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BALL PROXIMINALITY IN BANACH SPACES

BOR-LUH LIN AND T. S. S. R. K. RAO

ABSTRACT. In this paper we study the notion of ball proximinality. We exhibit several classes
of Banach spaces that are ball proximinal. We show that strong proximinality does not imply
ball proximinality. We also consider ball proximinality for spaces of vector-valued functions.

1. INTRODUCTION

Let X be a Banach space and let Y C X be a closed set. Y is said to be a proximinal set
in X if for every z € X there exists a y € Y such that d(z,Y) = ||z — y||. Proximinality for
subspaces is a well studied concept in Banach space theory, see the monograph [9]. Simple
examples of proximinal subspaces include finite dimensional subspaces, reflexive subspaces,
weak*-closed subspaces of dual spaces and subspaces of co-dimension one that are kernels of
continuous linear functionals that attain their norm. In the case of first three sets of examples
by compactness arguments one has also that the closed unit ball Y7 is a proximinal set in X.

It has been recently proved by Saidi [8] that there are Banach spaces X with a closed
proximinal subspace Y of co-dimension one for which Y; is not a proximinal set. Motivated by
this we consider the following notion of ball proximinality, which was called 'locally proximinal’
in [7].

Definition 1. A closed subspace Y C X is said to be ball proximinal if Y1 is proximinal in X.

It is easy to see ( Lemma 2) that any ball proximinal space is proximinal. In this paper
we undertake a detailed study of ball proximinality. We show that several stronger notions
of proximinality studied in the literature turnout to be ball proximinal. We also consider two
other notions of proximinality closely related to ball proximinality.

Motivated by the notion of strong proximinality of subspaces studied in [2] we introduce the
notion of strong ball proximinality and show that it implies strong proximinality. We give an
example to show that strong proximinality does not imply ball proximinality. We show that
in a strictly convex dual space with the Namioka-Phelps property, any weak*-closed subspace
is strong ball proximinal. We also study the continuity property of the metric projection in
proximinal and ball proximinal situation.

An interesting question related to the notion of strong ball proximinality is, for what Banach
spaces X is X7 a strong proximinal set? We show that this is the case for locally uniformly

convex spaces.
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Saidi’example (Theorem 1 [8]) is a subspace of co-dimension one and the kernel of a pro-
jection of norm one (and hence proximinal) whose unit ball fails to be proximinal. Thus it is
interesting to investigate situations where proximinal subspaces of finite co-dimension or more
generally factor reflexive (i.e., the quotient space X/Y is reflexive) proximinal subspaces are
ball proximinal. In this direction we show that for any family of reflexive Banach spaces, for
the co-direct sum, any factor reflexive proximinal subspace is ball proximinal.

As for the stability of ball proximinality, we note that it is preserved by cyp-direct sums and
when the metric projection is single-valued and continuous then it is preserved by vector-valued
continuous functions. We do not know if ball proximinality is preserved by ¢! sums. We give
some examples from the theory of L-embedded spaces ([3]) where it does get preserved in the
space of Bochner integrable functions.

It may be noted that several standard proof techniques from the theory of best approxima-
tions by closed subspaces, like translating by a vector from the subspace Y or the mini-max
theorem, d(z,Y) = ||z|Y || are no longer available in the case of ball proximinality.

Our investigations lead to several interesting questions about proximinality that have been
mentioned throughout the paper.
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2. MAIN RESULTS

Let X be a Banach space and let Y C X be a closed subspace. We first show that proximi-
nality between the unit balls implies proximinality.

Lemma 2. If the unit ball Y1 is proziminal in Xy then Y is proriminal in X.

Proof. Let x € X.Let a« =d(z,Y) . It is easy to see that a = inf{|| z —y ||:]| z — v ||< a + §}
for any § > 0.

Now let 8 = a + 0+ || z ||. Since SYiis proximinal in X, and as z € X d(z,[Y1) =||
x — 7o || for some yy € BY;.

Foranyy €Y, ||y—z ||[<a+4d, wehave |y ||[<Bsothat |z —y ||>]|z—yo || -

Hence d(z,Y) =[xz —yo || - O

The following Lemma as in [8] shows that several natural summands are ball proximinal.

We recall that when ||z|| > 1, d(z,X;) = ||z|| = 1 = ||z — ﬁ”

Lemma 3. Let Y C X such that there is a linear onto projection P: X — Y and a monotone

map f : R* ® R* — R* with ||z|]| = f(||P(z)|, ||z — P(z)||) for all + € X. Then Y is ball
proximinal.

