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Abstract: Motivated by the Skorokhod problem in an orthant with time and space dependent
coeflicients, we propose a general d-person dynamic game with state space constraints. Two
types of optimality, viz. Nash equilibrium and utopian equilibrium are discussed, along with
the respective dynamic programming principles. In the absolutely continuous case, the frame-
work of HJB equations for differential games and constrained viscosity solutions is invoked.
Conditions are given for the solution to the Skorokhod problem to provide Nash/utopian equi-
librium to the d-person game. In the case of utopian equilibrium, each value function turns out
to be the unique constrained viscosity solution to the appropriate HJB equation; optimality for
d control problems is attained at the same point. In the case of Nash equilibrium, the Hamil-
tonian can be discontinuous; there are d interlinked control problems with state constraints;
each value function is a constrained viscosity solution to the appropriate discontinuous HJB
equation. Uniqueness does not hold in this case. An interesting feature is that the pushing part
of the solution to the Skorokhod problem, being the set of value functions of an appropriate
d-person game, can be considered as constrained viscosity solution to the appropriate system

of HJB equations.

Key words and phrases: d-person dynamic/differential game, state space constraints, Nash
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1 Introduction

Skorokhod problem plays a fundamental role in the stochastic differential equation formulation
of reflected Brownian motion, or more generally reflected diffusions. Naturally diffusions in
smooth domains with normal reflection at the boundary were studied first, influenced by heat
flow in an insulated domain; see [IW], [KS]. However, once Brownian motion in an orthant

with oblique reflection at the boundary was recognised in the 1980’s as a heavy traffic approxi-



mation to queueing networks (see [HR], [Re], [H]), there has been a lot of interest in stochastic
differential equations in nonsmooth domains with oblieque reflection; most general results in
this direction are perhaps due to [DI2]. Thanks to the impetus from queueing theory, the
deterministic Skorokhod problem has also attracted a lot of attention, beginning with [HR],
[Re] dealing with constant coefficients. Deterministic Skorokhod problem with time and space
dependent drift and reflection terms has been studied by [Sh], [MMP], [MP], [Ral; see also the

references therein.

In this paper we shall be dealing only with the deterministic Skorokhod problem, SP for short;
we shall now briefly recall the deterministic Skorokhod problem in an orthant, following the

approach in [Ra].

Let b, R respectively be vector valued, matrix valued functions on [0,00) x IR? x IR%. Let G
denote the d-dimensional positive orthant. Let w : [0,00) — IR? be a continuous function with
w(0) € G. The SP consists in finding two continuous functions Y (-) = (Y1(),...,Y4(})), Z(:) =
(Z1(+),- .-, Z4(-)) such that the following hold.

(i) For ¢ > 0,

Z(t) = w(t) + /b(r,Y(r),Z(r))dr + /R(r,Y(r),Z(r))dY(r) (1.1)
0 0
(ii) Z(-) is G-valued.
(iii) Each Y;(-) is nondecreasing, Y; > 0.

(iv) Y;(-) can increase only when Z;(-) = 0, that is,

Yilt) - Yi(s) = [ 100)(Zir)a¥itr). (1.2)

Under suitable conditions (see Sections 2 and 4) it is known that the SP is well posed. Condition

(iv), viz. (1.2) is recognised as a minimality condition.
Ifd=1,b=0,R =1 the solution can be explicitly given, viz.

Y (t) = sup max{0, —w(s)}.
0<s<t
If the evolution w(-) tends to go out of IR, then the function Y (-) “pushes” it inside IR,.
An interesting feature is that the push Y (-) is minimal in the following sense: If £(-) > 0 is a
nondecreasing function such that w(t) + £(¢) > 0 for all ¢, then Y (¢) < {(t) for all ¢; see [H].

In Section 5 of [Ra], an attempt was made to elaborate the above remark to higher dimensions,
generalising earlier results of [Re], [CM]. Various natural notions of minimality were defined
and their relations to the minimality condition (1.2) were analysed. Some interpretations in

terms of the subsidy-surplus model introduced in [Ra] were also given.



The present paper is a continuation of that effort. Here the framework of dynamic game theory
is used. Treating y;(-) as the control exercised by the i-th player, we consider only those controls
such that z(t) € G for all ¢, where z(-) satisfies the state equation

t t
A0 = w(®) + [ br,y(r),2()) dr+ [ RGy(r),20)) dy(r)
0 0

and y(-) = (y1(+),--.,va(:))- Cost function for each player in this d-person (non zero sum)
game is defined. Besides the usual terminal and running costs, another type of cost, which we
call control cost, is also natural in our context; this cost is incurred only for the duration when
control is applied. See Section 2 below where a general framework is presented. Two notions
of optimality are considered, viz. utopian equilibrium and Nash equilibrium; (the first one owes
its name to a comment in [L]). Corresponding dynamic programming principles are also given.
The section ends on an optimistic note that a utopia can exist under certain (perhaps ideal)

conditions.

If the R%valued function w(-) is absolutely continuous, it can be shown that the solution
to SP is also absolutely continuous; see Theorem 4.2. This suggests that derivatives of y;(-)
can be treated as controls. In this context the dynamic game is a d-person differential game
and becomes more amenable to known techniques of optimization theory. This situation is

considered in Sections 3 - 5.

As indicated in Section 3, it is convenient to treat y(-),z(-) as state of the system satisfying
(3.1), (3.2). Since (y(-),2(+)) takes values in G x G, the problem is an optimization problem
with state-space constraints. The systems of HJB equations are exhibited in Section 3, for Nash
as well as utopian equilibria; the implicit “boundary conditions” are also set forth. [So] has
been the first to consider control problems with state space contraints; see also [FS], [BC], and
the references therein. In the case of utopian equilibrium, there are d control problems each
with a d-dimensional control set; should all the d problems attain their minima at the same
control we have a utopian equilibrium. In the case of Nash equilibrium there are d interlinked

control problems with one dimensional control sets.

We begin Section 4 by establishing a few useful results concerning SP in an orthant, including
Lipschitz continuity of the solution as a function of the initial values. A priori bounds arising in
SP provide a convenient compact set in which the controls may be stipulated to take values. It
is then established that under suitable conditions, the derivatives of the y-part of the solution to
SP provide a Nash equilibrium to the d-person differential game. We also give conditions under
which any Nash equilibrium, serving for all ¢ < 7', must be a solution to SP. Thus Skorokhod

problem provides a new technique for solving d-person games with state constraints.

Since the work of [So], it is known that the right framework for studying control problems

with state-space constraints is through the so called constrained viscosity solution to the HJB



equation. The last section investigates the value functions as constrained viscosity solutions
to the system of HJB equations. In the case of utopian equilibrium, under some conditions,
the value function for the ¢th player is shown to be the unique bounded uniformly continuous
constrained viscosity solution to the appropriate HIB equation. In the case of Nash equilibrium
the Hamiltonian can be discontinuous (in the time variable) in general. We show that the
value function is a constrained viscosity solution to the discontinuous HJB equation in an
appropriate sense, involving the semicontinuous envelopes of the Hamiltonian. It is also shown

that uniqueness does not hold in general.

t
If u(:) = (u1(+), ..., uq(-)) denotes the control and y;(t) — y; = [ u;(r) dr is the corresponding

S
cost function for the ith player, and if the solution to SP provides Nash (resp. utopian)
equilibrium, note that the y-part of the solution to SP becomes the respective value function
for each i. Thus the pushing part of the solution to SP can be interpreted as a constrained

viscosity solution to the appropriate system of HJB equations.

We now indicate some connections with previous works. HJB equations with state constraints
have been considered by [CL]. There have been quite a few papers where SP, determinstic as
well as stochastic, has played a major role in control and 2-person zero-sum differential game
problems. In many of these, the dynamics of the system is governed by the z-part of the
solution to SP; often the so called Skorokhod map is assumed to be Lipschitz continuous on the
function space. Moreover the reflection terms are essentially taken to be constants. Existence
and uniqueness of the value function as viscosity solution to appropriate PDE are often studied.
Costs corresponding to singular controls (which are similar to control costs considered here)
and ergodic controls are also investigated. To get a flavour of these one may see [ADS], [AB],

[BB] and the references therein.
We now fix some notations.
For 0 < s <t <oo, d>1, C([s,t] : IRY) denotes the space of IR%valued continuous function
on [s,t].
Ci([s,1]:d) = {y() = (w1();---,va(")) € C([s,2] : RY):
yi(-) > 0,y;(-) nondecreasing for all 1 <14 < d}.

LY ([s,4] : BY) = {u(-) = ("), ..., ua(")) : ui(-) > 0,u(-) integrable on [s, #]}. ™9 7" are

?5 —1

the projections on the function spaces given by
("9 () = i), 5 9)() = (910, -+ 9-1() 901 0)s - 9a()) = gi()
where g(-) = (g1(),.-.,94(-)). We shall often identify g(-) = (gi(-), g—i(*)).

For a function (r,y, z) — f(r,y,2) on [0,00) x R? x IR? denote Oy f(r,y, z) = %(r,y,z),

0 0
vyf(r7y’z) = (a—i(r’y’z)""’a—y{i(rﬂyﬁz))’



0 0
sz(lr’y7z) = (a—i(T’y’Z)’...’a—ii(T’y’Z)) 7

Dy, f = (Vyf,V.f) = gradient of f in (y, z)-variables. We may also write z = (y,2) and
Dy f = Dy ;) f- M 4(IR) denotes the space of all dxd matrices with real entries. SP(b,6; F, s, y, w(-))
or SP(b,0; F, s,y, z) shall denote the Skorokhod problem in the domain F' with drift b, reflection
matrix/vector 6, and initial data s,y,w(-) or s,y, z respectively.

2 General set up and dynamic programming principle

In this section we describe a constrained d-person dynamic game in a general frame work; two
types of optimality are discussed; dynamic programming principle is established in each case

for the finite time horizon problem.

G:={zcR:z; >0, 1<i<d} denotes the d-dimensional positive orthant. We have two
functions b : [0,00) x IR? x R - R%, R : [0,00) x R? x IR* — IM4(IR) called respectively
the drift and the reflection field; denote b(s,y,z) = (b1(s,y,2),...,b4(s,y,2)) and R(s,y,2) =
((Rij(s,v,2)))1<i,j<da- We make the following assumptions:

(Al): For 1 <i < d,b; are bounded measurable; also (y,z) — b;(t,y, z) are Lipschitz continu-
ous, uniformly in t; let |bz(tayaz)‘ < 18i7 1< < d’IB = (ﬁla s 7ﬁd)'

(A2): For 1 < i,j < d, R;; are bounded measurable; also (y,z) — R;;(t,y,z) are Lipschitz

continuous, uniformly in ¢. Moreover R; = 1 for all ¢; (this is a suitable normalization.)

