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SOME OBSERVATIONS ON KHOVANSKII’'S MATRIX METHODS FOR
EXTRACTING ROOTS OF POLYNOMIALS

J. MC LAUGHLIN AND B. SURY

ABSTRACT. In this article we apply a formula for the n-th power of a 3 x 3 matrix (found
previously by the authors) to investigate a procedure of Khovanskii’s for finding the cube root
of a positive integer.

We show, for each positive integer o, how to construct certain families of integer sequences
such that a certain rational expression, involving the ratio of successive terms in each family,

tends to o'/3.

We also show how to choose the optimal value of a free parameter to get
maximum speed of convergence.

We apply a similar method, also due to Khovanskii, to a more general class of cubic equa-
tions, and, for each such cubic, obtain a sequence of rationals that converge to the real root of
the cubic.

We prove that Khovanskii’s method for finding the m-th (m > 4) root of a positive integer
works, provided a free parameter is chosen to satisfy a very simple condition.

Finally, we briefly consider another procedure of Khovanskii’s, which also involves m x m

matrices, for approximating the root of an arbitrary polynomial of degree m.

1. INTRODUCTION

In [1] Khovanskii described a method which uses powers of 3 x 3 matrices to approximate
cuberoots of integers. More precisely, let « be a positive integer whose cube root is desired and
let a be an arbitrary integer. Define the matrix A by

a
(1.1) A= |1
1

— 8 Q2
8 2 R

and let A, ; ; denote the (4, j)-th entry of A™. Suppose

(1.2) lim An1.1 =z, lim An21 =1y,
n—00 Ap31 n—oo Ay 31
where z and y are finite and z +y + 1 # 0. Then z = Vo2 and y = ¥a.

Khovanskii did not give conditions which insure the convergence of the sequences above.
Also, he did not investigate the speed of convergence or the question of the optimal choice
of the integer a to ensure the most rapid convergence. Further, there is the difficulty that is
necessary to compute the powers of the matrix A.

In this present paper we show that the sequences {A,, 11/An31}02 1, {An2,1/An3,1}52, con-
verge for all integers a greater than a certain explicit lower bound. We also determine, for a
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2 J. MC LAUGHLIN AND B. SURY

given «, the choice of a which insures the most rapid convergence. We also give precise esti-
mates for | A, 2.1 /An 31 —a'/3|, for this optimal choice of a. Finally, we employ a closed formula
for the n-th power of a 3 x 3 matrix from our paper [2], which actually makes it unnecessary
to perform the matrix multiplications. We have the following theorems.

Theorem 2. Let a > 1 be an integer and a be any integer such that

o2/3
T Tvals
Set
Qp —
AN i 9 o . |
3 (1) (Z J; J) ("’ Z, ij ”) (3a)"~237 (342 — 30)"(a® + & — 3acx + a2)’.
%,J
Then
~1
lim 1+ —f———— = ol/3,
n—=eo " _a+1
anp—1

Note that the limit is independent of the choice of the parameter a.
Theorem 3. Let o and a be as described in Theorem 2. Let the matriz A be as described at
(1.1). Then the choice of a which gives the most rapid convergence is one of the two integers

closest to
_ al/3 +
T T el

For this choice of a and n > 3,

Ap o1 13 _ —-w\" —w?\" nds 04 1/3
A, @ T\Wbell5) (2) )T aamtam)o™

where w = exp(2m1/3), |03] < 8 and |d4] < 48.

We also investigate two other procedures due to Khovanskii. One is a method for finding a
root of #3 — pz — ¢ and the other is a method for finding '/™, where o and m are arbitrary
positive integers. Again, Khovanskii’s methods rely on certain ratios converging, and he did not
give any conditions which guarantee convergence. We give criteria which insure convergence.
In the case of 3 —p z — g, we again prove a result which makes the actual matrix multiplications
unnecessary. We have the following theorems.

Theorem 4. Let p > 0, ¢ > 0 be integers such that 27¢*> — 4p> > 0. Define
T+ 5\ /n—1—27\ . 0i_3; . -
= ( -J) ( " ])3" %33(3 — p)i(g —p+ 1),
oy J 1+
214+35<n

Then

2 7\'/®
a (2/3)1/31) (9q—|—\/81q —12p)

. n
(1.3) -1+ lim = + 5173323 ;

= 1/3
nreo Gn-1 (9q /8l Z = 12p3)

the real root of f(z) = x3 — pz — q.




