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ABSTRACT. This paper studies: (i) the long time behaviour of the empirical distribution of age
and normalised position of an age dependent critical branching Markov process conditioned
on non-extinction; and (ii) the super-process limit of a sequence of age dependent critical

branching Brownian motions.

1. INTRODUCTION

Consider an age dependent branching Markov process where i) each particle lives for a
random length of time and during its lifetime moves according to a Markov process and ii)
upon its death it gives rise to a random number of offspring. We assume that the system is
critical, i.e. the mean of the offspring distribution is one.

We study three aspects of such a system. First, at time ¢, conditioned on non-extinction (as
such systems die out w.p. 1) we consider a randomly chosen individual from the population.
We show that asymptotically (as ¢ — 00), the joint distribution of the position (appropriately
scaled) and age (unscaled) of the randomly chosen individual decouples (See Theorem 2.1).
Second, it is shown that conditioned on non-extinction at time ¢, the empirical distribution of
the age and the normalised position of the population converges as t — oo in law to a random
measure characterised by its moments (See Theorem 2.2). Thirdly, we establish a super-process
limit of such branching Markov processes where the motion is Brownian (See Theorem 2.4).

The rest of the paper is organised as follows. In Section 2.1 we define the branching Markov
process precisely and in Section 2.2 we state the three main theorems of this paper and make
some remarks on various possible generalisations of our results.

In Section 3 we prove four propositions on age-dependent Branching processes which are used
in proving Theorem 2.1 (See Section 4). In Section 3 we also show that the joint distribution
of ancestoral times for a sample of £ > 1 individuals chosen at random from the population at
time ¢ converges as t — oo (See Theorem 3.5). This result is of independent interest and is a
key tool that is needed in proving Theorem 2.2 (See Section 5).

In Section 6, we prove Theorem 2.4, the key idea being to scale the age and motion parameters
differently. Given this, the proof uses standard techniques for such limits. Theorem 2.1 is used
in establishing the limiting log-Laplace equation. Tightness of the underlying particle system
is shown in Proposition 6.4 and the result follows by the method prescribed in [7].

2. STATEMENT OF RESULTS

2.1. The Model.
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Each particle in our system will have two parameters, age in R, and location in R. We begin
with the description of the particle system.

(i) Lifetime Distribution G(:): Let G(-) be a cumulative distribution function on [0, 00),
with G(0) = 0. Let u = [;° sdG(s) < oo.
(ii) Offspring Distribution p : Let p = {pi}r>0 be a probability distribution such that
po <1, m=> 1 okpr =1 and that 0? = 332  k?pr — 1 < oo.
(iii) Motion Process 7)(-): Let 7(-) be a R valued Markov process starting at 0.

Branching Markov Process (G,p,7): Suppose we are given a realisation of an age-
dependent branching process with offspring distribution p and lifetime distribution G (See
Chapter IV of [5] for a detailed description). We construct a branching Markov process by
allowing each individual to execute an independent copy of 5 during its lifetime 7 starting from
where its parent died.

Let N; be the number of particles alive at time ¢ and

(2.1) C={(al, X}):i=1,2,...,N;}

denote the age and position configuration of all the individuals alive at time ¢. Since m = 1
and G(0) = 0, there is no explosion in finite time (i.e. P(N; < oo) = 1) and consequently C; is
well defined for each 0 < ¢ < oo (See [5]).

Let B(R;) (and B(R)) be the Borel g-algebra on R; (and R). Let M (R; x R) be the space
of finite Borel measures on R; X R equipped with the weak topology. Let M,(R; X R) :=
{ve MRy xR) :v =731 04,2(,),n € Na; € Ry,z; € R}. For any set A € B(R;) and
B € B(R), let Y;(A x B) be the number of particles at time ¢ whose age is in A and position is
in B. As pointed out earlier, m < oo, G(0) = 0 implies that Y; € M,(Ry x R) for all ¢ > 0 if
Yy does so. Fix a function ¢ € CgL (Ry x R), (the set of all bounded, continuous and positive
functions from Ry x R to Ry ), and define

N ) '
(2.2) (Viod) = [ $d¥i= > oai, X)),
=1

Since 7)(-) is a Markov process, it can be seen that {Y; : ¢ > 0} is a Markov process and we
shall call Y = {Y; : t > 0} the (G, p,n)- branching Markov process.
Note that C; determines Y; and conversely. The Laplace functional of Y3, is given by

(2.3) Lip(a, z) := By ole™ @YD) = E[e= ") | Yy = 6,.4].
From the independence intrinsic in {Y; : ¢ > 0}, we have:
(2.4) Eyitv [eiw’Yt)] = (B, [ei<¢’Yt)D(EV2 [ei(d)’Yt)])a

for any v; € M,(Ry x R) where E,.[e~{#")] := E[e~(®Y0 | Yj = v;] for i = 1,2. This
is usually referred to as the branching property of Y and can be used to define the process
Y as the unique measure valued Markov process with state space M,(R; x R) satisfying
Ly sd(a,z) = Li(Ls(¢))(a,z) for all ¢,s > 0.
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2.2. The Results.