(A3): For i # j there exist constants W;; such that |R;;(t,y,2)| < W;;. Set W = ((W;;)) with
Wii = 0; we assume that o(W) < 1, where o(W) denotes the spectral radius of W.

Under the hypotheses (A1) - (A3) it is known that the Skorokhod problem with generalized
space-time dependencies is well posed; see [Ra].

For s > 0,wy € G,yo € G,w € C([s,00) : RY) with w(s) = wp,y € Cy([s,00) : d) with

y(s) = yo consider the integral equation, called the state equation, for t > s



2(t; 8,90, wo, w(*),y(+)) = 2(¢)
= w(t) —I—/b(T,y(r),z(r)) dr—l—/R(T,y(r),z(r)) dy(r). (2.1)

That is, for : = 1,2,...,d,t > s

t
) = wilt)+ [ b)) dr +5i(t) - (o)

+3 [ R (r),2() dy ). (22)
iy

For a given y(-), to show that (2.1) has a unique solution one can argue as follows. Put

(82)() = w(®) + [ blr,y(r), 2()) dr + [ Rir,y(r), () dy(r).

By Lipschitz continuity in z-variables,

d
sup [(Sz)(r) — (S2)(r)| < K [|t — s+ ly;(t) - yj(3)|] l sup |z(r) — 2(7")|]
s<r<t j=1 s<r<t

for any z,% € C([s,00) : IRY). As y; are continuous, by contraction mapping principle applied
repeatedly one gets s < t; < t2 < ... <ty < ...such that (2.1) is well posed on [s, t,] for each
n. Now apply an argument as in Step 7 of Section 3 of [Ra].

We consider a d-person game whose state equation is given by (2.1). The nondecreasing func-
tion y;(-) represents the control for i-th player, i = 1,2,...,d. Moreover we consider only
those controls which ensure that z(-) lives in G; so it is a d-person dynamic game with state

constraints. It turns out to be suitable to consider (y(-),z(-)) as the state of the system.

Given s > 0,wp,yo € G,w(-) as above, a function y(-) € C4([s,o0) : d) is said to be a fea-
sible control if y(s) = yo and the solution z(-) of (2.1) satisfies z(-) > 0 on [s,00); that is,
zi(t; 8,90, wo, w(-),y(-)) > 0 for all t > s,1 < i < d. Let A(s,yo,wo, w(:)) denote the set of
feasible controls; under (A1) - (A3), A(s,yo, wo, w(:)) # ¢ as the Skorokhod problem is well
posed. Denote A(s,y0, wo, w(:); T) = {y |50 ¥ € A(S,y0,wo, w(:))}. For i =1,2,...,d set
A9 (s, 90, wo, w(-)) = wgs’m)A(s,yo,wo,w(-)) = {y; € Cy([s,00) : 1) : Ty € A(s, yo, wo,w(-))
such that y; = ngs""’)y}. Clearly A’(---) is the set of controls available to i-th player.

For each player 7, initial time s, terminal time 7', given evolution w(-) and feasible control

y(-) = (y1(*),---,yq(-)) the cost J; is given by

Ji(s, g0, wo, w(-); Ty y(+)) = gi(T, y(T), 2(T))

+ [ Litry(r),200) dr 4+ [ Mifry(r), 2() dyi(r) (23)



where z(-) = z(; 8,90, wo, w(-),y(-)). The three components are generally nonnegative. The

first two components are respectively the terminal cost and the running cost; these are standard.

The third component on the r.h.s. of (2.3) may be called the control cost (or the subsidy cost);
this is the cost of exercising the control (or mobilizing the the subsidy) y;(-). We shall see later
that this leads to an interesting mathematical interpretation. Besides, this is not an unreason-
able extension, and we shall indicate now in terms of the subsidy-surplus model developed in
[Ra]. For example, if the subsidy is in the form of food-aid to a drought hit country/region,
temporary transport/harbour facilities, personnel employed on short term basis, etc. may be
needed just for the duration of the aid program; often shipping costs may have to be borne
by the recipient. When prices crash and a governmental agency comes up with a scheme of
support prices, especially for agricultural/dairy products, the recipient may have to incur the
cost of transporting the produce; such situations are not unknown even in developed countries.
As another illustration one may mention welfare sectors like public health, education, research
and development, etc.; these sectors can be non-surplus sectors, but having a positive effect on
the economy as a whole; in this case the subsidy cost can be interpreted as the cost of running

such a department.
Now we describe two notions of equilibrium.

Let 0 < s < T,yp,wyo € G,w € C([s,00) : R?) with w(s) = wy. A feasible control y* €
A(s,y0, wo, w(-); T) is said to be a utopian equilibrium in A(s,yo, wo, w(-);T) if for each 7 =
1,2,....d

Ji(8, 50, wo, w(-); T, 5" (+)) < Ji(s, yo, wo, w(-); T, y(*)) (24)

for all y € A(s,yo,wo, w(-);T); the choice of the adjective ‘utopian’ in this context is due to a

comment in [L]. In this case note that d functions attain their respective minima at the same
point y*(-).

A feasible control y*(+) = (y{(:), ..., y5(*)) € A(s,yo, wo, w(:); T') is said to be a Nash equilibrium
in A(s, yo, wo, w(:); T) if for each i = 1,2,...,d

Ji(sayOawO,w(');Ta y*())
= inf{Ji(say05w0aw(');Tay(')) : y*i(') = y*—i(')’y € A(SayOawO’w(');T)}'
(2.5)

In this situation each player seeks to minimize her/his cost assuming that the other players

make rational decisions. It is obvious that a utopian equilibrium is also a Nash equilibrium.

We now state a lemma whose proof is an easy consequence of uniqueness of solution to (2.1);

parts (b), (c) of the lemma indicate that a “switching condition” holds.



Lemma 2.1 (a) Let y(-) € A(s,yo, w0, w(:)) and z(-) = 2(+; 5,50, w0, w(-),y(*)) be the associ-
ated solution to (2.1). Let t > s. Define y®(r) = y(r), w»*®)(r) = w(r) — w(t) + 2(t), for
r>t. Then y"(-) € A(t,y(t), 2(t), w0 ().

(b) Let §(-) € At y(t), z(), wH*D) () and 2(-) = z(-t, y(t), 2(t), wH*D) (), 5(-)) be the asso-

ciated solution to the state equation. Define

Then §(-) € A(s, yo, wo, w()) and 2(-) = z(; 8, y0, wo, ("), () is given by

{z(r), s<r<t

(c) Let 1 <i <d. Let f € C4([t,00) : 1) be such that

(faygz) = (ygt)’ ayz 17f7yz-|-1a 7y((jt))

belongs to A(t,y(t), z(t),wH*®) (-)). Define § by §(r) = y(r) for s < r < t, and §;(r) =
yj(r), 3 #4,9i(r) = f(r) for v > t. Then §(-) € A(s,yo, wo, w(:)). =

Regarding dynamic programming principle we look at the case of Nash equilibrium first. Fix
the terminal time 7' > 0. Let the notation be as in the preceding lemma. Denote A(t) =
A(t,y(t), 2(t), w0 (.); T) for t € [s,T]. Fori=1,2,...,d put
V(N,Z) (3’ Yo, Wo, ’UJ(), Ta y—l())
= inf{Ji(s,y0, wo, w(-); T, (f(-),y-i(-)) : (f,y—i) € A(s)}- (2.6)

Of course, infimum over an empty set is taken to be +o0o. VN9 ig called the N-value function
for the i-th player; here y_;(-) represents the controls exercised by the other (d — 1) players; the
superscript N denotes that the context of discussion is Nash equilibrium. With 7', 4, w(-), y—;(-)

fixed, it may be considered a control problem with domain of feasible controls given by
T .T)
i DLAGs) 0 () iy O],
Note that

v“ﬂawuxdw,“ﬂm<yTym<»
= if{Ji(t, y (1), 2(2), wHOD (T, (£,9") : (£,9") € A®)} (2.7)

gives the value function evaluated along a feasible trajectory for the ith player.

In view of Lemma 2.1, the following monotonicity property along a feasible trajectory is easy
to establish.



Lemma 2.2 Notation as above. Fizi. For any feasible control y(-) = (yi(-),y—i(+)), associated
solution z(-) and s <t1 <ty <T,

VD (1, y(t1), 2(t), w2 ED) () Ty (1)
< VWD (g y(ta), 2(t2), w222 () Ty, ()

+ [ Liry),20) drt [ Mitry(r), 2)) (o) (28)
t1 t1

Theorem 2.3 (Dynamic Programming Principle)

(i) Assume (A1), (A2). Let T > 0,5 € [0,T),y0 € G,wo € G,w(-) € C([s,T] : R?) with
w(s) =wy. Fiz1<i<d. Let y_;(-) € C4([s,T] : d — 1) with y;(s) = yo; = j-th coordinate of
Yo, for j # 1. Assume that

D) 0 (7)) My ()] # 6. (29)
Then y: () is optimal in =" [A(s) N (x%) "1 {y_;}], that is,
VA (s, 40, w0, w(-); Ty y—i(+)) = Ji(s, 90, wo, w(-); T, (uF, y—i)); (2.10)
if and only if for any t € [s, T

VDo, w0 Toyi) = VD 70,20, w0 Ty
t

N /Li(r’g(r) #(r)) d7"+/M r (), (r)) dy;(r) (2.11)

S
where § = (yr,y—i) and Z(-) = z(+; 8, Y0, wo,w(-),y(-)). Moreover, if (2.11) holds then for any
tel[s,T]

V(8 5(1), 2(2), w D () T, y-i ()
= Ji(t,5(8), 2(2), w D () T, (57 y i) (2.12)
that is, y;‘(t)(-) is optimal on [t,T] for the data t,gj(t),Z(t),w(t’i(t))(')ay(jg(-).

(ii) Assume (A1) - (A3). Then y*(-) € A(s,yo,wo,w(-);T) is a Nash equilibrium if and only
iffors <t <to <T,i=12,...,d

VD (1,57 (1), 2" (01), w" ) (); T,y ()
_ V(NZ)(tQ,y (t2), 2" (t2), *(t2)(')§Taytz’('))

*/“y dr+/Mw<> “(r) dyi (r) (2.13)

where 2*(-) = z(; 8, Yo, wo, w(- ),y*()) w*® () = wt" ) (). Moreover, whenever (2.13) holds,
for any t € [s,T] the restriction y*®)(-) of y* is a Nash equilibrium in A(t, y* (), z*(t), w*® (-); T).