Proof. Let z ¢ Y;. We will show that the infimum is attained at HP§ gll Let y € Y1, ||z —y|| =

FUP@ gl lo—P@)) = £(1P@)~ 2&0), la—P(@)]) = - &, by the monotonicity
of f. O

Remark 4. It is clear from the above Lemma that if Y C X is a complemented subspace
then X can be renormed so that Y is ball proriminal in the new norm. We do not know in
general how to renorm X (or additional conditions on X or Y ) so that the given subspace is
ball proximinal in the new norm.

Summands of the above kind can be used to generate more classes of spaces satisfying the
ball proximinality as the following proposition illustrates.

Proposition 5. Let Y C X be the kernel of a norm one projection P. Let Z C P(X) be a
closed subspace. If Y + Z is ball proziminal then Z is ball proriminal.

Proof. We note that our assumption identifies P(X) with X|Y. Let z € P(X). d(z,Z1) >
d(z, (Y+Z)1) = [|z—yo—2ol| for some yo+20 € (Y+Z)1. Now ||z —yo—20|| = [|[P(z—yo—20)[| =
|z — z0||. Also ||zo]| = ||P(yo + 20)|| < 1. Therefore Z is ball proximinal. O

Remark 6. Let Y C X be a closed subspace and let m : X — X/Y denote the quotient map.
Suppose Z C X|Y is a closed subspace such that m'(Z) is proziminal. Then it is well-known
that Z is proziminal. The above is a ball proximinal analogue of this simple proximinality
result, under additional hypothesis. We do not know even if Y is reflexive, ball proziminality

of m=Y(Z) implies the ball proziminality of Z.

We now recall the notion of local U-proximinality from [4]. Let [z] denote span{z}.
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Definition 7. A closed subspace Y C X is said to be locally U-proximinal if there exists a
function € : (X\Y) x Rt — R* such that for each fized z, €(x,.) is continuous, increasing in
p, €(z,p) >0asp—0and forzeY, p>0, (1+p)X1N(z1+Y) CXi+e(z,p)Yi.

Well known examples of locally U-proximinal spaces include M-ideals, semi M-ideals, and
semi L-summands, see [4] and [3] for the definitions.

Theorem 8. Suppose Y is locally U-proziminal in X. Then Yiis proximinal.

Proof. Let £ € X1. Let 0 < e < 1. Since Y is locally U-proximinal, there exists a § > 0
such that p < § = e(z,p) < € as in the definition of U-proximinality. Since || z |[|[< 1+ p,
d(z,Y) <1, it follows from Proposition 2.3 in [4] with 7 = 1, that there is a best approximation
z€Y). Thus ||z — 2z |[|=d(z,Y) <d(z,Y1) <[z — 2| -

T

Now suppose || z |[> 1. Let 0 < € < ﬁ Apply Proposition 2.3 [4] to %, with r = Tl

EIK [l
Then there is a best approximation

z € Y such that || z ||< ﬁ Thus || z || z € Y. Now for m € Y1, || z —m ||=|| = |||
e — T 1212 Ml g — 2 |l
=[lz— |l | z . Thus d(z,Y1) = z— |z || z || . O

Remark 9. In particular it can be shown that if X has a locally uniformly rotund (LUR)
norm then for any proriminal subspace Y, Y1 is proziminal in X. Also for 1 < p < oo, since
the space of compact operators KC(¢P) is a M-ideal in the space of bounded operators (see [3]
Chapter VI), we get that K(€P) is ball proziminal in L(£P).

L(eP) .
Let Y be ball proximinal. As in the linear case, let Py, : X — 21 defined by Py, (z) = {y €
Y: : d(z,Y1) = ||z — y||}, denote the metric projection. Let Py denote the metric projection

corresponding to the proximinal subspace Y.
In the next proposition we collect several properties of the metric projection.

Proposition 10. (1) For all x € X, for all X\ > 0, APy, ($) = Py, (z).
(2) Py(z) = Pyy,(z) for all X > ||z|| + d(z,Y).
(3) If Py, is continuous then Py is continuous.

Proof. 1) Let z € X, A > 0, let yo € Py;. Forany y € Y1, |3 —wol < 15—yl <= llz=Ayol <
|z — Ay||. Hence APy, (¥) = Py, (z).