In this section we describe the main results of the paper. Let A; be the event {N; > 0},
where N; is the number of particles alive at time ¢. As py < 1, P(4;) > 0 for all 0 < ¢ < oo
provided P(Ny = 0) # 1.

Theorem 2.1. (Limiting behaviour of a randomly chosen particle)
On the event Ay = {Ny > 0}, let (as, X¢) be the age and position of a randomly chosen particle
from those alive at time t. Assume that n(-) is such that for all 0 <t < o0

E(n*(t)) < oo, sup v(s) < oo,
0<s<t

(2-5) E(n(t)) = 0,0(t)
and 1 = 000 v(s)G(ds) < oo.

Then, conditioned on A, (at, %) converges as t — o0, to (U, V) in distribution, where U and
V are Independent with U a strictly positive absolutely continuous random variable with density

proportional to (1 — G(-)) and V is normally distributed with mean 0 and variance %

Next consider the scaled empirical measure Y; € M, (R, x R) given by Y;(4 x B) = Y;(4 x
VtB), A € B(R;), B € B(R).

Theorem 2.2. (Empirical Measure)
Assume (2.5). Then, conditioned on Ay = {N; > 0}, the random measures {%} converges as

t — oo in distribution to a random measure v, characterised by its moment sequence my($) =

E[v($)*], for ¢ € Cy(Ry x R), k> 1.

An explicit formula for mg(¢) is given in (5.2) below.
Our third result is on the super-process limit. We consider a sequence of branching Markov
processes (Gn; Pn, Mn){n>1} denoted by {Y;" : £ > 0},>1) satisfying the following:

(a) Initial measure: For n > 1, YJ* = =, where 7, is a Poisson random measure with
intensity nv, for some v = a x p € M(R; x R).

(b) Lifetime G™(-): For all n > 1, G™ is an exponential distribution with mean }

(c) Branching p,,: For n > 1, Let F,(u) = > 50, Pn ru” be the generating function of
the offspring disribution p, = {pyr}r>0. We shall assume that F;, satisfies,

(2.6) lim sup || n?(F,(1—u/n)— (1 —u/n)) —u®|— 0,
n—=00 0<y<N

for all N > 0.

(d) Motion Process n,(+): For alln > 1,

t
(2.7) nn(t)zﬁ / c(wdB(w), >0,

where {B(t) : t > 0} is a standard Brownian motion starting at 0 and o : Ry — R is
a continuous function such that [;°0?(s)dG(s) < co. It follows that for each n > 1,
nn, satisfies (2.5).
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Definition 2.3. Let £ be an independent exponential random variable with mean %, 0< A< .
For f € C;"(Ry xR) let Uyf(z) = E(f(€,2 +/APBy)) where 4 is defined in (2.5). Fort >0,

let ui(f) be the unique solution of the non linear integral equation

t
(29 wf(e) = Uife) =2 | Ul 1P) @)
Let {Y; : t > 0} be a M (R x R) valued Markov process whose Laplace functional is given by
(2.9) ngl‘[e%f’yf)] = e~ (Vi)

where f € Cj" (Ry xRY) (the set of all continuous functions from Ry xR to R with finite limits
as (a,z) = o0) and Vi(f)(z) = w(f(x)) for £ € R (See [7] for existence of Y satisfying (2.9).

Note that in the process {); : t > 0} defined above, the distribution of the age (i.e. the first
coordinate) is deterministic. The spatial evolution behaves like that of a super-process where
the motion of particles is like that of a Brownian motion with variance equal to the average
variance of the age-dependent particle displacement over its lifetime. Also, us(f) in second term
of (2.8) is interpreted in the natural way as a function on Ry x R with us(f)(a,z) = us(f)(z)
foralla > 0,z € R

Theorem 2.4. (Age Structured Super-process)

Let € > 0. Let {Y® : t > 0} be the sequence of branching Markov processes defined above(i.e.in
(a), (b), (c), (d)). Then as n — oo, {Yi = %Yn@,t > €} converges weakly on the Skorokhod
space D([e,00), M(Ry X R)) to {V;:t > €}.

2.3. Remarks.

(a) If n(-) is not Markov then Cy = {a}, X{,71; = {mi(u) : 0 <u <al}:i=1,2...,N;} is a
Markov process where {7 ;(u) : 0 < u < a} is the history of 7(-) of the individual 4 during its
lifetime. Theorem 2.1 and Theorem 2.2 extends to this case.

(b) Most of the above results also carry over to the case when the motion process is R?
valued (d > 1) or is Polish space valued and where the offspring distribution is age-dependent.

(c) Theorem 2.1 and Theorem2.2 can also be extended to the case when n(L;), with L, 4 G,
is in the domain of attraction of a stable law of index 0 < o < 2.

(d) In Theorem 2.4 the convergence should hold on D([0,0), M (R, x R)) if we take « in
the sequence of branching Markov processes to be £ (i.e. Exponential with mean %)

(e) The super-process limit obtained in Theorem 2.4 has been considered in two special cases
in the literature. One is in [6] where an age-dependent Branching process is rescaled (i.e. the
particles do not perform any motion). The other is in [8] where a general non-local super-
process limit is obtained when the offspring distribution is given by p; = 1. In our results,
to obtain a super-process limit the age-parameter is scaled differently when compared to the

motion parameter giving us an age-structured super-process.