9



Proof: Given s, o, wo, w(-) and a feasible control y(-), for t > s, corresponding to ¢, y(t), z(t), w® (-),
any feasible control g(-) need to satisfy §(¢) = y(¢),9(-) nondecreasing. To prove, Lemma 2.2
and Theorem 2.3, one may imitate the approach given in Chapter 1 of [FS], for example; the

modifications needed are pretty clear in view of Lemma 2.1. O

Remark 2.4 In Section 4 a sufficient condition will be given to ensure (2.9) see Theorem 4.10.

In connection with utopian equilibrium, with 7', s, yo, wo, w(-), A(s) as before, for i = 1,2,....d
define

V(U,i) (37 Yo, Wo, ’IU(), T)

= nf{Ji(s, yo, wo, w(-); T,y (")) : y() € A(s)}- (2.14)

The superscript U indicates that the context of discussion is utopian equilibrium; this is the
U-value function for the i-th player. The following dynamic programming principle for utopian

equilibrium can now be stated without proof.

Theorem 2.5 Assume (A1) - (A3). Let the notations be as in the preceding theorem. Then
y*(+) is a utopian equilibrium in A(s,yo, wo, w(-); T) if and only if for s < t; <to <T,1 <1 < d,

VAt y* (1), 2 (1), w D () T)
= VUD(ty,y*(ta), 2" (t2), w ™) (); T)
to to
[ Ly 0,2 @) dr o+ [ MGy ()2 () dyi ).
t1 t
(2.15)
Moreover, whenever (2.15) holds, for any t € [s,T] the restriction y*(-) of y* is a utopian

equilibrium in A(t,y* (t), 2% (t), w*® (-); T). O

Note the difference between the two situations. In the case of utopian equilibrium, for each 7 the
minimization problem is over A(s, yo, wo, w(-); T'); for each i the variables and the parameters
are the same; both y*(-), z*(-) vary over G. In the case of Nash equilibrium, we have d interlinked
minimization problems, domain of minimization changing with 4; in the ith equation in (2.13),

y*,(+) acts like a parameter; also while y;(-) varies over [0, 00), 2*(-) varies over G.

We end this section by exhibiting a class of examples to show that utopia can exist.

Theorem 2.6 In addition to (A1) - (A3) assume
(i) bi(-,-) are functions of t,y (independent of z) such that

10



whenever § <y, fort>0,1 <17 <d;
(i) R;; are functions of t (independent of y,z) such that t — R;;(t) is nondecreasing, and
(#i) g, L; are nonnegative functions of t,y (independent of z) such that

whenever § <y, fort>0,1<1<d;

(iv) M;(-,-,-) = C; >0 is a constant, 1 <17 < d.

Let 0 < s < T,y € G be fized; let w(-) € C([s,00) : RY) with w(s) = wy € G. Let Yw, Zw
be the solution to SP(b, R;G,s,y,w(-)), the Skorokhod problem in the orthant corresponding
to w(-) starting at s, drift b, reflection R, with Yw(s) = y. Then Yw is the unique utopian
equilibrium in A(s,y, wo, w(-);T).

If in addition, g; = L; =0, M; = 1 for all 1, then

VD s, w0,w0();T) = (Vu)i(T) - g

Proof: By Theorem 5.3 of [Ra], under (A1) - (A3) and (i), (ii) above (Yw);(t) —v; < vi(t) — i,
for all t € [s,T],1 <i < d for any y(-) € A(s,y,wo,w(:)). The result now is immediate. 0

3 A special case and HJB equations

In this section we consider the case when w(-) = constant; the solution to the Skorokhod
problem is then known to be absolutely continuous; see Theorem 4.2. This suggests that
perhaps one can look at just those controls which are absolutely continuous; in such a case we
might as well treat the derivatives as controls. This enables the dynamic game introduced in
the preceding section to be viewed upon as a d-person differential game. The corresponding
system of HJB equations with state constraints can also be derived; of course the domain will

be nonsmooth.

Note: Observe that considering the case w(-) = constant is equivalent to considering the
case when w(-) is absolutely continuous; because in the latter case the derivative w(-) can be
absorbed into the drift.

Let b, R be as in Section 2. Fix the terminal time T > 0. For s € [0,T],y,2 € G,u(-) =
(u1(-),- .., uq(-)) € Lt ([s, T] : IR?), state equations is a pair of equations,

y(t) =y + /u(r) dr, (3.1)
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S / b(r, y(r), 2(r)) dr + / R(r,y(r), 2(r)) u(r) dr (3.2)

equivalently, for 1 <7 <d,t > s

t
yi(t) =yi + /ui("") dr (3.3)

t t
zi(t) = zi+/bi(r,y(r),z(r)) dr-l—/ui(r) dr

+2/Rz‘j(w(r)aZ(T)) uj(r) dr. (3.4)
i#i
Clearly there exists a unique pair y(-) € C4+([s,T] : d), 2(-) € C([s,T] : R%) solving (3.1), (3.2).

We will treat u(-) as control.

Given s € [0,T],y,2 € G let U(s,y,2;T) = {u(-) € L1 ([s,T] : R?) : z;(-) > 0V i}; any u(-) in
U(s,y,z;T) may be called a feasible control or feasible marginal subsidy. The cost function for

the ith player is given by

Ji(s,9, 2T, u()) = 6i(T,y(T), 2(T))

T T
+ [ Liry),20)) dr + [ Mifry(r),2()) uilr) dr. (85)
The three components of the cost are interpreted as before. A control u*(-) € U(s,y,z;T) is
called a utopian equilibrium in U(s,y,z;T) if
Ji(sayaz;Ta'u’*(')) < Jz(sayazaT7u()) ( 3.6 )
)

= (ui(),...,uz()) €U(s,y,z T)
is called a Nash equilibrium in U(s,y,z;T) iffori =1,2,....,d

forallu € U(s,y,2;T),i =1,2,...,d. Similarly a control u*(-

J’L(SayazaTau*())
= inf{Ji(s,y, 2T, u(-)) 1u_s =u’;,u € U(s,y,2z;T)}. (3.7)

Remark 3.1 Under (A1) - (A3), by Theorem 4.2 in Section 4 below, U(s,y, z;T) # ¢ for any
s € [0,T),y,2 € G. Analogue of Lemma 2.1 is easy to establish; in fact, as discontinuity in
control u(-) is allowed the results are exact counterparts of the conventional ones; for example if
u(-) € U(s,y,z T) then v (-) € U(t,y(t), z(t); T) for t > s where y(-), z(-) denote the solution
to (3.1), (3.2) corresponding to u(-). Also, using the analogue of the switching condition, if
(s,9,2) €[0,T) x G x G,c= (c1,-..,cq) with ¢; > 0 Vj, it can then be shown that there exists
u € U(s,y, z;T) such that I}glu(r) =c. O
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To derive the system of HJB-equations with state constraints to be satisfied by the appropriate

value functions, we consider first the case of Nash equilibrium.

Let u—i(-) = (u1(-);-,uio1(-),uit1(-);---,ua(-)) € LL([0,T] : R®'); here 4 is fixed. Define
for s € [0,T],y,2 € G
V(N,i)(sayaz;Tau—i('))
= inf{Ji(s,y,z,T,v(-)) 1 v_j = u(_sg,v ceU(s,y,zT)} (3.8)

with the convention that infimum over an empty set is taken to be 4oo. This is the value

function for the control problem with u_;(-) acting as a parameter.

With i,u_;(-) fixed, it is convenient to define, for s € [0,T],y,2z € IR% ¢ € [0,00), IR**-valued

vector by

c 0
0 0
FND(s, (y,2),¢) == (uz(S) ) + + ¢
0 R(s,y,2)
b(S, Y, Z) ’U,_Z'(S)

(3.9)
where (c,u—_;(s)) := (u1(8),...,u—_i(8),c,ui+1(8),...,uq(s)), the square matrix on r.h.s. is of
order 2d, and the scalar by

C(N,i) (8, (ya Z)a C) = Li(sa Y, Z) + Mi(sa Y, Z)C. ( 3.10 )

(It is to be kept in mind that u_;(-) acts as a parameter.) In this notation state equations
(3.1), (3.2) can be written as

d( 0 ) — I, (y(0), =), wi (8) d, £ > s (311)

z(t)
with initial value (y(s), z(s)) = (v, ), and the cost function for i-th player as
Ji(s,y, 2T, (ui(-), U—( )

— 4(Ty +/0Nz 2(r)), wi(r)) dr. (3.12)

Next the Hamiltonian H®M:) (for sth player in case of Nash equilibrium) is defined by

HWMND (5,9, 2),p)

= sup{[—(p, fN (s, (y,2),0)) — C(s, (y,2),¢)] : 0 < ¢ < o0}
(3.13)

for s > 0,y,z € R% p € R*.
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Assume now that

U(s,y, 2 Toui()) o= {wi(-) € Ly([s,T]: R) : (uil-),ui()) € Uls,y,2T)}
£ ¢ (3.14)

In view of Remark 3.1, analogues of Lemma, 2.2 and Theorem 2.3 are easy to obtain. Assume
also that u_;(-) is right continuous, and that V(¥ is continuously differentiable. Assume that

b, R are continuous in ¢.

Let s € [0,T),y,z € G (that is, interior point). Then there is u;(-) € U(s,y, z; T,u_;(-)) which is

right continuous such that liin u;(r) = ¢. Then by the analogue of Lemma 2.2 it is not difficult to
TS

see, denoting V (s, y,2) = VNI (s,y, 2, T,u_i(-)), (s, (y,2),¢) = fN)(s, (y,2),¢),C(s, (y,2), )
CWM:) (s, (y,2),c), that

80V(3,y, Z) + <Dy,zV(3aya Z), f(sa (ya Z), C)) + C(Sa (ya Z), C) Z 0 ( 3.15 )
where 0y = % and Dy , = gradient in the (y, z)-variables. As c € [0, 00) is arbitrary, we get

inf  {[00V (5,9, 2) + (Dy,.V(s,4,2), f(s,(y,2),¢)) + C(s,(y,2),¢)] : ¢ > 0}
> 0. (3.16)

If w;i(-) € U(s,y,2z;T,u_;(-)) is optimal, and right continuous at s, then by the dynamic pro-
gramming principle (analogue of Theorem 2.3), note that equality holds in (3.15) with ¢ replaced
by w;(s). Therefore V satisfies

inf {[00V(s,y,2) + (Dy,:V(s,9,2), f(5,(y,2),¢)) + C(s,(y, 2),¢)] : ¢ € [0,00)}
= 0. (3.17)

With the Hamiltonian introduced in (3.13), we write (3.17) in the conventional (but equivalent)

form as
—0V (s,y,2) + HN (s, (y, 2), Dy, .V (s,y,2)) =0, (3.18)

for (s,y,2) € [0,T) x G x G. It is to be remembered that u_;(-) acts as a parameter in (3.18).

