for each of the near
hexagons in Theorem 1.3(i7).

5.1. Qg (2) x L3, Wy(2) x Lz and Q5 (2) x L3. Let R =2 k€ {4,6}, R' = {1,060}
and V = R/R'. We consider V as a vector space over Fy. The map f:V xV —
F, taking (xR',yR’) to 0 or 1 according as [z,y] = 1 or not, is a non-degenerate
symplectic bilinear form on V. Write V' as an orthogonal direct sum of £ hyperbolic
planes K; (1 <i < k) in V and let H; be the inverse image of K; in R. Then, H; is
generated by two elements z; and x; such that [x;, x| =60. Let M = (z;: 1 <i < k)
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and M' = (x} : 1 < i < k). Then, M and M" are elementary abelian 2-subgroups
of R of order 2% each. Further, M, M' and Z(R) pairwise intersect trivially and
R=MM'Z(R).

Let FF = (Q,B) be a (2,t)-GQ in M with M = (Q). Then, (k,t) = (4,1),(4,2) or
(6,4). (If (k,t) = (4,2), then F'is of symplectic type.) For each m € @, the subgroup
H,=(2€Q:z€mt) of Mis of index 2 in M ([17], 4.2.4, p.68). The centralizer
of H,, in M is a subgroup (k! ) of M?! of order 2. Then, M? = (mxl :m € Q) is an
elementary abelian 2-subgroup of R of order 2* intersecting each of M, M! and Z(R)
trivially. We set

Q' ={r, e M :meQ},
Q* = {mkl € M?:m € Q},
Bl = {{ra: iy, e} {a, b, c} € BY,
= {{arl, br},ckl} : {a,b,c} € B}.
Then, F! = (Q', B') and F? = (Q?, B?) are (2,1)-GQs in M! and M?, respectively.
Now, take

Q=QuUQ'UE?,

B=BUB'UB*U{{m,mk} x.}:meQ}.
Then, S = (Q, B) is a partial linear space, isomorphic to QF (2) x L if (k,t) = (4,1);
Wy (2) x Ly if (k,t) = (4,2); and Qg (2) x Ly if (k,t) = (6,4). Note that F, F' and F?
are the only big quads in the last two cases. Thus we get non-abelian representation
for Qg (2) x L3, Wy4(2) x Lz and Q5 (2) x Ls.

5.2. H3 and DW;(2). Let R =21 Let F and F! be the symplectic (2,2)-GQs for
(k,t) = (4,2) as in Subsection 5.1. The map o : Q — Q' defined by m — . m € Q,
is an isomorphism from F to F''. We set

Q={mn' :mecQ,n' €@ [mn']=1}

We define collinearity in Q. For distinct myn},mond € Q with my,my € Q and
ni,ny € Q', we say that min] ~ mgnd if and only if [my,n}] = [mg,nl] =1 and
(mymsy)(ning) € Q. The second condition implies that m; # my and n{ # n}. The
line containing mynj and manj is {mini, mani, (myms)(nini)}. Let B be the set of

all such lines in Q. Set
Q=QUQR'UQ, and B=BUB,

where B! = {{m,mn',n'} : mn' € Q}. Using the constructions of Hz and DW(2)
in Proposition 2.1, we now show that F = (Q,B) ~ H3 and F = (Q,B) ~ DW;(2),
thus giving non-abelian representation for Hz and DWg(2).

Let S = (P,L), S' = (P, L"), S = (P,L£), S = (P,L) and the map 7 be as in
Proposition 2.1. Let o : P — @ be an isomorphism from S to F and 3 : P! — Q!
be the isomorphism from F! to Q' such that the following diagram commute:
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p = p
a | 1B
Q — Q.

