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SUPER CRITICAL AGE DEPENDENT BRANCHING MARKOV
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ABSTRACT. This paper studies the long time behaviour of the empirical distri-
bution of age and normalised position of an age dependent critical branching

Markov process conditioned on non-extinction;

1. INTRODUCTION

Consider an age dependent branching Markov process where i) each particle lives
for a random length of time and during its lifetime moves according to a Markov
process and ii) upon its death it gives rise to a random number of offspring. We
assume that the system is super-critical, i.e. the mean of the offspring distribution
is strictly greater than one.

We study two aspects of such a system. First, at time ¢, conditioned on non-
extinction (as such systems die out w.p. 1) we consider a randomly chosen indi-
vidual from the population. We show that asymptotically (as ¢ — o0), the joint
distribution of the position (appropriately scaled) and age (unscaled) of the ran-
domly chosen individual decouples (See Theorem 2.1). Second, it is shown that
conditioned on non-extinction at time ¢, the empirical distribution of the age and
the normalised position of the population converges as ¢ — oo in law to (See The-
orem 2.2).

The rest of the paper is organised as follows. In Section 2.1 we define the
branching Markov process precisely and in Section 2.2 we state the main theorems
of this paper and make some remarks on various possible generalisations of our
results.

In Section 4 we prove four propositions on age-dependent Branching processes
which are used in proving Theorem 2.1 (See Section 5). In Section 4 we also show
that the joint distribution of ancestoral times for a sample of £ > 1 individuals
chosen at random from the population at time ¢ converges as t — co (See Theorem
4.4). This result is of independent interest and is a key tool that is needed in
proving Theorem 2.2 (See Section 6).

2. STATEMENT OF RESULTS
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2.1. The Model.

Each particle in our system will have two parameters, age in Ry and location in
R. We begin with the description of the particle system.

(i) Lifetime Distribution G(-): Let G(-) be a cumulative distribution func-
tion on [0,00), with G(0) = 0. Let p = [, sdG(s) < oo.

(ii) Offspring Distribution p : Let p = {px}r>0 be a probability distribu-
tion such that py = 0, m = > po  kpr > 1 and that o = Y ;7 k?*p —
1 < oco. Let a be the Malthusian parameter defined by the equation
m [, e **dG(z) = 1.

(iii) Motion Process 7(-): Let n(-) be a R valued Markov process starting at
0.

Branching Markov Process (G,p,n): Suppose we are given a realisation
of an age-dependent branching process with offspring distribution p and lifetime
distribution G (See Chapter IV of [5] for a detailed description). We construct a
branching Markov process by allowing each individual to execute an independent
copy of i during its lifetime 7 starting from where its parent died.

Let N; be the number of particles alive at time ¢ and

(2.1) Ci={(al, X}):i=1,2,...,N;}

denote the age and position configuration of all the individuals alive at time ¢. Since
m =1 and G(0) = 0, there is no explosion in finite time (i.e. P(N: < 00) = 1) and
consequently C; is well defined for each 0 < ¢ < co (See [5]).

Let B(R4) (and B(R)) be the Borel o-algebra on R4 (and R). Let M (R4 xR) be
the space of finite Borel measures on R x R equipped with the weak topology. Let
MRy xR):={ve MRy xR):v=>"642:(),n € Na; € Ry,z; € R}
For any set A € B(R;) and B € B(R), let Y;(A x B) be the number of particles
at time ¢ whose age is in A and position is in B. As pointed out earlier, m < oo,
G(0) = 0 implies that Y; € M,(Ry x R) for all ¢ > 0 if Y; does so. Fix a function
RS C;’ (R4 x R), (the set of all bounded, continuous and positive functions from
Ry x R to R;), and define

N; , '
(22) (Y, ) = / bavi =S dlai, X)),
=1

Since 7(-) is a Markov process, it can be seen that {Y; : ¢ > 0} is a Markov
process and we shall call Y = {Y; : t > 0} the (G, p,n)- branching Markov process.