Equation (3.18) is a Hamilton-Jacobi-Bellman equation.

Recall that we admit only those controls such that zx(-) > 0 for all k. This restriction implies a
condition at the boundary, and leads to what is referred to as a “problem with state constraints”
in the literature. [So] was the first to consider such problems; one may consult [BC] or [FS] for

detailed discussions. We describe below the state constraint in our context.

Since y(t) € G automatically note that u;(-) is feasible if and only if (y(¢),z(t)) € G x G for
all #; hence G x G is taken at the state space. For y,z € IR denote I, = {j : y; = 0},I, =
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{k : zx = 0}. Clearly (y,2) € 0(G x G) & I, UI, # ¢. For (y,z) € 9(G x G) let N,y = set
of all unit inward normals at (y,z). It is not difficult to see that n € N ) & m is a convex

combination of e, eq1 wWith j € I,k € I, where e;’s denote unit vectors in RQd.

Let (y, z) € (G x G). Suppose there is a feasible control u;(-) with some initial data and ¢ such
that (y(t),z(t)) = (y, z) where (y(-), 2(-)) is the solution to the state equation (3.11) correspond-
ing to the control u;(-). Since (y(t),z(t)) is a boundary point note that (y(r),z(r)) € G x G

forallr >t & << ZE:;:Z&? ),n> ZOforallnEN(y,z),th. Hence <d< Zég ),n> >0
o by

for all n € Ny ). So by (3.11) we get
(FNI, (g, 2),wi (1)), n) > 0, ¥ € Nyo)- (3.19)

Note that u;(-),u;(-),j # i are always nonnegative (even for 4,5 ¢ I,). So by (3.9), the
“boundary condition” (3.19) is essentially

bilt,y, z) +ui(t) + Y Rie(t,y, 2) ug(t) >0 (3.20)
040
ifi € I, and

bk(tayaz) +Rki(tayaz) +uk Z Rké t 'Y, 2 ( ) >0, k 7é i, keI,
0Fi,k

(3.21)

again remembering that 7, u;(-),j # 4 are fixed.

Let (y,2) € 0(Gx Q). Let u;(-) € U(s,y,2z;T,u_;(-)) be optimal and right continuous. Denoting
VWA (VD) (N) pegpectively by V, f,C, as V € CY([0,T] x G x G), f is continuous, by the

dynamic programming principle we get

90V (s,y,2) +(Dy,:V(s,y,2), f(s, (y, 2),ui(s))) + C(s, (y,2),ui(s)) = 0.
(3.22)

Assume that the Hamiltonian is continuous. As (3.18) holds on [0,7) x G x G, it is now clear

that it is true on [0, 7] x G x G as well. Consequently by (3.22) we now get
H(sa (y, Z), D(y,z)V(sa Y, Z))
= _<D(y,z)V(8a Y, Z)7 f(sa (ya Z),’U,Z' (8))> - C(Sa (ya Z)7 UZ(S)) ( 3.23 )
Now by the definition of H with p = D, ,)V(s,y, 2) — yn, for any v > 0,n € Ny ,) by (3.19),
(3.23) we get
H(37 (ya Z), D(y,z)V(saya Z) - 7’"’) > H(37 (ya Z), D(y,z)V(Saya Z)) ( 3.24 )

Thus the state constraint (3.19), which is essentially (3.20), (3.21), implies that the implicit
inequality (3.24) has to be satisfied by D(y,z)V(N ") at a boundary point. The heuristics above

on state constraints have been influenced by the discussion on pp. 102-103 of [FS].
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It is well known that “viscosity solutions” is the appropriate framework to treat Hamilton-
Jacobi-Bellman equations; in particular “constrained viscosity solutions” form the proper con-

text to take care of problems with state constraints.

Lemma 3.2 Let D C IRF be a convex set (not necessarily smooth or bounded). For & € 9D
let N denote the set of unit inward normal vectors at £. Let g be a C'-function and z € 0D
such that g(z) = min{g(z') : 2’ € D}. Then Vg(z) = yn for some n € Ny,v > 0.

Proof: We may assume that |Vg(z)| # 0. Suppose the result is not true. Then there is 2’ € D

such that <|§ggg|, (2" — :1:)> < 0; (since D is convex, z € 8D we have n € N; < |n| =1 and

(€ —x,n) >0V &€ D). Clearly o' # x; put £ = ‘w’—*w Then (Vg(z),£) < 0.

' —z|"

Now, by the mean value theorem, for any 0 < r < 1 there is 7' € (0,7) such that
g(z +rl) = g(z) +r(Vg(z +r'l), £).

Since g attains minimum at = (over D) it follows then that (Vg(z +r'f),£) > 0. Letting r | 0,
as g is C1, we get (Vg(z),£) > 0 which is a contradiction. This proves the lemma. O

Proposition 3.3 Fizi; let b, R be continuous in t,y, z; let u_;(-) be continuous and the Hamil-
tonian HNA given by (8.13) be continuous. Assume (3.14). Assume that the value function
VWA (T u_i() € CH[0,T] x G x G), and that there is a right continuous optimal control
ui(+) in U(s,y, z;T,u_;(")) for any s,y,z. Then VN4 is a constrained viscosity solution to
HJB equation (3.18) on [0,T] x G x G with terminal value g;(T,-,-).

Proof: We need to show that V = V(N4 ig a viscosity subsolution on [0,T7) x G x G, and is a

viscosity supersolution on [0,7] x G x G.

Let (s,y,2) € [0,T) X G x G. Let w be a C*-function such that (V —w) has a local maximum at
(s,y,2). Then dyw(s,y,z) = AV (s,y,z) if s > 0, —dgw(s,y,z) < =V (s,y,z) if s = 0. Since
(y,7) is an interior point, we have D, ,yw(s,y,2) = D, ,)V(s,y,2). Therefore, as V satisfies
(3.18)

—80’11](3, Y, Z) + H(N’i) (35 (ya Z)a D(y,z)w(sa Y, Z))
< =aV(s,y,2z) + H(N’i)(s, (Y,2), D(y,»)V(8,9,2) = 0.

Thus V is a viscosity subsolution on [0,7] X G x G. In a similar way it can be shown that it

is a viscosity supersolution on [0,7) X G X G.

Remains to consider the case when s € [0, 7], (y,2) € 8(G x G). Let w be a C*-function such
that (V —w) has a local minimum (in [0,7] x G x G) at (s,y, z). It is then easily verified that
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—Oyw(s,y,z) > —0yV (s,y,z). Also there is a ball B around (y, z) such that
V(s,y,2) —w(s,y,2z) = min{V(s,y',2") —w(s,y',2') : (v/,2") € BN (G x G)}.
As BN (G x G) is a convex set in IR?* by the preceding lemma
Dy [V (s,y,2) —w(s,y,2)] = yn, for some n € N, ,),7 > 0.
As (y, #) is an interior point of B, note that n is an inward normal to (G x G) at (y, z). Hence
Dy »w(s,y,2) = Dy )V (s,y,2) —yn.
Consequently by (3.24) and (3.18) we now obtain

—ow(s,y, z) + HN(s, (y, 2), Dy .y w(s, y, 2))
> —3V(s,y,2) + HNV(s,(y,2), Dy .V (s,y,2)) = 0.

Thus V is a viscosity supersolution to (3.18) on [0,T] x G x G, completing the proof. O

Remark 3.4 Suppose u*(-) = (uf(-),...,u}(:)) is a Nash equilibrium. In addition assume
that u*(-) is continuous and (s,y,2) +— VWi(s,y,2z;T,u*,(-)) = Ji(s,y,2;T,u*(-)) is in
CH[0,T] x G x G) for each i = 1,2,...,d. Then by the preceding proposition (s,y,z)
VWA (5,4, 2 T, u*,;(), is a constrained viscosity solution to the HJB equation (3.18) with
u—;(-) replaced by u*;(-), for each 1 <4 < d. So we will have a system of interrelated HJB
equations with state constraints. However, in general the value function will not be smooth;

nor can one hope to have a continuous Nash equilibrium. O

We now briefly indicate the HIJB equations in the case of utopian equilibrium; note that G can
be taken as the control set; as before G x G is the state space. For s € [0,T],y,z € R v e R?
define IR**-valued vector by

1O s, (9, 2),u) = ( b(;; B} ) + ( g R(soy } ) < 2 ) (3.25)

So the state equations (3.1), (3.2) become

d( v t; ) = FOt, (y(0), 2(1)), u(t)) dt (3.26)

with initial value (y(s), z(s)) = (y, z) corresponding to the control u(-). Define a scalar function
fore=1,...,d by

C(U’i)(s, (y,2),u) = Li(s,y, 2) + M;(s,y, 2)u;. (3.27)

Note that C(M) given by (3.10) and C(U%) above differ in their domain of definition; so
CcWi(s, (y,2),u) = CN(s, (y,2),u;). Cost function J; for the i-th player, corresponding
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to the control u(-), is the same as before, given by (3.12). The value function for the i-th player

is
VO (s,y,2,T) = inf{Ji(s,y, 5 T, u(")) : u(-) € U(s,y, 2 T)}. (3.28)
The Hamiltonian is, for s € [0,T),y,z € R%,p € IR*?, given by

H (s, (y,2), p) = sup{[—{p, (s, (9, 2),) = CU9(5, (y, 2),m)] - w € G},
(3.29)

In a manner analogues to the earlier discussion, the HJB equation in this context is seen to be
—00v(s,y,2) + HU (s, (y, 2), Dy ) v(s,9,2)) = 0. (3.30)

In case VU4 ¢ C([0,T] x G x G) and the optimal control is sufficiently regular, it can be

shown that V(U is a constrained viscosity solution to (3.30).

Remark 3.5 In the following sections we will be dealing with controls that are bounded a
priori. For example, let § = (f1,...54) be such that §; > 0, V1< j <d Letl<i<
d,u_i(-) € L1 ([0,T] : d — 1) be fixed such that 0 < u;(-) < Bj,j #i. Put

The value function is

Vﬂ"’(N7i) (S’ Y, z; Ta ’u_,())

= inf{Ji(Sayaz;Ta (UZ(),’U,_Z())) : ’U,Z() € Z/{B(S,y,Z;T,U_i('))}-

(3.32)
In such a case the Hamiltonian is
H éN’i) (s, (y,2),p)
= Sup{[—(p,f(N’i)(S, (y,z)ac» - C(N’i)(sa (y,z)ac)] :0 S & S Bz}
(3.33)

So the HJB equation is the analogue of (3.18) with H(+) replaced by HéN’i). Similar comments

apply in the case of utopian equilibrium.