Thus, B(u') = car'(u!), u' € P'. We show that, if x € P and u' € P!, then
(z,u') € P if and only if a(x)B(u') € Q. First, assume that (z,u') € P and
u € P be such that 7(u) = u'. Since (z,u') € P, z € vt and a(x) € alu)*.
This implies that [a(z),o(a(u))] = 1, since fi}l(u) = o(a(u)). But [a(z),o(a(u))] =
[a(z),car ™ (u)] = [a(z), B(u')]. So a(x)B(u') € Q. Reversing the argument we
conclude that (z,u') € P when a(z)g(u') € Q.

Let the map p : P — Q be equal to a on P, 8 on P! and p((z,u')) = a(z)5(u')
for (z,u') € P. Then, p induces a bijection from £ to B and from £' to B'. For the
injectivity on £, we use the fact that if {u,v, w} is either a line or a complete triad
in Q or Q', then wvw = 1 ([21], Proposition 3.5). So S ~ F. Further, the restriction
of p to P is an isomorphism from § to F.

[If min} and mand are distinct points of Q with my, my € Q and nl,ni € Q, then
the following hold:

(1) d(mni, mend) = 1 if and only if my # may,ni # ni and [my, nl] = [ma, nj] =
1.
(2) d(myni, mend) = 2 if and only if one of the following occur:

(1) my = mg,ny # ny;

(i1) my # ma,n} = nd;
(i11) my # ma,ni # nd and [my, nd] = [ma, ni] # 1.
(3) d(mqini, mond) = 3 if and only if m; # mg,ni # ni and one of the following

occur:
(i) [my,nd] =1 and [my, ni| # 1;
(i1) [my,nd] # 1 and [mg,ni] = 1]

5.3. Q5 (2) ® Qg (2). Let S = (P, L) be the near hexagon Qg (2) ® Qg (2). We refer
to ([4], p.363) for the description of the Fischer space on the set of the 18 big quads
of S. This set partitions into two families F; and F> of size 9 each such that each F;
defines a partition of the point set P of S. Let U;, ©+ = 1, 2, be the partial linear space
whose points are the big quads of F;; every pair of distinct points of U; are collinear.
Further, if @); and @)y are two distinct points of U;, then the line containing them is
{Q1,Q2,Qs}, where Q3 = Q1 * Q2 (Lemma 1.2(i7)). Then, U; is an affine plane of
order 3.

Consider the affine plane U;. Fix an affine line {Q,Q2, @3} in U;. Then, YV =
Q1UQ2UQs3 is isomorphic to Qg (2) x Ls. Fix an affine point Q) in U, such that QNY
is empty. Taking {i,j, k} = {1, 2,3}, we make use of the notation and the results of
Section 3 in the rest of this section.

Let [ = {a,b,c} be a line of S not contained in Y. If [ meets Y at some point c,
say, and is disjoint from (), then exactly one of the lines aag and bbg meet Y. If



ON THE EXISTENCE OF NON-ABELIAN REPRESENTATIONS 13

meets () at some point and is disjoint from Y, then [ corresponds to the affine line
of U containing @) and parallel to {Q1, @2, Qs}. Further, if x € [\ (INQ), then the
line zz® is disjoint from Q. Now, let [ be disjoint from both Y and Q. Then [ is
contained in a point of U; different from @ and Q;, i € {1,2,3}; or it corresponds
to the affine line of U; not containing @) and parallel to {@Q1,Q2,@3}. So, the lines
aagq,bbg and ccq either meet Y or all have empty intersection with Y. In the first
case, if xxg NY = {zy} for x € l and ly = {zy : = € [}, then Iy is a line of Q); for
some i € {1,2,3}; or |ly NQ;| =1 for each ¢ € {1,2,3} (Iy need not be a line in this
case).

Lemma 5.1. Let | = {a,b,c} be a line of S disjoint from Y U Q such that the line
xxg meets Y at xy for each x € 1. Let m,n € {1,2,3}, m # n.