Note that C; determines Y; and conversely. The Laplace functional of Y3, is given
by

(2.3) Lig(a, ) = Eggle™ Y] = Ele™ Y | Yy = 6,4].
From the independence intrinsic in {Y; : ¢ > 0}, we have:

(2.4) Eptule” @] = (B, [e” @) (B, le™ ),
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for any v; € Mu(Ry x R) where E,, [e~(*Y0)] := E[e= (Y | Yy = 1] for i = 1,2.
This is usually referred to as the branching property of Y and can be used to
define the process Y as the unique measure valued Markov process with state space
M, (Ry x R) satisfying Lits¢(a,z) = Li(Ls(4))(a,x) for all t,s > 0.

2.2. The Results.

In this section we describe the main results of the paper. Let A; be the event
{N; > 0}, where Ny is the number of particles alive at time t. Aspg =0, P(A4;) =1
for all 0 < t < oo provided P(Ng =0) =0.

Theorem 2.1. (Limiting behaviour of a randomly chosen particle)
Let (at, Xt) be the age and position of a randomly chosen particle from those alive
at time t. Assume that n(-) is such that for all 0 <t < oo

(2.5) E((1)) = 0.0(t) = B (1)) < 00, sup v(s) < o,

and Y = /OOOU(S)G(dS) < 0.

Then, (at, %) converges as t — oo, to (U, V) in distribution, where U and V are
independent with U a strictly positive absolutely continuous random variable with
density proportional to (1 — G(-)) and V is normally distributed with mean 0 and
variance L.

Next consider the scaled empirical measure Y; € M, (R, x R) given by Y;(A x
B) =Y (A xVtB), A€ B(R,),B € B(R).

Theorem 2.2. (Empirical Measure)

Assume (2.5). Then the scaled empirical measures Y; converges in distribution to
a deterministic measure v such that v(A x B) = P(U € A,V € B) for A € B(R})
and B € B(R).

2.3. Remarks.

(a) If 5(-) is not Markov then C; = {al, X}, s = {mei(u) : 0 < u < al} : i =
1,2..., N} is a Markov process where {7} ;(u) : 0 < u < a}} is the history of n(-)
of the individual ¢ during its lifetime. Theorem 2.1 and Theorem 2.2 extends to
this case.

(b) Most of the above results also carry over to the case when the motion process
is R? valued (d > 1) or is Polish space valued and where the offspring distribution

is age-dependent.

(¢) Theorem 2.1 and Theorem2.2 can also be extended to the case when 1(L1),
with L, 4 @, is in the domain of attraction of a stable law of index 0 < o < 2.



4 KRISHNA B. ATHREYA, SIVA R. ATHREYA, AND SRIKANTH K. IYER

3. RESULTS FROM RENEWAL THEORY

Let {X; : ¢ > 1} be an i.i.d. sequence of positive random varibles with cum-
mulative distribution function G. Let Sy = 0,.5,, = Z?Zl X;,n>1.Fort >0 let
Z(t) =k if Sy <t < Spy1,k > 0. Further let P, =t — Sz and Ry = Szy41 — t.
Let p = [° 2dG(x).

Lemma 3.1. Let P, Z(t), Ry and p be as above. Then:
(i) Z8 1

t I
(ii) Let 0 € R and g(0) = [;° €’ (1 — G(t))dt < 0o and p < co. Then

(3.1) lim E(e’f*) = lim E(e/®) = @

t—o00 t—o0 M ’

and for any 0 <1 < o0
1 o0
(32)  lim E@" . P >1) = Jim E@® R, > 1) = ;/ (1 — G(t))dt
— 00 — 00 1
and hence

(3.3) lim lim E(f: R, > 1) =0.

l—o0 t—00
Proof : For t >0, Szy <t < Sz)41- So,

Sz(t) < b - Szy+1- Z(t) +1
Z(t) — Z(t) ~ Z(t)+1  Z(t)

Now Z(t) — oo a.e. as t — oo and by the strong law of large numbers i—" — L.
Consequently (i) follows.