4 Nash equilibrium and Skorokhod problem

In this section we investigate some conditions under which the solution to the Skorokhod
problem gives a Nash equilibrium. First we put together some results concerning the Skorokhod

problem.
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We begin with a result which may be known to experts. As we have not seen an easily accessible

proof we include it for the sake of completeness.

Proposition 4.1 Let w € C([0,00) : IR) be absolutely continuous with derivative w(-); assume
w(0) > 0. Let y“(-),2"(:) be the solution to the one dimensional Skorokhod problem for w(-).
Then y™(-), 2" (-) are also absolutely continuous and 0 < ™ (-) < |w(-)|, |2*(})] < 2|w(-)| a.s.

Proof: Let s > 0. Put w(t) = 2%(s) + ftfu'J(r) dr,g(t) = y*(t) — y*(s), 2(t) = 2%(s), t > s.
Then ¢(-),2(+) is the unique solution to the Skorokhod problem for w(-) starting at time s.
Also put w(t) = 2%(s),g(t) = 0,2(t) = 2¥(t),t > s. Then g(-),2(-) is the unique solution to
the Skorokhod problem for (-) starting at time s.

Note that @ — 10 is of bounded variation over [s, t] for any ¢ > s. So by the Lemma of variational
distance between maximal functions in Section 2 of [Sh], for any ¢ > s
¢
Var (y” : [s,t]) = Var (§ — g : [s,t]) < Var (0 —w: [s,t]) = / | (r)| dr
S
(4.1)
where Var(g : [a,b]) denotes the total variation of g over [s,t].

As (4.1) holds for every 0 < s < t, it follows that Var(y™ : da) = dy®(-) is absolutely continuous.

The other assertions are now easy to obtain. O

Now we consider the Skorokhod problem in an orthant with w(-) = constant, and general
time-space dependent drift and reflection, and show that absolute continuous solution exists.
In case w(-) is an absolutely continuous function, note that w(-) — w(0) can be incorporated as

part of time dependent drift; so it is enough to consider w(-) = constant.

Given s > 0,y € G,z € G consider the problem: Find functions P(:s,y,2) = P(-) =
(PL(), - Pal) Q5 8,9,2) = Q) = (Qu(), -+, Qa(*) on [s,00) satisfying the following:

1. Pi(t) >0a.a. t>s,1<i<d;
2. Q;(-) integrable over every compact interval;

3. Y (55,9,2) = V() = (Yi(),- .., Ya() with
t
Yi(t)zyi—k/Pi(T)dr,tZs,lSigd; (4.2)
S
so Y;(-) > 0 and nondecreasing;
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4. Z(58,9,2) = Z(-) = (Z1(+), ..., Z4(-)) with Z(-) € G and
t
Zi(t):zi+/Qi(r)dr,tzs,lgz'gd (4.3)
5. Z(-) satisfies the Skorokhod equation, viz. for i =1,2,...,d,t > s

Zit) = s+ [ blnY (), 2() dr+ Yilt) — v

+3 [ R, ¥ (1), 2() Pi(r) dr (4.4)
s

6. Y;(-) can increase only when Z;(-) = 0, that is, Z;(t) P;i(t) =0 a.a.t, 1 <1i <d.
In such a case we say P,(@Q (or equivalently Y, Z) solves SP(b, R; G, s,v, 2).

Theorem 4.2 Assume (A1) - (A3). Then the above Skorokhod problem is well posed. More-

over
0 < Pi(r) < B;,|Qi(r)| < 26Bi, ace. 1 <i<d (4.5)

where B = (B1,...,B4) = (I —W)~'B with B, W as in (A1), (A3).

Proof: In view of the preceding proposition the a priori bounds (4.5) can be established as
in Proposition 3.2 of [Ral. So it is enough to consider P(-) satisfying (4.5). For simplicity of
notation take s = 0.

For ¢t > 0 put

He = {(P(),Q()) : P() = (Pi(),---, Fa(+), Q() = (Q1(),---, Qa(")), P, Qi
satisfy (4.5) on [0,t],1 <17 < d}.

As (A3) holds note that there exist a; > 0,1 < i < d,0 < a < 1 such that (see [DI1] for a
proof)

> ajlRilt,y, 2)| <Y aWyi < aaj, (4.6)
J# j#i

for 1 <i<d,t>0,y,z€ R Take ¢ > 122 For (P®),Q®) € H,;, k = 1,2 define

d t
a((PD,QW), (PD,Q®) = ¢Yoai [IPVw) - PO dr

t
+ Ya [1000) - QP ) dr (4.7)
0

=1
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Note that (H;,d;) is a complete separable metric space.

Define a map S : H; — H; as follows. Let (P,Q) € H;. Put Yi(r) =y; + [ Pi(0) db, Zi(r) =
0

A A~ ~ ~

wit [ QOO0 < <41 i <d. Let PO) = (AL, Pal)). Q0) = (@i Qu() e

. T, . .

such that if we define Yi(r) = yx + [ Px(0) d0, Zi(r) = 2zt + [ Qx(0) dB,1 < k < d, then for
0 0

each i = 1,2,...,d, the functions (¥;(-), Z;(-)) solve the one dimensional Skorokhod problem

on [0, 00) corresponding to the function

er,+/b 0,Y(0 d0+Z/RzJOY Z(6))P;(6) do.
J#i

Put S(P,Q) = (P, Q).
Let (PO QW) = §PO,QY) for (PO QW) e H,t = 1,2 Then

L pm 5(2) S(1) o) . ..

S|P (r) — B;%(r)| dr = Var (Y;/ —Y;” : [0,t]) and by the preceding proposition and
0
Skorokhod equation

t
[100 @) = QP )] dr = Var (20 - 2+ [0,4)
0
t
< Var (50 =525 10,0 + [ 11ir, YD), 200) = b, YO (1), 200))] dr

+ 3 / (YO ), 20() PV (r) = Ris(r, YO (), ZO(r) P (r)ldr. (48)

J#iQ
So proceeding as in the proofs of Proposition 3.6 and Theorem 3.7 of [Ra] it can be shown
that (P,Q) € H; for (P,Q) € H; and that S is a contraction on Hy, if ty = Tre=Ty where K
is a constant depending on the Lipschitz constant of b, R and d, 3, {a;}. In fact the details are
somewhat simpler here. Moreover in this case one can proceed in steps of ¢y to complete the

proof. O

Note: By Theorem 3.7 of [Ral], uniqueness of (Y,Z) can be asserted in the larger class
C+([0,00) : G) x C([0,00) x G). However the above proof (in the absolutely continuous case)
gives L'-approximation of the derivatives of Y, Z; so the convergence in the case of the Z-part

of the solution is in the variational norm which is stronger than the supremum norm. O

Remark 4.3 Let 5,5 € [0,7]. Let f be defined over [s,T] and g over [§,T]. Suppose § > s
Then we take

Var (f —g:[s,T]) = Var (f — g :[3,T]) + Var (f : [s, 3]). (4.9)
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This amounts to taking g(r) = ¢(8),s < r < §. In case f,g are absolutely continuous, then

[1i=a= [ 1f=al+ [ 14
[s,T] [s,T] [,3]

Theorem 4.4 Assume (A1) - (A3). Let T > 0 be fized. Let (s,y,2),(8,9,2) € [0,T] x
G x G; let P,Q (or equivalently Y, Z) solve SP(b,R;G,s,y,z) and P.Q (or equivalently Y, Z}
solve SP(b,R; G, 3,4,2). Then there exists a constant K depending only on d,W,T, Lipshitz
constants and bounds of b, R such that

(4.9) means

Var (Yi=Y;: [s,T]) = |Bi=PBillpam

< Kol|s—s|+ 19—yl + |2 — 2] (4.10)
Var (Zi — Z; : [, 7)) = Qi — Qillpas,m

< Ko[l$ —s|+ 19—yl + |2 — 2] (4.11)

for1<i<d,0<s,8<T,y,27,%€ G. In particular
Vi(T) = Yi(T)| < Ko[|8 — 5| + 19 — y| + 12— 2[]- (4.12)
d
Proof: Let {a;} be as in (4.6). As a; > 0 V i note that |¢| = Y a;]&]| is a norm on IR
i=1
Without loss of generality we may assume that Lipschitz continuity is w.r.t. this metric/norm.
For the duration of this proof, | - | on IR shall denote this norm.

Suppose § > s. For ¢ € [§,T], put

g(t) =Y ai{Var (Y; = Y; : [3,]) + Var (Z; — Z; : [5,1])}.

i

For r € [8,T] it is easy to see that

V(r) =Y ()| +|Z(r) = Z(r)| < g(r) + K[|3 — s| + 9 —y| + |2 — 2[.
(4.13)

Now using the lemma (see [Sh]) on the variational distance between maximal functions of

Skorokhod problems starting from §, we get for¢ =1,...,d,
Var ((Yi() = §) — (Yé(-) —Yi(3)) : [5,4])

< Jai- sf|+K/ (1)1 +12(r) = Z(1)) dr
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t
+ X Wy [ 1B0) - Pi0)] dr
T2
< K[l = sl +13 - ]+ Kls = sl +15 ] + |2 = 201t - 9

t

K [ glr) dr 4+ 3 Wi Var (V) — 3) — (%) = () : [5.).
p i

Multiplying both sides by a;, summing over 7, using (4.6) we get

~

(1-a) ZaiVar ((Yi() = @) — (Vi) — Yi(3)) - [3,2])

1
< K[ —sl+12 -2+ K[|8 = s[ +[§ —y[ +[2 - 2[](t - )

t
—I—K/g(r) dr. (4.14)

In the above K denotes a generic constant. Using the Skorokhod equation (4.4) and (4.13) it

is easy to see

+) Wi;Var
V=
t
—I—K/g(r) dr+ K[|3 — s| + 9 — y| + |2 — 2])(t — 3). (4.15)
8

Using (4.14), (4.15), (4.6) it can now be shown that

t
3
ot) < o lK [gr) dr K5 sl + 2 - 2)

1-a) J

S
+K(|§—s|+ 17—yl +12 —2[)(t — 3)]. (4.16)

Gronwall inequality now implies, for t € [§,T],

g(t) < Ko[l5 — s| + 1§ —yl + |2 — ]]. (4.17)

From (4.17) assertions (4.10), (4.11) are now clear. O

To investigate the connection between Nash equilibrium and the Skorokhod problem in an
orthant, we need to consider a control problem in a half space; to motivate the set up we recall

the deterministic Skorokhod problem below.