(1) Ifl is contained in a point of Uy, then d(a™,b™) < 2 ord(a™,b™) = 3 according
as lg € Ty or not.
(ii) If 1 corresponds to the affine line of Uy mot containing @@ and parallel to

{Q1,Q2,Q3}, then lg ¢ Ty and d(a™,b") =3

Proof. (i) Let ly = {ay,by,cy}. Then, ly is a line of Q;,Q); or Qy, say @Q;. (If
K is the affine point of U; containing [, then Q); = K x (Q.) Let x € [. Then
1t =1 =1y € Qi’ so [! = Iy, The line I, = {z,zq,ry} is disjoint from Q; and
Qi So I} ={a!, 23, 2], = Zib} and I = {z¥, 2,25 = Z];?é} are lines of Q; and Qy
respectively.

If g € Ty, then lg = {xé,zia,zi,é} by Lemma 3.4. Since |lé2 NI > 2, we get

I, = 15. Thus 27 € I, for each z € | and so, I/ = I, Similarly, I* = I}. Now,
Corollary 3.7 completes the proof of (¢) in this case.

If lg ¢ Tg, then consider (3.4) for the line lg and the lines 17 and I¥ above. Then,
17 and [* are the lines corresponding to the z-column in T ;Q and T, ,iQ, respectively. So
z § = 27 and z’;é = z* and (i) in this case follows from Corollary 3.7.

(1) Here ly meets each of Q;,Q; and Q. We may assume that ay € @y, by € Q;
and ¢y € Q. Then a' = ap = ay, V¥ = b, = by and ® = cfy = cy. Suppose
that lo € To. Since le(lQ) = I, (Lemma 3.4), we may assume that bf) ~ af, (see
(3.3 )). Then, 2, = c7 The line I, = {a,aq,ay = ag} is disjoint from @Q;. So
I = {aJ,aQ,zab = Q} is a line in @;. But lé = {a]é, b = b’é,c’é} is a line in @;, and
so @/ = b, a contradiction to the fact that {a’,b’, ¢’} is a line in Q;. So lg ¢ Tp.

Since a' = ag, b = b’ ,c" = ¢y, (3.4) applied to the line g together with Corollary
3.7 implies (7). O

Lemma 5.2. Let x be a point in P\ (Y UQ) such that the line vxq is disjoint from Y.

Let Q,;Q = {zg,as,b.} € Tg and xxg = {x,2q,y}. Then {(z', 2% 2%), (y*,v* v*)} =
{(al,a2,a3), (bL,02,b3)}.

T x) )T T
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Proof. Let | = zxq. If 2' € (; , then (; = I'. By definition of (,, and Lemma 3.4,
7ij(Chy) = (- So 2 e (J,- Since 27 ~ ), and 27 ~ x, in the line (1, it follows
that 2/ € ¢/ . So I' = a’z.;. Then, 7;(I') = I/ (Lemma 3.3(i)). So I’ = (J and the
result follows (see (3.3 )). Thus, it is enough we show that 2’ € (.

Suppose that 2’ ¢ (7 . Let I = {x,2',w} be the line 2z’ of S. Then, [ is disjoint
from Q. Consider the line lg = {zq, (z7)g, wg} of Q. Since (2)q ¢ (uy, lo # Cug
and (z, Nlg = {7g}. The line wwq meets either Q; or Qy, say Q. Since [ is disjoint
from both Q; and Qy, 7= {29, 2w} and I = {a¥, 28, wh = wg} are lines of Q;
and Qy, respectively. Applying Lemma 3.2(i7) to I, we get w’ ~ 2% and w* ~ 27.

Now, d(z*, z¢g) = d(a*, 2)+d(z,xq) = 2 and d(z*, wg) = d(z*, w*)+d(w*, wg) = 2.
So, d(z*, (2')g) = 1. Again, d(27,2¢9) = d(2?,z) + d(z,29) = 2 and d(a?,wg) =
d(x?, wF) + d(w*, wg) = 2 (since w* ~ 27). So, d(27, (z%)g) = 1. Let ¢ = (z%)g. Then,
¢ =27 and & = z*. Now, ZZ = fwgy = Fwh = F2F = 28 Applying Lemma
3.3(i) to lg, we get Tkj(Zg) = Z]é. So lg € Ty (see Lemma 3.4). But (,, € Ty and
Ceo Nl = {xq}. This leads to a contradiction to the fact that Ty is a spread of Q
(Corollary 3.6). So 2’ € ;. O

In view of Lemma 4.3, we prove the following.