(f) Limit theorems for critical branching Markov processes where the motion depends on the
age does not seem to have been considered in the literature before.
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3. RESULTS ON BRANCHING PROCESSES

Let {N; :t > 0} be an age-dependent branching process with offspring distribution {p}x>0
and lifetime distribution G (see [5] for detailed discussion). Let {(x}x>0 be the embedded
discrete time Galton-Watson branching process with (i being the size of the kth generation,
k > 0. Let A; be the event { Ny > 0}. On this event, choose an individual uniformly from those
alive at time ¢. Let M; be the generation number and a; be the age of this individual.

Proposition 3.1. Let Ay, a4, My and Ny be as above. Let o and o be as in Section 2.1. Then

(@)  lim tP(4;) = 22

t—00 o2
2ux

. Ny _ e

(b)  Forallz >0, tlgglo P(T > z|A) =€ o2,
M, 1

(¢)  Foralle>0, lim P(|— — =| > ¢|4;) =0
t—00 4 u

T
(d)  Forallz >0, lim P(a; < z|As) = l/ (1 - G(s))ds.
t—00 uJo

Proof : For (a) and (b) see chapter 4 in [5]. For (c) see [9] and for (d) see [3]. O

Proposition 3.2. (Law of large numbers) Let ¢ > 0 be given. For the randomly chosen
individual at time t, let {Ly; : 1 <1 < M}, be the lifetimes of its ancestors. Let h : [0,00) — R
be Borel measurable and E(| h(L1) |) < oo with Ly Li¥e Then, as t — o0

My
1
P(|— Ly) — E(h(L A .
(32 ;h( ti) — E(h(L1))| > €|4;) = 0
Proof : Let € and €1 > 0 be given and let k1 (t) = t(% —e¢) and ko(t) = t(i +¢). By Proposition
3.1 there exists 6 > 0, n > 0 and tg > 0 such that for all ¢ > o,

(3.1) tP(N; > 0) > § and P(N; < tn|As) < e

(3.2) P(M; € [k1(t), k2(2)]|At) < €.
Also by the law of large numbers for any {L;};>1 i.i.d. G with E|h(L1)| < oo
(3.3) lim P(sup=| > h(L;) — E(h(L1))| > €) = 0.

k—o00 i>k J =

Let {(x}r>0 be the embedded Galton-Watson process. For each ¢ > 0 and k& > 1 let (;; denote
the number of lines of descent in the k-th generation alive at time ¢ (i.e. the successive life
times {L;};>1 of the individuals in that line of descent satisfying Zle L; <t< Zfill L;).
Denote the lines of descent of these individuals by {Cxsj : 1 < j < (i} Call (e bad if

k
(3.4) [ 3 Aaaze) ~ B > e
=1
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where {Lyj; }s>1 are the succesive lifetimes in the line of descent (j; starting from the ancestor.
Let Cktp denote the cardinality of the set {Cxsj: 1 < j < (i and (i is bad}. Now,

\—Zh Lii) — E(h(L1))| > €| Ay)

= P( The chosen line of descent at time t is bad | A¢)

< P( The chosen line of descent at time t is bad, M € [k1(t), k2(t)])|Ar)
+P(M; € [ki(t)), k ( )| Ar)
— 1 Z] kl(t CJ: c
= FwS ol TN, A T P(M: € [ (9), k()1 4)
ka(t)
_ 1 2 ja(t) St
B P(Nt>O)E N; s Ne > 1) +
®)
1 Yk y it
+P(Nt > O)E = kjlvt - s Ny < t77) + P(Mt S [k1(t)),k’2(t)]c|At)
ka(t)
1 Z =k1(t) 4th
< j=k1
- P(Nt>O)E( t77 ,Nt>t’f))+
P(N: < tn) c
PO, > 0) + P € () ka(8)]]4)
= DN, < 0) E(Cjtp) +
tnP(N; >0 )
nP(Ny > )j:kl(t)

+P(N;y < tn|N; > 0) + P(M; € [k1(t)), k2(2)]°| Ar)
(3.5)
For t > tp by (3.2) and (3.3), the last two terms in (3.5) are less than e;. The first term is
equal to
1 ka2(?) 1 k2(t) G
w50 2 PG = s 2 PO L. s bady)

G=k1(t) j=ki(t) =1
1 ka(t)
= wP(N; > 0) ,Z EG) >
j=k1(t)
j+1
xP(ZL <t<ZL,,—|Zh Ll))\>e),
=1

where the {L;};>; are ii.d. G.