Let H = H; := {z € R%: £; > 0} be the half space. The drift function b : [0,00) x IR x R? —
IR?, and the reflection field ~y : [0,00) x IR x IR* — IR? are given. (In the context of reflected
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processes, v may be specified only on [0,00) x IR x 0H; but for our purpose of defining the

control problem we take it to be a function on [0, 00) x IR x IR%). We assume

(B1): b,y are bounded measurable functions; there exists a constant X > 0 such that
[f(t,€,2) = f(t,€,2")| < K[l€ — &' + [z — 2] (4.18)

for all ¢,¢' € R, 2,2' € R%,t >0, for f = b;,7;,1 <4,j < d; moreover v, (---) = 1.

Given s > 0,y; € [0,00),z € H the Skorokhod problem SP(b,v; H, s,y1,2) consists in finding

functions
(P('; S, Y1, Z) = (P()’ Q(a Saylaz) = Q() = (Ql()’ LR Qd())
such that

(1) o(t) > 0,a.a.t > s;
(2)" Q;(-) is integrable over every bounded interval;
(3) B(;5,1,2) = B(:) with

O(t) =y + /90(7') dr,t > s; (4.19)

so ®(-) > 0 and nondecreasing
(4)I Z( 18, Y1, 2 ) = Z() - (Zl(')a- e aZd(')) with Z(t) € H and

t
(t) = 2 + / Qi(r) dr (4.20)
(5)" Skorokhod equation holds, viz.
—z—I—/ (r, ®(r dr—l—/fyr(I) "), Z(r) o(r) dr (4.21)
that is,
24 = =2+ /bl(r,@(T),Z(r)) dr +3(t) — 1 (4.22)
Zi(t) = zz—l—/b (r,®(r dr—l—/'yzr(b r), Z(r)) ¢(r) dr
(4.23)
for i # 1.

(6)" ®(-) can increase only when Z;(-) = 0; that is Z;(t) ¢(t) =0 for a-a-t.
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In such a case we say that ¢, @ (or equivalently ®, Z) solves SP(b,v; H, s, y1, z).

By arguments entirely analogous to those in Theorem 4.2, with obvious modifications, it can

be shown that under (B1) the above Skorokhod problem is well posed. Moreover

0<¢() < B (4.24)
Q1) < 26 (4.25)
Qi) < Bi+ Billvilloo (4.26 )

where 8; > [|bi||loo, 1 <7 < d.

We can now describe the control problem in the half space. Let b,y be given as above satisfying
(B1). In view of the a priori bound (4.24), it is convenient to consider controls that are bounded.
Let ﬁl > ||b1||oo

For s > 0,y; € [0,00),z € Hy, measurable function v(-) with 0 < v(t) < By fora-a -t > s,

consider the state equations
P(t) = y1+ /v(r) dr (4.27)

A) = 2+ / b(r, b(r), 2(r))dr / y(r, (), 2(r)) v(r) dr. (4.28)

Let T' > 0 be fixed. Denote

1%

Vi (s,91,2T)
= {v:[s5,T] > R:0<v(:)<Brasand z(t) € H Vs<t<T}.

(4.29)

Any v € V is called a feasible control. The cost function is

T
T,y sTo() = [ o) dr (4.30)
8
and the value function is
T
Vél)(s,yl,z;T) = inf{ / v(r)dr:v € V/gl)(s,yl,z;T)} . (4.31)
S

Lemma 4.5 Assume (B1). Then for any s € [0,T],y1 € [0,00),2 € Hy the set Vél)(s,yl,z;T)

is a nonempty weakly compact set in L?[s, T).
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Proof: V # ¢ because v(-) = (1 as well as v(-) = ¢(-) are feasible controls. Clearly V is
bounded; so it is enough to show that V is closed in the weak L?-topology. Let v(”)(-) eV,n=
1,2,... and v(™ — v in the weak topology. Let A = {t € [s,T] : v(t) > f1}. Suppose m(4) > 0
where m denotes one dimensional Lebesgue measure. Then

0 < [ - )t = (v, Tz) - Him(A)

A
= lim (o™, 13) — Bim(A) <0

n—o0

which is a contradiction. So v(-) < 1 a.s. Similarly v(-) > 0 a.s.

Denote by 9™, 2(") the solution to the state equations (4.27), (4.28) corresponding to the
control v(™); similarly let 1, z correspond to the control v. Clearly ¥ () — 4(t) for all ¢,
and they are uniformly bounded. To complete the proof it is enough to prove that z(™(t) —
z(t) V t, as it would show that z(-) lives in H;. Using Lipschitz continuity of b,y and uniform

boundedness of v(™), we can show that
t
|2 (8) — 2(t)] < K16™ + o™ (1) + K, / |2 (1) — 2(r)|dr (4.32)

where K7 > 0 is a constant,

T

g — / [[b(r, 9 (r), 2(r)) = b(r, (r), 2(r)|

oM(t) =

for t € [s,T], for each n. Clearly 8 — 0 as n — oo. As v" — v weakly in L?[s,T] and
r = 1 g(r)y(r9(r), 2(r)) is in L?[s,T] it follows that o™ (t) — 0 as n — oo for each t.
Uniform boundedness of o(™(-), (4.32) and Gronwall inequality now imply z(™(t) — z(t) for

each t.

Lemma 4.6 Assume (B1). Suppose by is a function only of the time variable t. Then

/:0(7“) dr < /tfu(r) dr, Vte€l[s,T],v €V.

S S

In particular

Vi (5,90, 5) = J(s,9, 5T, 0() = O(T) — 1.
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Proof: Note that ®(-) —y1, Z1(-) solve the one dimensional Skorokhod problem for the function

t
z1+ [ bi(r) dr. Suppose v € V. Then, as b; is independent of the space variables we get
S

t t
z1(t) =z1+/b1(r) d’f‘-l—/’l)(’r‘) dr > 0,t > s.
S S

It is now easily seen that

t
/’U(’f‘) dr > sup max{O,—

s<r<t

z1 + /rbl (r") dr'] }

t
= ) -y = [ ¢lr) ar

S

Theorem 4.7 In addition to (B1) assume the following:
(B2): bi(t,€,2) = bi(t,€,21) fort > 0,6 € R,z = (21,22,---,24) € R% also & < & implies

bi(t, &, 21) > bi(t, §~, z1) for all t,z1; moreover by is differentiable w.r.t. z, and

0
a—,z’lbl(t’é’ZI) S 07 v tagazl-

Let ¢, Q be the solution to SP(b,~; H1,s,y1,2). Then

¢ t
/(p(r)dr < /v(r) dr, Vte[s,T],veV. (4.33)
In particular
T
Vél)(s,yl,z;T) = / o(r) dr = ®(T) — y1. (4.34)

S

T
Proof: Since V = Vél)(s, y1,2;T) is weakly compact in L%[s, T] and v(-) = [ v(r) dr is weakly
8

continuous, there is v(%)(-) € V such that

T T
/ v (r) dr = inf { / v(r) dr:ov(-) € V} . (4.35)

S S

t
Let O (t) = y1 + [ v (r) dr, and 2(9(:) denote the solution to the integral equation
S

t t
A0) = 7 + / b(r, @ (r), 20 (r)) dr + / (O (1), 20 (1)) 0O (r) dr-
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As v(9) is feasible, note that z§0)(-) > 0. Put 200() = 2(0)(.),

For k = 1,2,... define v®)(-), 4®) (), 2(k)(.), ) (.} inductively as follows: Set b=V (r) =
b(r, * =V (r), 2571 (r)) and

YF D) = (1,792 (r, D (1), 257D (1)), p* D (1), 257D ().
Note that these are, in principle, known functions only of 7. Let 1%*)(-), 2)(.) be the solution
¢
to SP(b*=D, yk=1): [ 5,91, 2) so that *)(t) =y + [ v®)(r) dr, for some function v(¥)(.)
with 0 < v(#)(¢) < ﬁl,zgk)(t) > O,zyc)(-)v(k)(-) = 0 a.s. and the Skorokhod equation holds, viz.

t
D) = 4 / b(r, p® D (), 55D (1)) dr

+ [ D), 2D (w) o r) (4.36)
Next let 2(F)(-) be the solution to the integral equation

t
PO p—— / b(r, ® (1), 5 (r)) dr

+ [ 19 0),200)) O () . (4.37)

We claim that 2§k) (t) >0,t €[s,T],k=0,1,2,... This is proved by induction on k. For k =0

it is already done. Assume it for K < n — 1. As b(®~1_~("=1) are functions only of r, by the

preceding lemma

t t

/’U(n)(’l")d’f' < /v(r) dr,t € [s,T]
¢ ¢
for any v(-) such that z3 + [ bg"_l) (r)dr + [ v(r) dr > 0,t € [s,T]. By induction hypothesis
note that ’ ’

t t
o+ / 5D () dr + / o V() dr = 2770 (8) > 0,8 € [s,T].

¢ ¢
Therefore [ v (r) dr < [ v~ D(r) dr and hence (™ (t) < (=D (t); consequently by our

hypothesis (B2), b, (r, %™ (T),EYL) (r)) > b (T,Q/J("*l)(r),éyl) (r)) for all 7. Moreover zgn) (t) —

t t
@) = J o™ (r) dr — J v™=(r) dr < 0 for all t. Now denote bis(---) = z2bi(---). By
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(4.36), (4.37) and the mean value theorem

() — AW (t) = / o™ (r) dr

t
+ [ a0, 0N ED () - 27 ()l (4.38)

where 0(r) is a point between Egn) (r) and EYL_U(T), and
a™(r) = by, ™ (1), 247 (r) = bilr, "D (), 5V (1))
hus(r, 0 (1), 00) 247 (r) = 7"V ()]
By our hypothesis (B2) and the preceding paragraph note that a(®(-) > 0. Therefore (4.38)

now implies

t t
200 - A7) = [ o) exp ( / b13(r';¢("_1)(r'),9(r'))dr'> dr

and hence EYL) (t) — z%n) (t) > 0. As z&")() > 0 being the solution to Skorokhod problem we

now get EYL) (t) > 0 for all ¢ € [s,T], proving our claim.

Thus v{")(-) € V for each n. Therefore our proof and (4.35) now imply
T

T T
/v(o)(r) dr < /'u(”)(r) dr < /'U("_l)(r) dr
S S
T

S

VAN

. < /’U(O)(’f‘) dr.