KHOVANSKII'S MATRIX METHODS FOR EXTRACTING ROOTS 3

Let
a o a\
a o o
1 a « o
(1.4) A=
1 1 1 ... a «
1 1 1 ... 1 a

Theorem 5 Let A be the m x m matriz defined above at (1.4). Let Ay, ; denote the (i, j)
entry of A™ and suppose a > 0. Then

lim An,i,j :a(j—l—u—i—'u)/m.
n—00 Ap 4 v

Some of the work in this paper relies heavily on results proved in our paper [2]:

Theorem 1. Suppose A € My(K) and let
TF — sy TF L o2 oo ()P, T
denote its characteristic polynomial. Then, for all n > k, one has

A" = bk_lAkfl + bk_gAk72 +---+bo 1,

where
br—1 =a(n—k+1),
bg—o =a(n —k+2) —sja(n —k+ 1),
by =a(n —1) —s1a(n —2) + -+ + (=1)F2s;,_sa(n — k + 1),
by = a(n) — spa(n — 1) + -+ (=1)FLsp_ja(n — k + 1)
= (=1)*lspa(n — k).
and
an) = eliz, - sigym)s] TR (e (SR ),
with (n —ip — 265 — - — (k — 1)ip)!
izt m) = 2 --z'k!Q(n S T T (k]{,"i.k)!.

For the case kK = 3 we get the following corollary.

Corollary 1. (i) Let A € M3(K) and let X3 = tX? — sX + d denote the characteristic
polynomial of A. Then, for all n > 3,

(1.5) A" = an 1A + an-2Adj(A) + (an — tan-1) I,
where o ' '
an = Z (_1)1' (Z +J> (n — ? — 2.7>tn2i3j8idj
2i4+3j<n J vty

forn >0 and ag = 1.
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We use this corollary in conjunction with Khovanskii’s ideas to determine sequences of ra-
tional approximations to the real root of certain types of polynomials.

2. APPROXIMATING CUBEROOTS OF POSITIVE INTEGERS

We next prove Theorem 2.

Theorem 2. Let o > 1 be an integer and a be any integer such that

o2/3
Set
ap, =

Z(_l)i (z + j) (n —i— 2j> (3a)" 2% (302 — 30)/(d® + a — 3aa + a2)’.

,J J vt
Then
. a—1 1/3
(2.2) lim 1+a—:a .
n—00 n — a4+ 1
an-1

Proof. Let w := exp(2m1/3) and set

a o «
A=|1 a «
1 1 a
The eigenvalues of A are
(2.3) Br=a+a'l? 4?3,

B =a+a1/3w+a2/3w2,
Bs =a+ a??w+ o'/ w

Note that 3 is positive for any a satisfying (2.1). Further, for such a,

2

& = &2_&:33_02—Gal/3+a2/3—aa2/3—oz+a4/3<1
B B B? (a +all? + a2/3)? ;
so that 81 > |B2| = |Bs|. Let
3 B oy B 0 0
M= a3 oBu oBu?|, p=|0 5 o

1 1 1 0 0 Bs
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Then A= M D M~ ! and so
A" =MD "M~ =

BBy a0V (BBt ) a¥/S (B4 B +w ™)
3

3 3
B1"+w? B>"+w f3™ B1"+B2"+Bs" al/3 (B1" +w Bo" +w? Bs™)
3173 3 3
B1™+w B +w? B3™ 1" 4w? Ba" +w B3" B1"+B2"+53"
3a?/3 3al/3 3

Let Ay ; j denote the (4, j)-th entry of A™. It is now easy to see (since 1 > 32| = |fB3|) that

A n 2 n n
(2.4) B Am21 18 i ﬂ1n +w ﬁi + wﬁ:’,n _
n—00 A": 3,1 n—oo B1" + w B + w? B3

On the other hand, the characteristic polynomial of A is

1/3.

X3 =3aX% - (3a®> —30)X +a® + o — 3aa + 2.