Lemma 5.3. Let N = 2% with N' = {1,0} and let I,(N) be the set of involutions
in N. There exists a map 0 from Q to Io(N) satisfying the following:
(1) § is one-one.
(17) Forx,y € Q, [0(x),d(y)] =1 if and only if either v =y or x ~y.
(1i1) If x,y € Q and x ~ y, then
6(x)dly)  ifay €Tq
oz *xy)= . .
oy { 8(@)()0  if vy & To
Proof. We use the following model for @ ([17], 6.1.1, p.122): Let Q = {1,2,3,4,5,6}
and ' = {1/,2/,3/,4'5',6'}. A factor of Q is a set of three pair-wise disjoint 2-subsets
of Q. Let £ be the set of all 2-subsets of €2 and F be the set of all factors of {2. Then,
the point set of @ is EUQ U and the line set is FU{{7,{7,j},j'} : 1 <i#j <6}
We may assume that the spread Tf; of ) consists of the following lines:

Iy = {{172}7 {374}7 {576}}7 ly = {{174}7 174,}; l3 = {{276}7 276/};
ly = {{176}7 {274}7 {37 5}}7 l5 = {{175}7 1/75}; l6 = {{273}7 2,73};
lz = {{173}a {27 5}’ {476}}; lg = {{376}a 3,76}§ lg = {{47 5}a47 5/}'

We write N as a central product N = (x1, y;)0(xs, y2)oQs, where z;, y; are involutions,
(x;,y;) is isomorphic to the dihedral group Dg of order 8, and Qg is the quaternion
group of order 8. Let Qg = {1,6,1, 7, k,i3, 53, k3}, where i* = j2 = k? = 0,1j = k and
ji = k* = kf. We define 0 : Q — I,(N) as follows:

0(l) = {z1, 72, 172 };
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d(le) = {x1y1y01, X2y2, T12211 kO };
6(l3) = {z19110, T122y2k, 22311250}
6(l4) {1, vava, v}
d(l5) = {x12oun1, T2y2kl, 21y1Y25 };
0(ls) = {@ay1y218, T122Y270, T111k};
5( ) {x1x2y1y28,x2y19,x1y29};
5( ) = {@1229210, 219156, 2212k };
lg) = {@ayot, T122Y1 ], T191Y2k0}.

Here, if [; = {a,b,c}, then 6(I;) = {d(a),d(b),d(c)} preserving the order. It can be
verified that ¢ satisfies the conditions (i), (i7) and (éi7) of the lemma. O

Consider the map § : Q — I5(N) in Lemma 5.3. We now extend § to P\ Y.
Forz € P\ (Y UQ), let (z, = {2q, aa, b} € Tg. If the line xzq intersects Y, then
we define 6(z) = d(zg). If zzg is disjoint from Y, let (bl,02,b3) = (z!, 2% 23) (see

Lemma 5.2). In that case, we define §(x) = 0(a,). That is; for x € P\ (Y UQ),

5(x) = d(zg) if zzg intersects YV
- | 0(a.) ifzzgNY is empty and (2!, 2% 2%) = (b1, 02, 63)

)T T

We now construct a non-abelian representation of S. Let R = 28 with R’ =
{1,0}. We write R as a central product R = M o N, where M = 21'% and N*6.
Let (M, A) be a non-abelian representation of Y (see Subsection 5.1). Define a map
6 : P — R as follows:

B(z) = A(z) ifreY

UMD () ifre P\Y

For z € P\ 'Y, Lemma 3.1(z) implies that d(z2,,z},) = 2. So [A(z22), A(22,)] = 1 and
B(z) is an involution.