2) Now let A > [|lz]| +d(z,Y). For y € Py (x), [yl < [zl + [l —yll = [lz]| + d(z,Y) < A.
Hence Py (z) C Pyy,(z). Since d(z,Y) < d(z, Y1) the other inclusion is always true.

3) Since Py, is continuous if and only if Pyy, is continuous, the conclusion follows. O

Remark 11. It should be noted that if y € Py (z) then |ly|| < ||z —y| + ||z|| = d(z,Y) + ||z|| <
2]

We now define the notion of strong ball proximinality analogous to the notion of strong
proximinality (same as the definition below with Py in the place of Py;) studied in [2].
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Definition 12. A closed ball proximinal subspace Y C X is said to be strong ball proximinal
at a point © € X if given € > 0, there ezists a § > 0 such that y € Y1, ||z —y|| < d(z,Y1) + 4
implies there ezists a y' € Py, (x) such that ||y — || < e. It is said to be strong ball proziminal
if it is strong ball proximianl at each point.

Proposition 13. If Y is strong ball proziminal in X then it is strongly proziminal in X.

Proof. Let x € X. We first show that Y7 is strong proximinal if and only if AY; is strong
proximinal for any A > 0. Suppose Y; is strong proximinal. Fix A > 0. Let x € X. Since Y;
is strong proximinal at §, for € > 0, there exists a § > 0 such that for all y € Y1, || —y| <
d(£,Y1) + 6 implies there exists 4’ € Py, (£) with |jy — ¢/|| < €.

Now let & = Xd. If y € AY; and ||z — y|| < d(z, AY7) + &, then |2 — ¥|| < d(
let y' € Py;(¥) be such that ||y’ — $|| < 5. Thus |[Ady' —yl| < e Asy' € Py (
Ay’ € Pyy, we get the desired conclusion.

, Yl) + 6. Now
) implies that

>y I8

Finally if Y is strong ball proximinal at z , let A > ||z|| + d(z,Y’). By Proposition 10 we
have P\y,(z) = Py (z). Hence Y is strong proximinal at z. O

We next exhibit some examples of strong ball proximinal spaces.

Theorem 14. Suppose Y C X* is a weak™-closed subspace and X*is a strictly convex space
with the Namioka-Phelps property (i.e., weak*-norm topologies coincide on the unit sphere) ,
then Y 1is strong ball proziminal and Py, is continuous.

Proof. Let f € X* and let d(f,Y1) =|| f — Py, (f) || . Suppose strong proximinality fails at f.

Then there exists a € > 0 and a sequence { fn }n>1 C Y7 such that | f—fn < d(f,Y1)+1 <]
f_fn || +% for all n but ” fn_PY1 (f) ||> €.

Going through a subnet if necessary we may assume that f,, — fo € Y7 in the weak*-topology.
By the weak *-lower-semi-continuity of

the norm, || f — fo 1< tminf || £ — fu < d(£,Y2) =| £ — Py () . Thus | £ — fo lI=
lim || f — fn ||. Consequently by the Namioka-Phelps property, f, — fo in the norm and by
the strict convexity , Py, (f) = fo. This contradicts the choice of the sequence {f,}.

Now if {fn}n21 C X and f, — f, then by hypothesis, || fn — Py; (fn) = d(fn,Y1) —
d(f,Y1) =| f — Py, (f) |- Again we assume w. 1. 0. g

that Py, (fn) — fo in the weak*-topology. d(f,Y1) <|| f — fo ||< liminf || f — Py, (fn) |I<
lim inf H f - fn ” + H fn - PYl (fn) HS d(faYI)-

Therefore we conclude that Py, (f) = fo and Py, (fn) — Py, (f)- O

It follows from arguments similar to the ones given above that any finite dimensional subspace
is strong ball proximinal. Similar arguments also yield the following corollary. We recall that
a Banach space X is said to be a G-space if every point of the unit sphere is a denting point.
Equivalently these are strictly convex spaces such that weak and norm topologies agree on the
unit sphere.
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Corollary 15. Suppose X is a G space and Y C X 1is a reflexive subspace then, Y is strong

ball proziminal and Py, is continuous.

In the following theorem we use the renorming procedure of Lemma 1 of [8] to show that

strong proximinality does not imply ball proximinal.

Theorem 16. There exists a Banach space X and a strongly proziminal subspace Y C X that
is not ball proriminal.