Fort >0, 0 € R let f(t,0) = E(eT) and g(t,0) = E(e?%). It is easy to see
that,

f(6) = "U-G)+ [ f0.t- w6
0

g(t,0) = hO.6)(1— () + / 90t — w)dG(u),

0
where h(6,t) = B(e?X~9|X > t) with X La. By the Key renewal theorem,
Jo7 e (1 — G(t))dt
‘LL )

IS 9(0.t)(1 — G(t))dt

w
JoT B0 X > t)dt

w
E(fOX e"du [T e"P(X > u)du
B [ B [
Jo7 (1 — G(u))du

I

f0,1) —

9(6,1)
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This proves (3.1). Consequently P; 4, P, R; 4, R. and R, 4 P.. So
1 o0
E(R; Ry > 1) — E(f~; Ry, > 1) = —/ (1 — G(t))dt,
HwJi

which proves (3.2) and as [;~ e’ (1 — G(t))dt < oo (3.3) follows easily from (3.2).
U

Lemma 3.2. Let {X;};>1 be i.i.d. positive random variables with cummulative
distribution function G and G(0) = 0. Let 0 < o < oo be the Malthusian parameter
given by mfooo e~ *dG(x) = 1. Let {)N(i}izl be 1.1.d. positive random variables with
cummulative distribution function G(x) = m [y e=*YdG(y). Then

(i) for any k > 1, and bounded Borel measurable function ¢ : R¥ — R,

(3.4) E(¢(X1,Xa,...,Xp) = E(e™**mFo(X1, X, ..., X}))

where Sy = Zle Xi-
(ii) for anyt >0, k > 0, ¢ € R and Borel measurable function h,zx

k
E(e*freSmmbtin(z %Z —c| >€))
_ 5 1 k ~:
(3.5) = BE(*MI(Z(t) =k, % ; h(Xi) — ¢ > ¢€)),
and
(3.6) lim lim E(e?R : R, > 1) =0.

l—oo t—o00

Proof: From the definition of G, for any Borel sets B;, i =1,2,...,k
P(X; € Byi=1,2,...,k) = Hm/ e %dG(z)

= E(e **m*I(X; € By)).

So (3.4) follows and (3.5) follows from it. Now,

/Om (1 - G(z))de = m/ooo e (/oo e_o‘de(y)> dx
—m / h ( / ! e‘“da:) e=VAG(y)

- m / —Lemavgg(y)

= a(l—E)<oo

So (3.6) follows as in Lemma 3.1
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4. RESULTS ON BRANCHING PROCESSES

Let {N; : t > 0} be an age-dependent branching process with offspring distri-
bution {pi}r>0 and lifetime distribution G (see [5] for detailed discussion). Let
{Ck} k>0 be the embedded discrete time Galton-Watson branching process with ¢y
being the size of the kth generation, k > 0. Let A; be the event {N; > 0}. On this
event, choose an individual uniformly from those alive at time t. Let M; be the

generation number and a; be the age of this individual.

Proposition 4.1. (Law of large numbers) Let € > 0 be given. For the randomly
chosen indiwidual at time t, let {Ly; 1 1 < i< M}, be the lifetimes of its ancestors.
Let b : [0,00) — R be Borel measurable such that m [ |h(z)le”**dG(z) < oo.
Then, as t —

My
1
P(l— L) — .
(lMt;h( 1) — ¢ >€) =0

where ¢ =m [ h(z)e **dG ().