It follows from Corollary 1, that if t = 3a, s = 3a®> — 3¢, d = a® + a — 3aa + o2 and

an= Y (-1) (Z ij) (" Ny 23)7:”%39'31'(19',
2i+3j<n J vty

Yn = (a3 +a—-3aa+ az) G_34pn — 2 (a2 — a) a_94n+aa_ 14y,

On = (—a+a) a_oyp +a_14n,

pn = (1= a) a—o4n + a—14n,

then
Yo Qpn ady
A" = On Yo Qpn
Thus (2.2) now follows by comparing limy,_,, 0, /pn, with the limit found above. O

Remarks: (a) Note that the limit in (2.2) is independent of the choice of a, so that various
corollaries can be obtained from particular choices of a.
(b) A similar method can be used to approximate square roots and roots of higher order (see
Section 4).

(c) The pairs (1,2) and (1,3) in (2.4) can be replaced by other pairs to give limits of the form
o3, —4<j<4.

Corollary 2. Let a be a positive integer. Set

LI\ (== 27\ i3 i+2j
- gn=i=3 (o — 1)+,
o ( ‘)( i+ ) (=1

2i+35<n J
Then

lim 1+ (a— 1)(1”_1 = aol/3,

n—00 an

Proof. Let a =1 in Theorem 2. O
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Corollary 3. Let « be a positive integer. Set

n .
- Z 2n+1 33ia2n+i (Ot + 1)271,721'
" o \2n — 2 ’

—1 .
b — K 2n+1 g3i+1 ,2n-ti 1)2n—2i~1
n — E 9 [0} (a + ) .

. n—2;—1
=0
Then )
lim 1+ ;é_ = al/3.
n—oo -on + 1
bn,
Proof. Let a = 0 and replace n by 6n in Theorem 2. O

Corollary 4. Let a be a positive integer. Set

L -2
o = n—3:1 n—1 -1 21"
a Z < ; )3 " Ha—1)

i=0
Then )
-1
lim 14— = a?/.
n—00 n_ a+1
an—1
Proof. Replace o by o? and then let ¢ = o in Theorem 2. O

It is clear from (2.4) that the smaller the ratios |82/51| = |B3/B1], the faster will be the rate
of convergence in (2.2). It is also clear from (2.3) that these ratios can be made arbitrarily
close to 1 by choosing a arbitrarily large. We are interested in how small this ratio can be
made (to get fastest convergence) and what is the optimal choice of a for a given « to produce
this smallest ratio.

Theorem 3. Let o and a be as described in Theorem 2. Let the matriz A be as described at
(1.1). Then the choice of a which gives the most rapid convergence is one of the two integers

closest to
1/3
_ o’ + o
(25) it

For this choice of a and n > 3,
@6 et =\ bells) (%) )T oas o)™
where w = exp(2m1/3), |d3] < 8 and |d4] < 48.

Proof. For the moment we consider a to be a real variable and define

h(a) = @2 @QZﬁgﬁg:az—aa1/3+042/3—aoz2/3—oz+a4/3
b1 B? (a+a1/3+a2/3)2

A

The function h(a) achieves its minimum at

(-1 -l—al/?’)2
4 (14 al/3 4 a2/3)’

_ a1/3+a
a=a:= 71_“11/3

and h(a) =
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Hence for large a the best possible choice of a is one of the two integers closest to a, say

1/3
a4+ o
R APNYE M

with |n| < 1. With this choice,

Bt 44 (2 (1+ al/3 + a2/3) a2/3 + (1+ al/3) p)?
_.1 3()
—.Z—I—Zgn.

Next, considering g(n) as a function of 7,
4 (1 + a1/3)4 all? n
(203 +202/% + 20+ 0+ al/3 77)3

g'(n) =

Thus, since ¢'(0) = 0 and ¢(1) < g(—1),

§ 300 <2 < p o)
or
1 3 al/3
4 4 (1+all3 4 a23) = ﬁ2§3 =
1 3 (-14+a?) (1+3a'?+8a%%+8a+4a*?)
4 4 (—1+al/3 +2a2/3 + 20) '

Thus ,32,83/,8% < 1/4 or |,82/ﬁ1| = |,33/,31| < 1/2, for a > 1.
B _oP—a?B4n+aBPy+alPu—aw

b1 2013 + 2023 +2a+n+ a3y
- w (51
=5t
Bs  —a?Pta+n+aPn—aBu+aw
B 2013420283 4+2a+n+all3y
_ w2 52
5t

where |d1], |02] < 1. (We omit the details of these calculations. The first equation is simply
solved for &1, the solution is multiplied by its conjugate §, = d2, the resulting real number is
shown to be monotone decreasing as a function of n by differentiating with respect to 7, and
finally it is shown that 6,6, < 1 at n = —1.)