Using (3.1) and (since m = 1) E({;) = E({o) we can conclude that
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1 ka(t)
m%) B(Gjt)
P(supy (0 51 o1 L) — B(L)| > 9
= ] tnP(Ny > 0)
< Bl EPzh0 ] Zgzl:fi) - B > o)

(3.6)

which by (3.3) goes to zero. So we have shown that for ¢ > ¢,

My
1
Pll5g; 2 ) = BW(L)| > c4) < 3
Since €; > 0 is arbitrary, the proof is complete. -

Proposition 3.3. Assume (2.5) holds. Let {L;};>1 be i.i.d G and {n;};>1 be i.i.d copies of n
and independent of the {L;};>1. For § € Rt > 0 define ¢(0,t) = Ee%")  Then there exists an
event D, with P(D) =1 and on D for all 0 € R,

92

n 0 _
Hqﬁ(%,Lj)—)e 2¢, as n — 00,
7j=1

where 1 is as in (2.5).
Proof: Recall from (2.5) that v(t) = E(n?(t)) for ¢t > 0. Consider

Xy= M) cicn

29:1 v(Ly)
and F = o(L; : i > 1). Given F, {X,,; : 1 <14 < n} is a triangular array of independent random
variables such that for 1 <4 <n, E(X,;|F) =0, }.r | B(X2%|F) = 1.
Let € > 0 be given. Let

n
Ln(e) = Y B (Xgi5 X5; > e|F).
i=1

By the strong law of large numbers,

" (L
(3.7) w 1 w.p. 1.
Let D be the event on which (3.7) holds. Then on D

enap

limsup Lp(e) < hmsup%;E(‘m(Li)‘Z) | miLa)|* > — |F)

n—oo n—oo

IA

timsup ¥ By (L) o (L) > k)

k—o00

= 0.
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Thus the Linderberg-Feller Central Limit Theorem (see [4]) implies, that on D, for all § € R

n . 2
H —,Lj = B(e Xi=1Xni|F) e
=1 Z] 1Y (L.])
Combining this with (3.7) yields the result. O

Proposition 3.4. For the randomly chosen individual at time t, let
{Liiy {mi(u) : 0 <u < Ly} : 1 <4 < M}, be the lifetimes and motion processes of its ancestors.

Let Zn = 7 Y nu (L), and
‘Ct = U{MtaLti 01 < 1 < Mt} Then

) 2
(3.8) E (|E(ezezt1 |L4) — e_%\ \At> —0
Proof: Fix 0 € R e; > 0 and € > 0. Replace the definition of “bad” in (3.4) by
0 _6%y
(3.9) TI¢(—= Liiji) —e™ 2 | >

By Proposition 3.3 we have,

2
(3.10) hm P( sup|H¢ _Tw| >€) =0.

Jjzk ;4 \/_

Using this in place of (3.3) and imitating the proof of Proposition 3.2, (since the details
mirror that proof we avoid repeating them here), we obtain that for ¢ sufficiently large

o
(3.11) |H¢ Lm 2| > e]Ay) < e
Now for all 8 € R,

VA
&t t1|£ H¢ Mt Ltz

So,
. i0— A 3 (L) _6%v
limsup E(|E(e V™t |L¢) —e™ 2 ||Ay)
t—00
0 0%y
= limsup E( Ly)—e 2 ||A
msup |H¢ e be) = 2140
< € +2lims P|H¢ _9 Ly;) —62%”|> | 4)
€1 IIl up ti) — € €1 | At
=1 Mt Z
= €1+ 2e.
Since € > 0,¢1 > 0 are arbitrary we have the result. O

The above four Propositions will be used in the proof of Theorem 2.1. For the proof of
Theorem 2.2 we will need a result on coalescing times of the lines of descent.
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Fix k > 2. On the event A; = {N; > 0}, pick k individuals C1,Cs,. .., Cy from those alive
at time ¢ by simple random sampling without replacement. For any two particles C;, C;, let
7¢;,0;,t De the birth time of their most recent common ancestor. Let 741 = Sllp{TCj’Ci7t :
i #j,1 <1i,j <k}. Thus 7,1, is the first time there are k — 1 ancestors of the k individuals
C1,Cy,...,Ck. More generally, for 1 < j < k —1 let 7;; as the first time there are j ancestors
of the k individuals C1, Co, ... Cy.

Theorem 3.5.

TC;,C \t

(i) For any i,j, limy oo P(—52~ < z|Ay) = H(x) emists for all x > 0 and H(-) is an
absolutely continous distribution function on [0, 0]

(ii) Conditioned on A; the vector 7, = %(Tj’t :1<j<k-—1)ast — oo converges in

distribution to a random vector T = (T, ..., Tp—1) with0 < Ty < Ty < ... <Tp_1 <1

and having an absolutely continuous distribution on [0,1]¥1.

Proof : The proof of (i) and (ii) for cases k = 2,3 is in [9]. The following is an outline of a
proof of (ii) for the case k > 3 (for a detailed proof see [3]).

Below, for 1 < j <k — 1, 7;; will be denoted by 7;. It can be shown that it suffices to show
that for any 1 <41 <ig...<ip<kand 0<r <ro <...<1p <1,

. Tiq Tiy Tip Tk—1
Im P(— <m<—=<rmr<...< 2<rmp<—<r,_1<1|4
Jim P(=5 < < =5 < t P Ty k-1 <14y

exists. We shall now condition on the population size at time ¢ry. Suppose that at time ¢r; there
are n11 particles of which k1; have descendants that survive till time ¢r9. For each 1 < j < kqq,
suppose there are ng; descendants alive at time ¢ro and for each such j, let ko; out of the ny;
have descendants that survive till time trs. Let kp = (kai,...,Kop,) and [ka| = 32/ k.
Inductively at time ¢r;, there are n;; descendants for the j-th particle, 1 < j < |k;—1|. For each
such j, let k;; out of n;; have descendants that survive up till time tr;1; (See Figure 3 for an
illustration).