Proof : Let {Cx}r>0 be the embedded Galton-Watson process. For each ¢t > 0
and k > 1 let (x; denote the number of lines of descent in the k-th generation alive
at time ¢ (i.e. the successive life times {L;};>1 of the individuals in that line of
descent satisfying Zle L, <t< Zfill L;). Denote the lines of descent of these
individuals by {Crj : 1 < j < (pe}. Call (pyj bad if

k
(11) 1 haasi) = B> e,

where {thji}izl are the successive lifetimes in the line of descent (i; starting
from the ancestor. Let (it denote the cardinality of the set {Cxy; : 1 < j <
Ckt and Cgej is bad}. Then

Z;io Cjt,b)
N

Dje0 Gith
N ’

1 &
P(|M Zh(L“) —c| >¢€) = E(

2520 Gt

= B(EERILN, < ety + B Ny = ect)
t

1 o0
(4.2) < PNe< )+ g B Gua)
=0

where 7 > 0. Using X; replaced with L; in Section 3, notation therein, and Lemma
3.2 and (3.5) we have
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< 1 1 ! ;1Y
pDE R R S WO MR RS D ISR R
7=0 n n 7=0 i=1 i=1 J =1
1 & 4 >
= =) E(e™m/I(S; <t < Sj11), Y] > e)
e
I « j y
- D E(erem S THI(S; <t < Si1a), [Vi] > €)
=0
1 > aR, ~ R
= — > E(e™I(Z(t) = j,|Y;| > )
nm =

]_ 5 =~
= — B (Y| >
m (e (1 Z(t)| €))

eal Y, 1 aR:. P

By the strong law of large numbers, DZ/Z(t) | £% 0 and consequently lim sup,_, P(D:/Z(t) | >
€) = 0. This and (3.6) along with (4.2) imply that

M,
1
lim sup P(|ﬁ Zh(Ln‘) —c|>e)
tim1

t—o0

t—o0

al
. at € :~ 1 aRt, D
< hmsup (P(Nt <e 77) + n_mp(|YZ(t)| > 6) + n—mE(e s Ry > l))

= limsup P(e”**N; < n)

t—o0
Since 02 < 0o, e"*N; % W with 11?()1P(W < n) = 0(See chapter 11, [5]).
n
Therefore we have the result.
O

Proposition 4.2. Assume (2.5) holds. Let {L;};>1 be i.i.d G and {n;};>1 be i.i.d
copies of n and independent of the {L;};>1. For 8 € R,t > 0 define ¢(6,t) =
Ee') . Then there exists an eventd D, with P(D) =1 and on D for all § € R,

ﬁ¢( i L) =

—,L; | —e , as n — oo,
ey Vn

where ¢ is as in (2.5).

Proof: Recall from (2.5) that v(t) = E(n?(t)) for t > 0. Consider
ni(Li)
Z?:l v(Ly)
and F =o(L; : i > 1). Given F, {X,; : 1 <¢ < n} is a triangular array of indepen-
dent random variables such that for 1 < i <n, E(X,,;|F) =0, Y1, BE(X%|F) = 1.

X, = for1<i<n
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Let € > 0 be given. Let

Lo(e) =Y B (X35 X3, > € F).

i=1

By the strong law of large numbers,

Z?:l U(L])
n

Let D be the event on which (4.3) holds. Then on D

(4.3) — w.p. 1.

. . P = 2 2 eny
limsup L, < 1 —» E(ni(Li)|7) :| mi(Ls —
s () < s 33 B | nLF >

n—oo n—o0

| F)

IN

nmsungum(Ll)P (L) [2> k)

k—oo

= 0.