Note that these ratios |B2/81| = |B3/P1| increase quite slowly with a: |B2/81| < 0.45, for
a < 3000, for example. Returning to large «,
2.7) Ano1 ol/3 = (/Bln + w? Bo™ + w B5" - 1) s

Ap 31 1" + w B + w? B3"
_(1-w)w (=AR"+5") s
A" +w " + w? B3"
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_ ( _1) __w ”l_ _w2 " + 'n,(53 _|_5_4 1/3

= (W w 2 2 IMl/3 22n @,
where |d3| < 8 and |44 < 48. O

Remark: Note that for » > 3 and a > 2*", we have the following;:
A —3+%, n=1,2( mod 6),
,2,1

(2.8) om (W—l) =4q0+%2  n=3,6( mod6),
o 3+&  n=4,5( mod6),

where |K,| < 61.

3. APPROXIMATING THE REAL ROOT OF AN ARBITRARY CUBIC

If the zeros of az® + bz? + cx + d are By, B2 and f3, then the zeros of 22 + (9ac — 3b?)z +
2b% — 9abc + 27a%d are 3af + b, 3aB2 + b and 3afB3 + b. Thus, in finding the roots of a general
cubic equation, it is sufficient to study cubics of the form f(z) = 2 — pz — ¢. For simplicity,
here we restrict to the case p > 0, ¢ > 0 and 27¢® — 4p3 > 0, so that f(z) has exactly one real
root, which is largest in absolute value. We have the following theorem.

Theorem 4. Let p > 0, ¢ > 0 be integers such that 27¢> — 4p> > 0. Define
i+7\/n—1—2j i as . -
= ) ( -”) ( Dy ”)3" %3 (3 — p)i(q — p+ 1)1,
2i+3j<n \ J J
Then

p 7\ /3
. (2/3)%p (90 + VBIZ —1277)

. a
(3.1) -1+ lim = + S1/3 553 ,

/3
o0 Gn-1 (9q + /8l Z = 12p3)

the real oot of f(x) = 3 — px —q.

Proof. As before, let w = exp(2m:/3) and set

1 p gq
A=1]11 0
0 1 1

Define
1/3
(2/3)1/3p (Qq— \ 81q2 — 12p3)
a= 1/3° p= 91/332/3 :
(Qq——\/Squ——12p3)
The eigenvalues of A are
(3.2) n=1+a+4,

yo=14aw?+ Buw,
y3=14aw+ fw?
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Set
(@a+B)? Bw+aw?)? (aw+Bw?)?
M=] a+p Bw+ aw? aw+ Bw?
1 1 1
and then
mn 0 0
M1AM=(0 v 0
0 0
Here we use the facts that ¢ = o + 8% and p = 3a3. Clearly
w00
A"=M |0 45 0o |M
0 0

As before, let A, ;; denote the (i, j) entry of A™. It is straightforward to show (preferably
after using a computer algebra system like Mathematica to perform the matrix multiplications)
that

A, = )" (=1+73) " (=1+72) "
P =) (=) (=) (e—v3) (i — ) (2 +73)’
A31_—WW%HWM¢+%"PW+%HWMW“ﬂW)
n,o,1 — °

(1 =72) (1 =3) (=72 +73)
Since y1 > |y2], |y3|, it follows that

A
(3.3) lim Sl

n—0Q 7L,3, 1

=m-l=a+p.
Next, the real zero of 2 — pz — g =0 is
5 3 1/3
1/3 21/3 32/3
(gq /81— 12p3>

and some simple algebraic manipulation shows that this is equal to « + 3, so that the limit at

bl

(3.3) is indeed equal to this real zero.
Finally, the characteristic polynomial of A is

X3=3X2-3-pX+qg+1—p,

so that Corollary 1 gives, after settingt =3, d=¢q+1—pand s =3 — p,

e 9 o . '
a, = Z ('l '.7> (’n Z:_J .7>3n 2 3](3_p)’b(q_p+1)J’

2it3j<n Y
and
en=1-p+q) a 310+ (-2+p) aoin+a_14n,
that
€n (@—p) an—2+pan-1 ¢ (an—1 —an—2)
A" = | ap_1 — ap—2 €n qan—2

an—2 an—1 — Gn—2 €n —Pan—2
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The result now follows, after comparing lim_,, Ay 2 1/Ap 3,1 in the matrix above with the
limit found at (3.3). O

4. APPROXIMATING ROOTS OF ARBITRARY ORDER OF A POSITIVE INTEGER

Khovanskii shows that the method of section 2 extends to roots of arbitrary order m, by

(0, a « [0 Oé\

considering the m X m matrix

1l a a a ... «
1 1 ¢ « o

(4.1) A=
a o

la)

Again his result is dependent on the existence of limy,_ o Ay, i, j/An,u,0, for various pairs (i, 5)
and (u,v), but he does not suggest any criteria which guarantee these limits exist. We make
his statement more precise in the following theorem.