It will be useful to use the following notation: Let
nit, ki € Nokin <y, |kr [= ki, ma = ().

For i = 2,...1p let (n;, k;) € N;, where N; = NFki-1] x Niki-1|

ki ki1
ko<l k= 3k (1) = T (2)
Jj=1 t j=1 ]

Let fs = P(N,; > 0). Now,
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- -
P(<rm<2<rm<.. <—<p< t L < rpoy < t|A) =

t t t
= firy Z (<n11> (ftr )k“(l — Fir )nuku) P(Ntn - nl) %
Tt k11 ! ' Jiry
(niski)EN;
p+1 ki1l _ _
) H H ( ) ftu, ”(1 = fu )nijikijP(Ngui = ni,j|Ngui > O) X
i=1 j=1
[1j, X7
xg(k)E JT&
withwu; =rjp 1 —ri, i =1,2,...,p—1,up = 1—1p, thuz is number of particles alive at time tu;

of the age-dependent branching process starting with one particle namely j, g(k) = g(k1,...,kp)
is the proportion of configurations that have the desired number of ancestors corresponding to
the given event, X/ £ Nj, |Nj, >0 and § = Y+ X7,

Let ¢; =
repeatedly we can show that P(T” <m<cop<...< T'Tp <rp < T’“T_l < rp—1 < t|Ay)
converges to

Then following [9] and using Proposition 3.1 (i), (ii)

1 1
— Z dwefw(qlx)k“—@*wax
") o k11!
kieNki-1
p+1 |kz—1‘ (q .’E)
X H H /da:e_x Zk —e ")g(k)
i=2 j=1 *J
k+1 ko kp1|—k
[ Tt ) et
i=1 (Xity ma)F ([kp41] = K)!

1 L 1 L
. Z H (1 +qi)|kz|_|ki—1|g(k) %

kiElei*I‘ =1
k+1 _
/ I] e 7; 181 ) -l (Fke) OHE

St )k (Ikpt1] — &)!
Consequently, we have shown that the random vector 7; converges in distribution to a random
vector T. From the above limiting quantity, one can show that the T' has an absolutely continous

distribution on [0, 1]*~1. See [3] for a detailed proof.

O

4. PROOF OF THEOREM 2.1

For the individual chosen, let (a;, X;) be the age and position at time ¢. As in Proposition
3.4, let {Ly, {mui(u),0 < u < Ly} : 1 <4 < M}, be the lifetimes and the motion processes
of the ancestors of this individual and {nmaz,41)(u) : 0 < u <t - Eiﬂitl L} be the motion
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t?"l t?"g tr3

ki1 =6,,k2 =(2,0,1,1,0,1),| k2 |=5,ks = (0,2,1,2,1), | k3 |= 6
ni1 = 51,n2 = (12,7,5,4,1,7),n3 = (5,14, 9, 10, 8)

F1GurE 1. Tracking particles surviving at various times

this individual. Let £; = o(My, Ly;, 1 < i < My). It is immediate from the construction of the
process that:

My
a=t—Y Ly,
i=1
whenever M; > 0 and is equal to a + ¢ otherwise; and that
M
Xy = Xo+ Znti(Lti) + Ne(ag, +1) (az)-
i=1

Rearranging the terms, we obtain

X i M i X,
(as, \7%) = (ay, \/%Ztl) + (0, (\/? - \/g) Zy2) + (0, 7 + Z2),

M.
>ich mei(Le;)

where Z; = >arn and Zyp = %Ut(MhLl)(at)- Let € > 0 be given.
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P(|Z2] > €| Ay)

IN

P(|Zo| > €,a4 < k|Ay) + P(|Zi2] > €,a > k|Ay)
P(‘Zt2| > €,a¢ < k|At) + P(at > k“At)

E(|Zo|*1a,<k] Av)
2
€

AN

IN

+ P(at > k'At)

By Proposition 3.1 and the ensuing tightness, for any n > 0 there is a k;

P(at > k'At) < g

for all £ > k;,t > 0. Next,

E(|Zo* La,<ky|At) = E(Iay<k, E(|Zi2]?|L1)| Ar)
v\a
= Bla<r, "2 4)
SUPy <k, V(1)
— t -
Hence,
SUPy <k, V()

te?

Since € > 0 and n > 0 are arbitrary this shows that as t — oo

P(|Zia] > €|lA;) < +

n
2
(4.1) Zis|Ar -4 0,
Now, for A > 0,0 € R, as a; is £; measurable we have
E(e‘A‘“e*i%ZﬂAt) = E(e M (E(e %71 L) — 6_9;7¢)|At) +
+ J)’zz_qu'(e_)“” |Ay)

Proposition 3.3 shows that the first term above converges to zero and using Proposition 3.1
we can conclude that as ¢ — oo

(4.2) (az, %zﬂ)mt s @, V)

As X is a constant, by Proposition 3.1 (c), (4.2), (4.1) and Slutsky’s Theorem, the proof is
complete. O

5. PROOF OF THEOREM 2.2

Let ¢ € Cp(R x Ry). We shall show, for each k > 1, that the moment-functions of
E (%Mt) converges as t — 0o. Then by Theorem 16.16 in [11] the result follows.