Proof. Asin Lemma 1 of [8], let Y be a non-reflexive subspace with a non-proximinal hyperplane
H. Let ||yo|| =1 = d(yo, H) and the ball B(yp, 1) is disjoint from H. Let a € 2Y; N (yo + H)
and let R = A —a. Choose v € R such that %(:I:R) CYi. Let X =Y @ R (¢!-directsum). Let
ep = 1. Let z = y+ Aey then from Lemma 1 in [8] we have, P'(z) = {y+ %R} and d(z,Y) = ||

To show that Y is strongly proximinal in X, let € > 0 and let 0 < § < ¢. Suppose 3y’ € Y and
lo—y/|l < d(z,¥)+5. Now z—'|| = ll(g+Aeo—'ll = 1)+ Aeoll = ly—'I+A] < |A+5.
Thus ||y — ¢/'|| < € and as y € P'(x) we have the required conclusion.

As already noted in [8], Y is not ball proximinal. O

Remark 17. It follows from these arguments that a Banach space is reflexive if and only if
every closed subspace of co-dimension one (and hence every closed subspace) is ball proziminal.
In the case of closed subspace of co-dimension one, we do not know a necessary and sufficient
condition in terms of the continuous linear functional determining the subspace to ensure ball

proziminality.

Since for a Banach space X the unit ball is always a proximinal set, it is interesting to

consider situations when it is a strong proximinal set.
Proposition 18. Let X be a locally uniformly rotund space then X1 is a strong proriminal set.

Proof. Suppose X1 is not a strong proximinal set. Since X is strictly convex, by the uniqueness
of best approximation, there exists a z ¢ X; , an € > 0 and a sequence {y,},>1 C X such
that ||y, — ”g—HH > ¢, ||z — ynll < [|z]] — 1+ % for all n.

Thus limnscollz — yal = 2]l — 1. Also [|zf| =1 < [[£252m — 2| < (|lyn — ]| + [[ym — ) =
o] — 1.

Hence ||y"+% —z| — ||z|| — 1. Now using local uniform convexity on the sphere centered
at  and radius ||z|| — 1, we see that {y,}n>1 is a Cauchy sequence. Let y, — y, € X;. Since
|z — yol| = ||z|| — 1 we have yo € Px, (z) = {ﬁ} This contradicts the choice of the sequence
{Yn}n>1- Therefore X; is a strong proximinal set. O

Recall that Saidi’s example [8], is a proximinal closed subspace Y C X with a z € X such
that d(z,Y) = d(z,Y1), the distance is attained at a point of Y, but not at Y;. Thus it is
interesting to consider local conditions on z to ensure that this distance is attained at Y; as

well. The following proposition leads in a natural way to a newer notion of proximinality.

Proposition 19. Let z € X . Suppose o = d(z,Y) = d(z,Y1), assume that Y is strongly
proziminal at x and Py (x) is a compact set. Then Y7 is proziminal at x.
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Proof. By strong proximinality , for each n , let y, € Y7 with || z — y, ||< a+ 6, . There exists
yp, with d (z,Y) =[| 2 —yj, || and || y;, —yn [I< 5

Since Py (z) is compact we can assume w. 1. o. g that y,, = ' € Py (z) . Thus || ¢’ ||[< 1,
d(z, Y1) =|lz—y"|. O

We next show the ball proximinality of factor reflexive proximinal subspaces in c¢y-direct
sums. The following proposition is well-known and is included here to indicate an alternate
proof of a result of Garkavi from Chapter III of [9] that we will be using below.

Proposition 20. Let Z CY C X be closed subspaces such that Y/Z is proziminal in X/Z. If

Z s proziminal in X then'Y is proriminal in X.

Proof. Let z € X. Suppose d(n(z),Y/Z) = ||n(z) — 7(yo)|| for some yy € Y. Now ||n(z) —
w(yo)|| = ||7(z — yo)|| = d(z — yo, Z) = ||z — yo — 20|| for some zy € Z as Z is proximinal in X.
ForyeV, |lz—y|| > [|[7(z —y)|| > lz— (yo+ 20)||- As yo+20 € Y we get that ¥ is proximinal
in X. O

Corollary 21. (Garkavi) Let Z C' Y C X be closed, factor reflexive subspaces of X. If Z is

proximinal in X then'Y is proziminal in X.

Proof. By our assumption of factor reflexivity, Y/Z is a proximinal subspace of the reflexive
space X/Z. O

Question 22. We do not know if a ball proziminal versions of the above proposition or corollary
is true?