Thus the Linderberg-Feller Central Limit Theorem (see [4]) implies, that on D, for
all d € R

& 0 P 2
¢ | ——— L; | = B(®Zi= X F) e s
=1\ /2= v(L))
Combining this with (4.3) yields the result. O

Proposition 4.3. For the randomly chosen individual at time t, let

{Liy {mi(u) : 0 <u < Ly} 0 1 < i < M}, be the lifetimes and motion processes of
. My

its ancestors. Let Zy1 = ﬁ >y mei(Lyi), and

,Ct = U{Mt,Lti 01 S ) é Mt} Then

(4.4) E <|E(ei92ﬂ |C4) — e ) -0

Proof: Fix 6 € R, e; > 0 and € > 0. Replace the definition of “bad” in (4.1) by

k

(4.5) |}:[1¢(%, L) — e | > ¢
By Proposition 4.2 we have,
J 0 024
(4.6) Jim. P(iggli]:[l¢(w,Li) —e 2 |>e) =0

Using this imitating the proof of Proposition 4.1, (since the details mirror that
proof we avoid repeating them here), we obtain that for ¢ sufficiently large

M 0 02y
(4.7) P(l|o(—,Lt;) —e 7 |>€1) <e.
Uz - :
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Now for all 8 € R,

7,9Zt1|£ H¢ Nirn ,Lii).

t

So,

90— Mt (Lo
limsup E(|E(e \/”_“Z'”zln( )

t—o0

L) —e2))

= hmsupE|H¢ \/9— Ly;) — %D

My

0
< 61—|—2hmbupP |H¢

0%y
Li— R
e e Tz a)

= €1 + 2e.

Since € > 0,€; > 0 are arbitrary we have the result. O
The above four Propositions will be used in the proof of Theorem 2.1. For the
proof of Theorem 2.2 we will need a result on coalescing times of the lines of descent.

Theorem 4.4. At time t > 0 choose two individuals alive at time t and trace
their lines of descents backwards in time to find the time 1 of their last common

ancestor. Then for 0 < s < 0o,

(4.8) tlim P(r < s) = H(s)exists and lim H(s) = 1.

§— 00

Proof : For s > 0 and t > s let {Ny_s; :t > s} for i = 1,2,..., N, denote the
branching processes initiating from the Ny individuals at time s. Then

ZZ;Z =1 ths iths 7
4. P = || &Z= i i
9 =) ( AVSY

As 0% < oo, (see chapter 11 [5]), e=*(t=%) 7z, . %% W; as t — oo for all
1=1,...,Zs with W; < oo a.e and E(W;) = 1. Hence,

Zs
Zi;éjz—l(?—s,;ft—syj a.e, Zz;éj | Wil
t( 4t (Zi:sl W’L)

So by the Bounded convergence theorem, lim; ... P(7x < s) = E(¢(Zs)) = H(s)
with ¢ : N — N given by

(4.10)

W, W. k 2
o(k) = E —Z#J - g | =W

(Zi:l WZ) (Zf:l Wi)2

Since P(W; > 0) =1, 30 < A < oo such that P(Zf:1 W; <kX) — 0 as k — co.
Also
EWE) .

k
max,;_; W; )
k2e?

k

P( >e)=1-PW; <ke)*<1-(1-
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As E(W1)? < oo, we have that % 2.0, As
=1 k2

0< ZZ L W2 < max?_, W;
k
YW T XL W

we have that ¢(k) — 1 as k — oo.

A similar argument to the above leads to the following corollary.

Corollary 4.5. Suppose r individuals are chosen at time t by simple random sam-
pling without replacement. Let 7, be the last time they have a common ancestor.
Then

(4.11) lim P(7.+ < s) = H,(s)exists and lim H,(s) = 1.

t—o0 5—00

5. PROOF OF THEOREM 2.1

For the individual chosen, let (a;, X;) be the age and position at time ¢. As in
Proposition 4.3, let { Ly, {n(u),0 < u < Ly} 0 1 < i < M}, be the lifetimes and
the motion processes of the ancestors of this individual and {n;(as,4+1)(u) : 0 <u <
t— ZM‘ L+;} be the motion this individual. Let £; = o(My, Ly, 1 < i < My). Tt is
immediate from the construction of the process that:

My
at = t— E Lt’i)
i=1

whenever M; > 0 and is equal to a + t otherwise; and that
M,

Xy =Xo+ Z Nei(Lti) + Ne(a+1) (@)
i=1

Rearranging the terms, we obtain

(az, %) — (ar, \[zﬂ <\/:_ \/>> Zea) + (0. + Zo),

M
E¢=t1 MNti (Lti )

where Z;1 = VAL

and Zyy = \/iznt(MtH)(at). Let € > 0 be given.