S

T T
So [ v™(r)dr= [ v(O(r) dr for each n. The proof will now be complete once the following

S S
lemma, is established. O

Lemma 4.8 Assume (B1); (note that (B2) is not assumed in this lemma). Let s € [0,T],y1 €
[0,00),z € Hy be fized. Let vO(-) be such that 0 < vO(t) < By fora-a-t € [s,T|; let z(-) be

_ t
a continuous Hi-valued function with z(s) = z; put YO () = y1 + [ vO(r) dr and 2(0() =
S

30() = 2(:). For k = 1,2,... define v®)(-),p®) (), 2(K)(.), 35 (.) inductively analogous to
(4.36), (4.87). Then v®) () = o(-) in L'[s,T),2z*) () = Z(-), ¥ () = Z() both in C[s,T] as
k — oo.

Proof: Note that z(¥)(t) € H, for all t € [s,T], but 2¥)(.) need not be H;-valued. For n > 1

denote

t
g™ () = sup |7 (r) — 2" V()| + / ™ (r) — oD ()] dr. (4.39)

s<r<t
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For n > 2,v(™(.), 2(™(.) arise by solving a Skorokhod problem with drift and reflection fields
depending only on time variable; and (") () — y; is the corresponding maximal function.
So again using the estimate on the variational distance between maximal functions [Sh], and

Lipschitz continuity in space variables, it can be seen that
¢ t
[ ) oD dr <K [ g0 dr. (440)
S 8

Note that 0 < 'U(")(-) < f3; for all n. Therefore

sup |2 (r) — 27 (r)]
s<r<t

s<g<r

4 t
< K [ [ sup 507(g) - z<"-1><q)|] dr+ Ky [ o) =o D (r)] ar

and hence by Gronwall inequality

sup |2 (r) — 271 (r)|

s<r<t
t
< Kgeft=s) / ™ (r) — =V (r)| dr. (4.41)
Now (4.40), (4.41) imply
t
g™ (1) < C/g("_l)(r) dr. (4.42)

As g (r) < C(r — s), iterating (4.42)

gM(t) < orit—s)"

=7 0! — 0, as n — oo.
n—1)!

So {v(™(-)} is a Cauchy sequence in L'[s, T, and {#(™ (-)} a Cauchy sequence in C([s, T] : IR%).
Let o(-) = liTIln’U(n)('), zZ(-) = lim 3)(.). As b,~ are continuous in ¢, z variables, and bounded it

is now easily seen that

zZ(t) =z + /b(T,iZ(T),Z(r)) dr + /(7(T,1Z(r),2(r)) o(r) dr (4.43)

_ t
where 9(t) = y1 + [ 9(r) dr; similarly

S

lim z®)(2) = z(¢). (4.44)

k—00

So (4.44) implies z(-) is Hi-valued. By going to a subsequence if necessary, v¥)(-) — o(-) a.s.
Hence it follows that z;(-)o(-) = liénzw(-)v(k)(-) =0 as. So 9(-) = ¢(-),2(-) = Z(-), proving

the lemma. O
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We now go back to the situation in an orthant G; so b : [0,00) x R x R? - R% R :
[0,00) x IR? x IRY — IM 4(IR) are as in Sections 2 and 3.

Theorem 4.9 In addition to (A1) - (A3), let b and R satisfy the following conditions.

(C1): For1 <i <d,b;, R;; are independent of zg, 0 # i; that is, b;(t,y, z) = bi(t,y,2;), Rij(t,y,2) =
Rij(t,y, ).

(C2): For fized 1 <i < d,y_; = (Yi,---,Yi1,Yit1,---,Yd),t > 0,2 € R?

bi(t7 (57 y*i)a z)
) > Ri(t,(§,y-4),2),1<j<d

s &
—_~~ o~
UH- \‘H-
—_~ o~
ML
T T
NP
N N
~—
v

whenever & < f; that is b;, R;; are nonincreasing in y;.
(C3): The functions z; — bi(t,y,2z;) = bi(t,y,2),2 — Ri;j(t,y,2z) = Rij(t,y,2) are differen-

tiable and

ibi(tayaz) S Oa i1%1']'(#"11152) S 07 1 S 74.7 S d.
07 0z

Let P() = (Pl()a ,Pd()),Q() = (Ql()a e ,Qd()) be the solution to SP(b, R; G,s,y,z).

Consider the d-person dynamic game as in Section 3. Let B = (51, . ,Bd) be such that Bj >

(I —wW)™1B);,1 < j < d. Let the cost function for the ith player corresponding to the
T

control u;(-) be [ wui(r) dr; that is, g; = 0,L; = 0, M; = 1. Then P(:) is a Nash equilibrium

in Z/{B(s,y,z;T). Moreover P(-) is a Nash equilibrium for the game in L{B(s,y,z;t) for any

tels,T).

Proof: Note that under (Al) - (A3), UB(s,y,z;T) # ¢. Fix s,y,z. Fix i; so P_;i(-) =

(PL(); -+ Pict () Peg1 (s, Pal))- Demote US) = Ug(s,y, % T, P_;()). Note that U # ¢
. t ~
as Pi(-) € Ug). Put Y_;(t) = y_i + [ P_i(r) dr. Define 5 : [0,7] x R x R? — IR? and
S

7@ :10,T] x R x R* — IR? by

B (t,6,2) = bilt, (6,Y_i(t),2) + 3 Rij(t, (€, Y_i(t)), 2) P (1),

J#
b (16,2) = bt (&Y i(1),2) + Y Rijt, (&Y i(t)), 2) Py (1), for k # i
J#i

( ) = R”() El,
f,Z) = Rki(ta (gani(t))’Z)a for k # 1.

Note that E(i),’y(i) satisfy the hypotheses of Theorem 4.7, with i, H; in the place of 1, H;
~ . t
respectively. For any 0 < v(-) < f; put %@ (t) = y; + [ v(r) dr and consider the integral
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equation
t
A) = 2+ [B90,990 ), 2(0)) dr

t
+ [490,49 (1), 20)) v(r) dr (1.45)
S
This is the analogue of (4.28). Denote

po

{ v(-) : [s,T] = R:0 < v(-) < f, and the }
5 :

solution z(-) of (4.45) is H; — valued

Then by Theorem 4.7
t ¢
/(p(r) dr < /v(r) dr, Vtel[s,T], Vve Vg) (4.46 )
S S

where @(-), along with @ solves the Skorokhod problem SP(b®), 5(%); H; s 4, 2); so ¢(-) is op-

i)

timal in V( for the cost function f v(r) dr. Since G C H; and the solution to the Sko-

rokhod problem in the half space is unlque it now follows that ¢(-) = P;(-). It is clear that
¢ # Ug) - Vé ). Hence (4.46) now implies that

t
/R(’I‘) dr < /ui(r)dr, s<t<T, Vu() € L{g)(s,y,z;t,P_i(-)). (4.47)

S

The theorem is now clear. O

We now consider a possible converse to the preceding theorem. For this we need a preliminary

result which incidentally gives a sufficient condition for (3.14) (and (2.9) as well) to hold.

Theorem 4.10 Assume (A1) - (A3); moreover assume that b, IR are continuous in the time
variable as well. In addition let the following hypothesis hold:
(A4): Fori=1,2,...,d,s € [0,T],y € G,z € 0G,u; € [O,Bj],j =+ i there exists u; € [O,Bi]
with

d

bk(S,y,Z) + Zka(sayaz)uf >0 ( 4.48 )
=1

for any k € I(z). Here 8 = (Bi,...,Baq) is as in Theorem 4.9.
Then UB(S, y,2;T,u_i(-)) is a nonempty weakly compact subset of L*[s, T] for any s € [0,T),y,z €
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Note: Compare (4.48) with (3.20), (3.21). We know that (3.20), (3.21) give a necessary
boundary condition for u(-) to be feasible. See also Section 5, Chapter 4 of [BC].

We first prove the following lemma

Lemma 4.11 Under the above hypotheses UB(S, Y, 2; Tyu—i(+)) # ¢ if u_i(-) is right continuous.

Moreover u;i(-) can also chosen to be right continuous in this case.

Proof: Fix i,s,y,2,u_;(-). We first claim that there exists a right continuous u;(-) taking
values in [0, §;] such that

To=inf{t >s:2(t) ¢ G} > s

where y(-),2(-) is the solution to the state equation corresponding to the control u(-) =
(ui(-), u—i(-)) with y(s) =y, 2(s) = 2.

Indeed, if z € G then u;(-) can be taken to be any right continuous function on [s, 7] taking
values in [0, 3;]. So let z € OG; note that I(z) # ¢. Taking uj = u;j(s),j # i, by assumption
(A4) choose u; so that (4.48) holds for all k € I(z). Set u(t) = (ui,u—i(t)),t > s; note that the
ith component of u(-) is constant; let y(-), z(-) denote the corresponding solution to the state
equation. By continuity of by, Ryj,y(-), z(-) and right continuity of u(-) at s, note that there
exist g > 0,7 > 0 such that for all ¢ € [s, s + ¢y] we have I(z(t)) C I(z) and

br.(t,y (1), 2(1)) + D Ree(t,y(1), 2(2)) we(t) > 7
¢
for all k& € I(z). So z(t) > n(t —s) > 0 for k € I(z) and z,(t) > 0 for £ ¢ I(z), for all

s <t < s+ ¢y. The claim now follows.

Now put 7 := sup{t € [s,T] : there exists a right continuous u;(-) taking values in [0, ;]
and z(r) € G for all s < r < t}; here y(-),z(-) denote the solution to the state equation
corresponding to (u;(-),u—;(-)). If 7 < T then apply the claim above with 79, y(7), 2(70)
respectively replacing s, y, z; we now get a contradiction to the definition of 7. So 7 = T and

hence z(t) € G forall s <t <T. O

Proof of Theorem 4.10: Fix i,s,y,z; let u;(-),j # ¢ be as in the theorem. For n > 1
choose u(")() = (ugn)(), e z(n)l( ), 53_)1() .,u&n)(-)) such that ugn)() is right continuous,

0< u( (1) < Bj, and u(")() — u;(-) in L?[s,T] as n — oo, for j # i. By the preceding

lemma, for n >

1, there exists u( )(-), right continuous on [s,T], taking values in [0, 3],

and if (y(™(-), 2™ (.)) denotes the solution to the state equation corresponding to the control

@) = @™ ), u™ () with y™(s) = y,2M(s) = z then y™(t) > 0,20 (t) > 0 for all
tels,T).
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As {uz(n)() : n > 1} is bounded, by Banach-Alaoglu theorem there exists u;(-) € L2[s,T]
such that ugn) — u;(-) weakly. Put u(-) = (u;(-),u—i(+)); let y(-),2(-) denote the solution to
the state equation corresponding to u(-) starting at s,y,z. It can be proved as in Lemma
4.5 that 0 < u;(-) < fi. Clearly y;(-) > 0 and nondecreasing. Again as in Lemma 4.5 using
Lipschitz continuity of b, R, uniform boundedness of u"(-), u(-) and Gronwall inequality it can
be shown that z(-) is G-valued. Thus Us(s,y,2;T,u_i(-)) # ¢. The same argument implies

weak compactness as well. O

Theorem 4.12 Let ¢; = 0,L; = 0,M; = 1 for 1 < i < d. In addition to the hypotheses
of Theorem 4.10, assume that Rye(---) < 0 for k # £. Fiz s € [0,T),y € G,z € G. Let
() = (41(:), ..., uq(-)) be such that for any t € [s,T), the restriction of u(-) to [s,t] is a Nash
equilibrium in Uz (s, y, 2;t). Then 4(-) = P(-), where P(-), along with Q(-), solves the Skorokhod
problem SP(b,R; G, s,y,z).