The case k = 1 follows from Theorem 2.1 and the bounded convergene theorem. We shall
next consider the case k = 2. Pick two individuals Ci,Cy at random (i.e. by simple random
sampling without replacement) from those alive at time ¢. Let the age and position of the two

individuals be denoted by (a}, X}),i = 1,2. Let 7y = 7¢, ¢, be the birth time of their common
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ancestor, say D, whose position we denote by X}t Let the net displacement of C; and C5 from
D be denoted by X/_,,,i = 1,2 respectively. Then X} = X, + X} ., i=12.

Next, conditioned on this history upto the birth of D(= G;), the random variables (at, X}_ )i =
1,2 are independent. By Proposition 3.5 (i) conditioned on A, % converges in distribution to
an absolutely continuous random variable T' (say) in [0,1]. Also by Theorem 2.1 conditioned
on G; and A, {(al, jﬁ—:—;ﬁt),z = 1,2} converges in distribution to {(U;,V;),i = 1,2} which are
ii.d. with distribution (U, V) as in Theorem 2.1. Also i% conditioned on A, converges in

distribution to a random variable S distributed as V.

Combining these one can conclude that {(a, )\;E) i = 1,2} conditioned on A; converges in

distribution to {(U;, VTS + /(1 — T)V;),i = 1,2} where Uy, Us, S, Vi, V5 are all independent.
Thus for any ¢ € Cp(R; x R) we have, by the bounded convergence theorem,

2

(5.1)  tim B[] #lal, %)mt) = B[] (U, VTS + VI = T)Vi) = ma(9) (say)

t—o0 - -
1=1 =1

Now,

- X} Ny(Ny — 1)
+E at, =) LA
([T ot ™5 10
Using Proposition 3.1 (b) and the fact that ¢ is bounded we have
limy o0 E((Yt d’)) |A;) exists in (0,00) and equals mo($). The case k > 2 can be proved in a

similar manner but we use Theorem 3.5 (ii) as outlined below. First we observe that as ¢ is
bounded,

<Y, ¢ >k
E (;vifvlt) +=>_ Eh(N,,k) H¢ af, \At +9(¢,Ct, \y),
¢ i

where h(Ny, k) — 1 and ¢(¢,Ci, Ny) — 0 as t — oo; and i = {i1,42,...,%x} is the index of
kparticles sampled without replacement from C; (see (2.1)). Consider one such sample, and
re-trace the genealogical tree T; € T (k),(T (k) is the collection of all possible trees with &k
leaves given by i), until their most common ancestor. For any leaf i; in 7j, let 1 = n(ij,1) <
n(ij,2) < .-+ < n(ij, Nj;) be the labels of the internal nodes on the path from leaf i; to the
root. We list the ancestoral times on this by {Tl,Tn(Zj’ 1)+ Tn(ij, Ny )- Finally we denote the
net displacement of the ancestors in the time intervals

[Oa ’7'1], [’7'1, Tn(ij,Q)]a SR [Tn(ij, —l)a Tn(i; ,N ] [ Tn(ij,N, ])7 t]

. . _Ni; .
’fh'lj (Tl)’ 77@2] (Tn(ij,Z)a 7—1)5 SR 771] ( n(i; ,Nj)a Tn(ij,Nq;j —1))5 77; (t’ Tn(ij,Nij))'
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Given the above notation we have:

Hant,

Z H¢ at 57 77@ (11) + Zlfhj n(ij,m)s Tn(ij,m— 1))+77z (t, 7 n(i;,Ni )lAt )

TeT; j=1
Now by Theorem 3.5,

(TlaTn(ij,Q)a"' Tn (ZJ,N )

Vi

|At —) (Tl,T n(ij,2)s -+ aTn(ij,N- ))

j

So by Theorem 2.1

~ 2
lim B (%f)) 14,) =

t—o00

ZZH¢ US\/_+ Zm\/Tn(zj,m —Tn<ij,m71)+25j\/% s

i TeT;j=1

my ()

(5.2)

where S, Z' Zm, m = 2,...,N;;, are 1.i.d.V, U is an independent random variable given in

Theorem 2. 1 and T;’s are as in Theorem 3.5 (ii). Since ¢ is bounded, the sequence {my(¢) =

<Yt,<£>’°)
N

limy 00 E( } is necessarily a moment sequence of a probability distribution on R. This

being true for each ¢, by Theorem 16.16 in [11] we are done. O

6. PROOF OF THEOREM 2.4

Let Z be the Branching Markov process Y described earlier, with lifetime G exponential with
mean A, p; =1 and 7 4 71 (see (2.7)). Then it is easy to see that for any bounded continuous
function, Si¢(a,z) = B q) < Zt, ¢ >= E(qz)P(at, Xy) satisfies the following equation:

t
(6.1) Sip(a,z) = e MWih(a, z) + /0 dshe W, (Si—s(¢)(0,-))(a, z),

where W; is the semi-group associated to n;. Let £ be the generator of n;. Making a change
of variable s — t — s in the second term of the above and then differentiating it with respect
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to ¢, we have