Theorem 5. Let A be the matriz defined above at (4.1). Let Ay, ; ; denote the (i, j) entry of
A™ and suppose a > 0. Then

(4.2) lim Anij _ qlitu—i—v)/m
n—00 Ap 4 v

Proof. Let wp, be a primitive m-th root of unity. Define the matrix M by

(M)z i= a(m—z’)/mwr(gn—j-l-l)i'

Then
1
m (M);,i’
(We omit the proof of this statement. It can easily be checked by showing that multiplying M

(M) =

and the claimed inverse together gives the m x m identity matrix.)
It is now not difficult to show that

M_IAM: dlag (ﬁlaﬁ?a"'BM)7

where diag (81,52, - Bm) is the matrix with 31, 52, . .. By, along the main diagonal and zeroes

elsewhere. Here
m—1

Bi =a+ Z(wﬁn_lozl/m)j, 1=1,2,...m,
j=1
are the eigenvalues of A. For a > 0 , there is clearly a dominant eigenvalue, namely f;.
(This condition could be relaxed to allow a to take some negative values, but the precise
lower bound which makes 51 > |5;|, 7 # 1, is not so easy to determine in the case of arbitrary
Next, it is clear that A" = Mdiag (87, 8%,...8%)M ™!, and it is simple algebra to show that
j=i)/m ™

3 wim—k+1)(i=1) gn

m
k=1

al
n,ij —
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The result now follows, upon using the fact that 81 is the dominant eigenvalue. O

Note, as in Theorem 2, that the limit is independent of the choice of a.

Theorem 1 could be used to produce results similar to those in Theorem 2 and its various
corollaries, but the statements of these results become much more complicated with increasing
m.

Also, we have not been able to determine the optimum choice of a that gives the most rapid
convergence in (4.2). One difference between the m = 3 case and the general case is that the
sub-dominant eigenvalues in the general case need not necessarily all have the same absolute

value.

5. CONCLUDING REMARKS

For completeness we include the following neat construction by Khovanskii, one that enables
good approximations to a root of an arbitrary polynomial to be found in many cases. Let

A=
k lay, 0 0 0 0 0 \
0 k lag, ... 0 0 0 0
0 0 0 lany, 0 0 0
0 0 0 k lan, 0 0
0 0 0 0 k 0 lapy
—lay —lay —las ... —lames —lam—s k—lam-1 —lam—2o
\ 0 0 0 ... 0 0 Lam k

Here k and [ are non-zero. If lim,_, o Ay i 1/An m,1 exists and equals, say, f3;, for 1 <1i < m,
then 8,,_1 is a root of

f(.’II) = ammm + G/m—léCm_l + am72$m—2 ...a1x + ag.

This can be seen as follows. Since the limits exist and 3, = 1, we get the system of equations
kB tlanBina

e Py lsism=3,
o k/Bm—Z +lam
;8me B lamﬁm—l + k
By = —lagfr —larfs —--- —lam—3Bm—2+ (k —lam_1)Bm—1 — lam—Z.
lamBm-1+k

This system of equations leads to the system SB,—18m—2 = 1, Bit1 = Bm-15i; 1 <i < m — 3,
and

amBa_1 + am-1Bm—1 + m-2 + m—3Bm—2 + -+ + a1B2 + apB1 = 0.
The result now follows, after multiplying the last equation by ﬂg:f and using the equations
preceding it to eliminate f;, i # m — 1.
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This situation is of course even more difficult to analyze: f(z) may not even have real zeroes,
or it may have multiple real zeroes, or even if it has a single real zero, this may not be enough
to guarantee that the limits lim,_ o0 Ay i 1/An, m,1, 1 < i < m, exist,.

It would be interesting to find and prove general criteria, based on the entries of the matrix
A, which guarantee that this method of Khovanskii’s does lead to convergence to one of the

roots.
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