Remark 23. There erists a Banach space X with subspacesY C Z C X, Y is of co-dimension
one in Z and Z is of co-dimension one in'Y, Z is ball proximinal but Y is not. To see this one
starts with a Banach space Z and a subspace Y of co-dimension one that is not ball proziminal
in Z as in Lemma 1 of [8]. Let X = Z @ooc R (£*° sum). As noted in Lemma 2, Z is ball
proziminal in X. Clearly Y is not ball proziminal in X.

We next exhibit examples where proximinal factor reflexive subspaces are ball proximinal.

Theorem 24. Suppose {Xqa}acr is a family of reflexive spaces and let Y = @, X be the
co-direct sum. Let Z C Y be any proximinal, factor reflexive subspace. Then Z is ball
proziminal. The same conclusion holds for any factor reflexive prozriminal subspace of Z. Also
the intersection of finitely many ball proximinal subspaces of Y is again ball proximinal.

Proof. Let f € Z+. Since Z C ker(f) C X, Z is proximinal and factor reflexive, by Corollary
20, we get that ker(f) is a proximinal subspace and hence f attains its norm.

Since Y* = @1 X} (¢'-direct sum), it is easy to see that f has only finitely many non-zero
coordinates. Since Z' is a Banach space, by a simple application of the Baire Category theorem
we see that there is a finite set A C I such that f, =0 foralla ¢ A and f € Z*.

Thus it is easy to see, Z1 = (Z N (BooXa){aca})t Boo (Deo(Xa)aga)i-

Consider now the corresponding splitting of Y = (@ooXa){aeA} Doo Deo(Xa)aga- As Ais a
finite set, the first set in the decomposition of Z;is proximinal by weak compactness of balls
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in reflexive spaces, in the corresponding space. The second set is the unit ball and hence is
proximinal in the corresponding space. Therefore Z; is proximinal in Y .

We note the we have in particular proved that any factor reflexive proximinal subspace of
Y is again a cp-sum of reflexive spaces. Thus if Z' C Z is a proximinal factor reflexive space,
then Z' is ball proximinal in Z.

Also it is clear from the above arguments if Z C Y is a closed subspace such that Z+ C
®1(X5 )iacayfor a finite set A, then Z is ball proximinal. Note that any set of the form
©1(X3){aca} is a weak® closed subset of Y*. Thus if Zi,..., Z, are ball proximinal subspaces
of Y then since (;;<, Z)*t C ®1(X3){aca} for some finite set A, we get that (), ;,, Z; is
ball proximinal. O

Question 25. It is well known [4] that the space of compact operators, K(£?) is a locally U-
proziminal subspace of L(€2) and hence is ball proziminal. We do not know analogous to the
case of co, if every proziminal factor reflexive subspace of K(£2) is also ball proziminal?

The following Lemma is from [3] Section IV.1.

Lemma 26. Let P be a contractive projection in X*. Suppose Y C P(X*) is a norm closed
subspace such that P (Yl_) CY (closure w. r. t weak* topology). Then'Y is ball proximinal in
P(X™).

Proof. Let z* € P(X*) . Using weak™ compactness, let y§ € Y, be such that d (m*,Yf) =||
=y |l

Now d (2, Y1) 2 d (s, ¥7) =|l o — 45 |21l P (a” = 3) =l " — P (55) |l As P (55) € Vi
we have the required conclusion. O

We recall from [3] that X is said to be L-embedded if under the canonical embedding of X in
X**, there exists a linear onto projection P : X** — X such that |A]| = ||P(A)] + ||A — P(A)]]
for all A € X**. These spaces are natural analogues of reflexive spaces. See [3] Chapter IV for
several examples and geometric properties of these spaces.

Corollary 27. Y C X, such that both Y and X are L-embedded. Then Y is ball proziminal
in X.

Proof. 1t is known that if Y C X and both are L-embedded then the L-projection P in X** with
range X has the property that P(Y ) C Y (Proposition IV.1.10 [3]). Hence Y} is proximinal
in X. O

The importance of these notions lies in the fact that being L-embedded is preserved by ¢!-
sums and in several cases the space of Bochner integrable functions with values in a L-embedded
space is again a L-embedded space.

Corollary 28. Let i, v be positive measures. Let Y C L' (u) be a reflezive subspace. L' (v,Y)
is ball proziminal in L' (v @ p).
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Proof. : Tt is well-known that L' (v,Y) is a L-embedded subspace (see [3] page 200) of
L' (v,L' (u)) = L' (v ® p). Thus the conclusion follows from the above corollary. O

We next consider the stability property of ball proximinality for spaces of vector-valued
function spaces. We follow the notations and terminology of [1].