%St(cﬁ) (0,7) = ~Ae= Wi, ) + e~ LW, b(a, 2) + ASy(4)(0, 7)

+) dsA(=re MW, (S5(4)(0,)) (a, )

t
+ / dshe =9 LW, _,(54(6)(0, ) (a, )
0
= ASi(¢)(0,)

HE= ) [e M Wig(an) + [ Cdsae AW (,(6)(0,)) (a,)

= AS5:(¢)(0,2) + (£ = A)Si(¢)(a, )

— agjﬁ (a,2) + 2 2(a) ASid(a,z) + MSi(¢)(0,z) — Sy(¢)(a, z)),

For each n > 1 define (another semigroup) Ri'¢(a,z) = E,o(d(as, z + %) Now note that,
?qﬁ(a,a:) = Ea,O(qS(atax + —)

= Ea,\/ﬁw(qs(ataﬁ)
= St(ﬁn(aa\/ﬁx)a

where ¢, (a,z) = ¢(a, %) Differentiating w.r.t. ¢, we have that the generator of R} is

2
(6.2 R 9(a,7) = 92 (a,2) + TN Ag(a, ) + M(0,2) ~ d(a, ).
Proposition 6.1. Let € > 0 and t > €. Let ¢ € C;' (R x R?). Then,
(6-3) sup | Ryy(¢)(a,z) — Up(¢)(z) | 0.
(a,z)eR4 xR

Proof: Let t > €. Applying Theorem 2.1 to the process Z, we have (an, %) 4, (U, V).
The proposition is then immediate from the bounded convergence theorem and the fact that

¢ € C(Ry xR) O

Proposition 6.2. Let m,, be a Poisson random measure with intensity nv and t > 0. The
log-Laplace functional of Y7,

(6.4) By [e (@Y = e (Wiow),
where
n n -¢ g 0 2 u?(ﬁ
(6.5) W (a,z) = RMn(l — e 2)(a,7) — A /0 ARy (n 0 (")) (0, 2),
where

Un(¢)(a,z) := [Fa(1 = ¢(0,2)) — (1 — 4(0,2))] .
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Proof: For any n € N, let Y;” be the sequence of branching Markov processes defined in
Section 2.2. It can be shown that its log-Laplace functional L} satisfies,

(6.6) Lyd(a,z) = e Wiile™?)(a, 2) / dshe” W [Fo(Ly;_s9(0,))] (a,)ds,

where ¢ > 0 and W} is the semigroup associated with 7,. Using the fact that e M =1 —
fou dshe™* for all u > 0 and a routine simplification, as done in [10], will imply that

67)  Lhygla,z) = Whle #I(a,z) + A / W (Fa(Z24(0,) — L0)(a, z)ds

Therefore v, ($)(a,z) = 1 — LY $(a, z), satisfies,

(6-8) vyo(a, x) = ﬁt(l—e_‘b)(aaw)Jr/on dsWyy—s (1 = v5'¢) — Fu(1 = v3)$(0, ) (a, ) Ads.

Let £" be the generator of 7,. Then for 0 < s < ¢

RO (0:) = ~( RNy (02 (9) 00) + By (5-080)) ()

= _(an) Z(t—s) (IUZS(¢)) (aa 33)
PRy (REWE(1 = €78) + (1 = 02d) = Fi(1 = 0160, ) (a,2))
TRy ( / LW _(1— () — Fa(l — )40, -))) (a,2)

= Ry (=Avgs(6)(0,-) —vpy () + A(1 — vj,8) — Fu(l —vp,)9(0,)))(a, )
= _RZ(t_S)(n‘I'n(U,ZS(]S))(G,,.’L'),

Integrating both sides with respect to s from 0 to ¢, we obtain that

t
(6.9) vp(4)(a, ) = Riy(1 — e ?)(a,z) — /0 dsRy g (n¥n(vp,))(a, z).
If m,, is a Poisson random measure with intensity nv, then

[e ¢yt >] — [e (n’ nt)] = e<LZL(%)_17nV) — e_<n1)?(%)7y>_

7Tnu

Therefore if we set uj'(¢) = nv nt( )- From (6.9), it is easy to see that u}(¢) satisfies (6.4). O
For any f: Ry xR = R, , welet || f [|c= sup(qz)ecr, xi | f(a,7) | . With a little abuse of

notation we shall let || f ||co= supger | f(z) | when f: R — R as well.