Proposition 5.4. (R, 3) is a non-abelian representation of S.

Proof. Only condition (i7) of Definition 1.1 needs to be verified. Let | = {u,v,w}
be a line of S. We assume that [ is not contained in Y and that [NY = {w} if [
intersects Y. We show that f(u)5(v) = f(w). We have

(5.5) Bu)B(v) = Mzi2) Az )A(22) A (22)6 (u) o (v)r,

where r’ = [A(z2), A(z)] € R’

Case (I) Let I intersects Y at w. Then Lemma 3.2 yields that ' = 1. If w € Qy,
then u' = v' = w and S(u)B(v) = Mzl2)A(2l2)d(w)d(v) = Mw)d(uw)d(v). The last
equality holds because {z),, zl,, w} is a line of Q. Similarly, 8(u)3(v) = Mw)d(uw)d(v)
if w e Qy. If w € Qs, then {zig,zll)g,zzlu} and {22,,2%,22} are lines of @1 and Qs
respectively. So, B(u)B(v) = A(z2)A(22)(u)d(v) = Mw)d(u)d(v). The last equality
holds because {z.,22 w} is a line of Y. Since B(w) = Aw), we get B(u)B(v) =

B(w)d(u)d(v). Thus, we need to prove that é(u) = d(v).
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If [ intersects @, say [N Q = {v}, then ug = v and so, 6(u) = d(v). Let [N Q be
empty. Exactly one of the lines uug and vvg, say uug, meets Y. So 0(u) = d(ug).
Let Iy, = {vg, ay,b,}. By Lemma 5.2, we assume that (v',v? v*) = (b}, b2,b3). Then

§(v) = d(ay). Since w € {vt,v? v}, it follows that b, ~ w. So wg = b, and ug = a,.
Thus, 0(u) = 0(ug) = 0(a,) = d(v).

Case (II) Let [ be disjoint from Y. Since {zl5, zL,, 21, } and {22,, 2%, 22, } are lines
of Q1 and @, respectively, we get 5(u)B(v) = A(zL2)A(22,)0(u)d(v)r’. To complete

the proof, we need to show that either ' = 1 and 6(u)d(v) = §(w) or ' = 6 and
d(u)d(v) = §(w)f. This holds by Corollary 3.7 and Lemma 5.3(iii) if | C Q.

Assume that [ intersects @) at a point, say w. Let ¢, = {w,a,b} € Tp. Applying
Lemma 5.2, we get ¢/ = in Q; and {d(u),d(v)} = {6(a),d(b)}. This, together with
Cw € Tg, yields that 6(u)d(v) = 6(w) (Lemma 5.3(i¢7)) and " = 1 (Corollary 3.7).

Now, assume that [ N Q is empty. If the lines uug, vvg and wwg meet Y, then
Lemmas 5.1 and 5.3(i77) complete the proof. So, we may assume that none of uug, vvg
and wwg meet Y. First, let g € Ty, Then lg = Cuy, = (o = Cuo- Applying Lemma
5.2 to the lines zzg, « € [, it follows that l]é = Y in Q; and (0(u),d(v),d(w)) =
(0(wq), 6(ug),d(vg)) or (6(vg),d(wg),6(ug)). This implies that 6(u)d(v) = d(w)
(Lemma 5.3(ii7)) and " = 1 (Corollary 3.7).

Now, let lg ¢ Tg. For x € I, let (4, = {2q, s, b }. We may assume, by Lemma
5.2, that (z',22,2%) = (al,a?,a) . So, §(x) = §(b,). For distinct x,y € I, a’, =

x) x)

o~y = a; in Q;. Thus, I, = {au,ay a,} and I, = {b,,b,,b,} are lines of Q.

Since I, ¢ T, d(uw)d(v) = 0(by)0(by) = I(by) = d(w)0. Again, I, ¢ T implies that
d(u',v*) = d(al,a?) = 3 (Corollary 3.7) and so, r’ = 6. This completes the proof. [

u) v
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