P(|Zwa| > €) < P(|Zi2| > €,at < k)+ P(|Zs2| > €,a1 > k)

S P(|Zt2|>e,at§/€)—|—P(at>k)
E(|Zw|?1,
< (| t2|2 tfk) —|—P(at > k)

€

By Proposition 3.1 and the ensuing tightness, for any 1 > 0 there is a k,,

Plas > k) < g

for all k > ky,t > 0. Next,
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E(|Z2*la,<k,) = E(la,<k, E(|Zi2]?L))

= E(la, <k, v(tat))

SUPy <k, v(u)
- t
Hence,

SUP, <, V(1)
P(|Z2| >¢) < Sig + 1
te 2

Since € > 0 and n > 0 are arbitrary this shows that as t — oo
(5.1) Zin -5 0,
Now, for A > 0,0 € R, as a; is £L; measurable we have
—Aay ,—i2=Zn —a —i0Z 2
E(e e "vET) = E(e M (E(e L) —e =) +
_82v
+ 7 E(e™ ™)

Proposition 4.2 shows that the first term above converges to zero and using
Proposition 3.1 we can conclude that as ¢ — co

1
(5.2) (at, ﬁzﬂ) (‘A%
As X is a constant, by Proposition 3.1, (5.2), (5.1) and Slutsky’s Theorem, the
proof is complete. O

6. PROOF OF THEOREM 2.2

Let ¢ € Cy(R x R4). Observe that

<Y, >
(6.1) B(=———) = E(@(U,V),
from Theorem 2.1 and the bounded convergence theorem. We shall show that
. . 2
<Y ¢>? <Y, ¢>
2 EF(————) - | E(————
(62) () - (B ) o

converges as t — 00.

Pick two individuals Cy, Co at random (i.e. by simple random sampling without
replacement) from those alive at time ¢. Let the age and position of the two
individuals be denoted by (a}, X}),i = 1,2. Let 7z = 7¢, ¢,+ be the birth time
of their common ancestor, say D, whose position we denote by )N(Tt. Let the net
displacement of C; and Cy from D be denoted by X} _
Xi=X,+XI__,i=12

ol

i =1, 2 respectively. Then

Tt?

Next, conditioned on this history up to the birth of D(= G,), the random vari-
ables (aj, X{_,),i = 1,2 are independent. By Theorem 4.4, 2t —%, 0. Also by
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Theorem 2.1 conditioned on Gy, {(a}, \/;:—:1), i = 1,2} converges in distribution to
{(U;, Vi),i = 1,2} which are i.i.d. with distribution (U, V) as in Theorem 2.1. Also

Tt

conditioned on A, converges in distribution to a random variable .S distributed

VT
as V. _
Combining these one can conclude that {(a?, %), i = 1,2} converges in distribu-

tion to {(U;, V;),4 = 1,2}. Thus for any ¢ € Cp(Ry x R) we have, by the bounded

convergence theorem,

2 i 2

Jim ([ otat. Sh)40) = B o0, VD) = (o v)?
i=1 =1

Now,

(Blar, %2))?

N, |A¢)

2 XI NN, —1)
E Ly A,
+ (Ed)(at, \/Z) N7 |A¢)

Using the fact that ¢ is bounded and e~** N; converges in distribution (as described

earlier) we have

lim E(—ift (9)
t—o0 t

)2 — (Eo(U,V))>.

This along with (6.1) implies (6.2) and we have proved the result. O
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