Proposition 6.3. Let ¢ > 0. ¢ € C;'(Ry x R?) and u}(¢) be as in Proposition 6.2 and u,(¢)
be as in Theorem 2.4. Then for t > e,

(6.10) sup | uy(¢)(a,z) —uy()(z) [0
(a,z)ER4 XR
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Proof: For any real u € R, define, e, (u) = An?(Fp(1 — %) — (1 — %)) — u?. So,

n
Vg0

22))(a,)

t
uy (¢)(a,z) = Ryn(l — e_%)(a,x) — )\/ dsR} t_s)(nQ\Ifn(
— Rn(l-e%)(a,a) - / AR (en (02 (6(0)))) (0, 2)
t

>\ / ds R, (u29(0,)?) (a, )

Now

() (0,2) —w(@)@) = Ry —e2))(aa) - Udd)(a)
- / ARy (e (Wl ($(0)) (0, 2)

b /0 s (U (:9)*)(@,2) = Ry (u29(0,)%)(a,))

P t
= Rln(l = e )a,0) = Uid)w) — | dsRie_p (e (900, ) @)
t
[ dsy ) (@) = 90, (0,2)

A / ds (Ui (us)?) (&) — Ry (us)?) (@,))

Observe that, R™ is a contraction, || u™(¢) |lco<| @ |loo and || u.(¢) [|o<|| ¢ ||eo for ¢ €
Ci(R4 x R). Therefore, we have

| (6) — (@) oo < I R2(n(1 — e™)) = Uy(@) lloo +t | en(ul($(0,7)) [l
t
+20 ] 6 floe / ds || u(9) — us(4) lloo

t
3 [ ds | (U = R )08 o
0

For ¢ € Ci(Ry x RY), note that, Uy, is a strongly continuous semi-group implies that us(¢) is
a uniformly continuous function. So using Proposition 6.3 the first term and the last term go
to zero. By our assumption on F', || €, (u?(¢(0,-)) ||co Will go to zero as n — co. Now using the
standard Gronwall argument we have the result. O

Proposition 6.4. Let € > 0. The processes Y™ are tight in D([e,00), M (R} x R)).
Proof By Theorem 3.7.1 and Theorem 3.6.5 (Aldous Criterion) in [7] , it is enough to show

(6.11) V2 s d) — (V0 ¢) -0,

where ¢ € Cl+ (Ry x R), §, is a sequence of positive numbers that converge to 0 and 7, is any
stop time of the process )" with respect to the canonical filtration, satisfying 0 < e <7, <T
for some T < .
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First we note that, as (YJ',1) is a martingale, for v > 0 by Chebyschev’s inequality and
Doob’s maximal inequality we have

1
(6.12) P((Yr,.¢) >7) < —01 | ¢ lloo E( sup (V¢',1)) < —c2 || ¢ [loo
e<t<T Y
By the strong Markov Property applied to the process " we obtain that for a, 8 > 0, we
have
Ln(bn;a, B) = Elexp(—a(Yr, 15,,8) — BT, 9))
= E(exp(=(V7,, uz, (ad) + 4)))
= E(exp(—()r, —o uc (ug, (ag) + B9))))
Therefore

| Ln(0;, B) = Ln(bns o, B) | < || wd (uf, (@) + B¢) — ué ((a + B)4) [l E(ﬁgg@’?, 1))
< a | ud(ug, (ag) + Be) — ul (e + B)¢) lloo

where is the last inequality is by Doob’s maximal inequality. Now,
| ur(u, (0) + B9) — u (@ + B)8) o< Ri(u (08) — ) 1o
vor |6 e [ da | w20, (0) + 88) — ul(a + B oo +n(9)

where dn(6) = A Ji da || n (3 (uf. (a) + B) + en(u (@ + B)$)) lloo - Observe that
| R (1 (a6) — 09) oo <I| Rl () — Rig, (@) lloo + || Rie(Rlg, (@) — a6) oo
<l (@p) — Bl (626) llo + | Blers (@) — Rie(cd) oo
< IR, (00— €%) = ag) oo + /(f”da | R,y (2w (42

U R i) (09) — Bie(09) Il

I n(1 = €%) = ad lloo +onealll ¢ 2 +1)+ | R, (06) = Ri(0) oo

=ép (¢)
Consequently,

) lloo

IA

| ug (uf, (@) + B9) — ue ((r + 8)9) lloo< €n(4) + dn(9)
+e |l 6 Mo /06 da || ug (ug, () + B¢) — ug ((r + 5)¢) [loo -
By Proposition 6.1, e,(¢) — 0 and d,(¢) — 0 by our assumption F,,. Hence by a standard
Gronwall argument we have that,
(6.13) | Lp(0;8,7) — Lp(dp;s,7) [— 0

By (6.12), {{V7,¢);n =1,2,...} is tight in R, . Take an arbitrary subsequence. Then there
is a further subsequence of it indexed by {ng;k = 1,2,...} such that (ygfk,gb) converges in
distribution to some random limit b. Thus we get

(VP (4), V2 (8)) > (b, ) as k — oo.

Tnk
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But (6.13) implies that
d
(Vrk (8), V7% 15, (#)) — (b,b) as k — oo.

ng Tnk+(5nk

Tnk

This implies that (yfjk oy @) — (Y | @) 45 0as k — cc. So (6.11) holds and the proof is
complete. O
Proof of Theorem 2.4 Proposition 6.3 shows that the log-Laplace functionals of the process
Y} converge to V; for every t > e. Proposition 6.4 implies tightness for the processes. As the
solution to (2.8) is unique, we are done. O
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