It is easy to see that if {Y,} is a family of ball proximinal Banach spaces in X,, then the
cp-direct sum @Y, is also ball proximinal in @.,X,.

We first consider the space C'(K, X) of X-valued continuous functions on a compact set K.

Proposition 29. Suppose Y C X is a closed ball proximinal subspace and P : X — Yy is
single-valued and continuous or has a continuous selection. For any compact Hausdorff space
K, C(K,Y), is proziminal in C (K,X).

Proof. Let f € C(K,X), put fo =Po f. Then fo € C(K,Y), and for any g € C (K,Y), and
ke K, | f (k)= fo(k) Il f (k) —g (k) || . Thus d(f,C(K,Y)) =||f—fol -

Similar arguments work in the case P has a continuous selection. O

We do not know if ball proximinality is preserved by £'-sums. In the following theorem
for a ball proximinal separable subspace, we show that L'(u,Y7) is a proximinal subset of
L'(pu, X). See [5] for a similar result. In the following theorem to keep the measure theory
simple we assume that the domain is [0,1] with the Lebsgue measure p. Standard measure
theoretic arguments can be used to extend it to positive measures on completions of countably
generated o-fields.

Theorem 30. Suppose Y C X is a separable subspace such that Y1 is proriminal . Then for
the Lebesgue measure p on [0,1] , L' (i, Y1) is proziminal in L' (u, X) .

Proof. Fix f € L'([0,1]). We assume w. 1. o. g that the functions are defined every where.
Let G = {(t,y) € [0,1] xYi: d(f (t),Y1) >|| f(t) —y ||} - Since Y7 is proximinal the projection
of G to the first coordinate is [0, 1] .

We now show that G is a measurable set. Let {y,},>1 be a dense sequence in Y;.

G =Ny {(t,y) € [0,1] x Y1 :|| £ () —yn |[>]| f(t) — vy ||}. Therefore since f is a measurable
function, G is measurable.

Thus by a consequence of the von Neumann selection theorem ([6] Theorem 7.2) we get a
measurable function go : [0,1] — Y7 such that (¢,g0 (¢)) € G for a.e t, in particular

d(f(t),Y1) =| f (&) —go(t) ], a.e. SinceY is separable, go € L (i, Y1).

Forany g € L' (1, Y1), | f =g ll= [ || f (w) = g (w) || dp(w) > [, d(f (w), Y1) dp (w) = [ ||
f(w) =g0(w) || dp(w) =[| f = goll -
Therefore d (faLl (HaY)l) ZH I =90 ||2 d (faLl (/‘aYl)) as go € rt (uayl)' O

In the following proposition we prove another partial result on the ball proximinality of

#1-sums.
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Proposition 31. Let {X;}icr be a family of Banach spaces with reflexive subspaces Y; C X;.
Y = @Y, is ball proziminal in S = {s € &1 X;:s(i) =0 fori ¢ A for a finite A C I}.

Proof. Let s € S and let A C I be the associated finite set. We claim that d(s,Y;) >
d(s, (®ijeaYi)1). Once this claim is proved, since @®;c4Y; is reflexive there exists a yy €
(®ierYs)1 C Yq such that d(s, (®icaYi)1) = ||s — yol|- Therefore d(s,Y1) = ||s — yol|-

To see the claim, let y € Y1. ||s —y|| > > ,calls(@) —y@)| = [Is — ¥ > d(s, (DicaY?))1-
Where 3/(i) = y(i) for i € A and y'(7) = 0 otherwise. O

Remark 32. If X;’s are also L-embedded then since this property is preserved by £'-sums (see
Proposition IV.1.5 [3]) we get that Y is ball proziminal in ®1X;cr by Corollary 26.

We conclude the paper with another interesting variation on proximinality of subspaces,
namely when is Y7 proximinal in X;7

As noted in Lemma 1 this again implies that Y is a proximinal subspace and is implied by ball
proximinality. Note that the projection considered in Lemma, 2 is a bicontractive projection.

Proposition 33. If P be a bicontractive projection with range Y, then Y1 is proziminal in X;.

Proof. Let zx € Xy, fory € Y, |z —y ||>|| x — P(z) || and P(z) € Y1. Thus d(z,Y) =||
x—P(z)||=d(z, Y1) . O

Remark 34. It follows from Remark 11 that if Y is proziminal in X then Y1 is proximinal in
ViU 33X,
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