Proof: Let §(-), 2(-) denote the solution to the state equation corresponding to the control 4(-).
As 4(-) is feasible it is clear that 2(-) is G-valued. So we just need to prove that ;(-) 4;(-) =0

N t .
a.s. for each i. Put h;(t) = [ 2;(r) 4;i(r) dr,t > s. We need to prove h;(-) = 0,1 < i < d.
S

Suppose not. Then h;(t) > 0 for some t > 5,1 < i < d. Hence, by continuity of 2(-), there
exist z > 0,5 < tg < £ such that %;(t) > z > 0 for all t; < ¢ < and

m({r : 4;(r) > 0 for r € [to,t]}) >0, Vo <t < L. (4.49)

We now make a remark concerning (A4). Let i,u;,j # i,s,y be as in (A4). Let z € 0G be
such that z; > 0; so Ry;(...) <0 for any k € I(z). Therefore one can take u; = 0 so that (4.48)
holds.

Now define a(-) = (@;(-),a—i(-)) by @;(-) = 4;(-), for j # i,0;(r) = u(r),s < r < to and
w;(r) = 0,7 > tg. Let §(-), Z(-) denote the solution to the state equation corresponding to u(-).
Clearly z(r) = 2(r),s < r < ty. In particular Z;(t9) > = > 0. Put ¢t; = inf{t > ty : Z;(t) = 0}.
Clearly t; > to. Now Theorem 4.10 and the remark above give that L{B(s,y,z;t,ﬁ_i(-)) # ¢
and in fact 4;(-) € Up(s,y, z;t,4;()) for any ¢ € [to, 1] In view of (4.49) it is now clear that

t
/ﬁi(r) dr < /ﬂi(r) dr,to < t < (4 AT). (450 )

S S

As (4.50) contradicts our hypothesis that 4(-) is a Nash equilibrium in Z/{B(s, y,z;t) for t € [s,T],
the result now follows. O

Remark 4.13 Under the hypotheses of Theorem 4.12, as the Skorokhod problem is well posed,

it follows that there can be at most one Nash equilibrium serving for all ¢. It is also now clear
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that under the combined hypotheses of Theorems 4.9, 4.10, 4.12, the solution to the Skorokhod
problem gives the unique Nash equilibrium serving for all . All these conclusions are valid
even if one considers more general cost functions with M; = positive constant, g;, L; being

independent of z, and satisfying

N
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~
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Lol
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\/v

whenever é <& Viy 4,1 <i<d. O
We conclude this section with the following example.

Example 4.14 Let d = 2,b(...) = (1,—1),R12(...) = Ri2 > 0,R21(...) = Ry; > 0 are
constants such that RisRe; < 1. Take s = 0,y = 0,z = 0. The state equation for the z-part,

viz. analogue of (3.4), is given by

21 (t) = t4+uy (t) + R12y2(t)
zo(t) = —t+y2(t) + Rayi(2).

Solution to the corresponding Skorokhod problem is given by Yi(t) = 0,Y2(t) = t,Z1(t) =
(1 4+ Riy2)t, Z2(t) = 0. By Theorem 4.9 the solution to the Skorokhod problem gives a Nash

equilibrium; this also follows from the argument given below.

Let )\1 Z 0,0 S )\2 S 1 be such that )\2 + Rgl)\l = 1. Put g)l(t) = Al(t),ﬁg(t) = )\Qt. Fix
71(:). Let 0 < yo(t) < Aot for some ¢. Corresponding to 91(-),y2(+) note that z;(¢) > 0 but
Zg(t) =—t+ yg(t) + R21@j1(t) < 0.

So with §;(-) fixed, yo(-) cannot be feasible unless yo(t) > Aot, V ¢. In an entirely analogous
manner with §»(-) fixed, y1(-) cannot be feasible unless v (£) > A1t for all t. Therefore it follows
that for any A1, Ay as above (41(-),42(-)) = (A1, A2) gives a Nash equilibrium for each ¢ > 0.
So even Nash equilibrium serving for all ¢ need not be unique. Next note that (A1, A2) = (0, 1)
as well as (A1, A\g) = (R%l’ O) give feasible controls (in fact both are Nash equilibria). So the
only possible candidate for utopian equilibrium is (0,0). But (0,0) cannot be a feasible control.

Hence there is no utopian equilibrium even for a single ¢ > 0. |

5 Viscosity solutions

As mentioned earlier, an appropriate framework to discuss the value function is in terms of

viscosity solutions to HJB equations. We take up the case of utopian equilibrium first. In this
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case there are d control problems, with a d-dimensional control set for each problem. We will

_ d . -
consider only controls taking values in G/g = [1[0, 8] with B; > (I — W)™18);,1 <i<d.
=1
The value function for the ith player is

V,B(U’i)(S,y,z;T) = inf{Ji(s,y, 2z T, u(")) : u(-) € Us(s,y,2T)} (51)

and the HJB equation is

—~00v(s,9,2) + HY (s, (y, 2), Dy zy0(s,,2) = 0 (52)

where the Hamiltonian is given by

H [(;U’i)(sa (y,2),p)

= sup{[—(p, f(s, (y, 2),0)) = CU(s, (y,2),u)] : u € G} (53)

and J;, f(U), CWUA) are given respectively by (3.12), (3.25), (3.27). Recall (see [BC] or [FS])
that a locally bounded function v is said to be a viscosity subsolution to (5.2) on [0,T) x G x G
if for any (s,y,z) € [0,T) x G x G, any C'-function w such that (v — w) has a local maximum

at (s,y, z) one has
00w (s,y,2) + H} (s, (4, 2), Dy zy (s, 2)) < 0. (54)

Similarly a locally bounded function v is said to be a viscosity supersolution to (5.2) on [0,T] x
G x G if for any (s,y,2) € [0,T] x G x G any C'-function w such that (v —w) has a local
minimum in [0,7] X G x G at (s,y,2) one has

00w (s,y,2) + Hy (s, (y, ), Dy (s, 2)) 2 0. (55)

If v is a viscosity subsolution on [0,7) x G' x G and a viscosity supersolution on [0,7] x G x G,

then v is said to be a constrained viscosity solution to (5.2) on [0,T] x G x G.

Theorem 5.1 In addition to (A1) - (A3) assume that b, R are continuous in the time variable

as well. Let g;, L;, M; be bounded continuous. Assume that (s,y,z) — VéU’i)(s,y,z;T) s a

bounded continuous function on [0,T] x G x G. Then VéU’i) is a constrained viscosity solution

to (5.2) on [0,T] x G x G.
Proof: Refer to the proof of Theorem 5.9 below. Because of continuity of f(U), the proof is
much simpler. See also [BC]. 0

We now address the question of uniqueness. It is well known that this involves proving a
comparison result. Our approach below is inspired by the proofs of Theorem I11.3.7 and IV.5.8

of [BC], of course, with some crucial deviations/modifications.
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1/2

d d

We denote z = (y,2) € R x R? and (z) = ((y,2)) = l1+ S+ Y z?] ; also egq =
i=1 j=1

(1,1,...,1,1) € IR?** with all the coordinates equal to 1. The following lemma is the analogue

of Lemma II1.2.11 of [BC], and the proof is similar.

Lemma 5.2 Letb, R, L;, M; be bounded and Lipschitz continuous in all the variables (including
the time variable). Then for s,s' € [0,T),z,2',6 € G x G,0 > 0,0 > 0,6’ >0

B (s, {00 — ' + €] + 6})
~H"(, o/ {olz — 2 +€ - 0'a'})|
< Kolz —a2' + & {[s = §'| + |z — 2"}
+K0(z)? + K0'(z')? + K{|s — §'| + |z — '|} (5.6)

where K depends only on bounds and Lipschitz constants of b, R, L;, M;. O

Theorem 5.3 Assume (A3) and that b, R, L;, M; are bounded Lipschitz continuous functions
in all the variables (including the time variable). Let vi,vo be functions on [0,T] x G x G such
that

(a) vi,vo are bounded uniformly continuous functions on [0,T] x G x G;

(b) v1 is a viscosity subsolution to (5.2) on [0,T) x G x G;

(c) vq is a viscosity supersolution to (5.2) on [0,T] x G x G;

(d) vi(T,-,-) = vo(T,-,-) on G x G.

Then v1 < g on [0,T] x G x G. In particular, under the above hypotheses, if the value function
VéU’i) given in the preceding theorem is bounded uniformly continuous on [0,T] x G x G, then
it is the unique constrained viscosity solution to the HJB equation (5.2) in the class of bounded

uniformly continuous functions with terminal value g;(T,-,-).

Proof: Suppose M = sup{vi(s,y,z) —v2(s,y,2) : s € [0,T),y,2 € G} > 0. For § € (0, M) note
that there exists (3,%) = (3,7,2) € [0,T] x G x G such that v1(3,%) — v2(5,%Z) = §. Clearly
s < T by (d). Choose A > 0,17 > 0, > 0,v > 0 such that
1
2MZ) +2n9(T — 8) + v+ 2dp < 55

ensuring that

1
2ME)™ +2n(T — 3) + v + 2dp < 55, forall0 <m < 1. (5.7)

For (s,z;s',2") € ([0,T] x G x G)? define

! 2

r—X

Te(s,z;8',2") = vi(s,2) —vo(s, ') — — €2

2
= A({@)™ + (&)™) = al(T — 5) + (T — 5)]. (5.8)

_ ol
SS+1

— UV
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We will choose ¢ > 0,0 < m < 1 suitably later; m will be chosen appropriately and fixed,
whereas e will be treated as a parameter; so only dependence on ¢ is highlighted in ¥.. Since
U, - —o0 as |z| + |2'| = oo and T, is continuous, it follows that there exists (s, z; s, z1)
such that, by (5.7),

U (se,we;sh,0t) = sup{U(s,z;5',2") : 5,8 €[0,T],z,2" € G}

Consequently

— €24

< supvi —infvy = Cp (5.9)

for all e > 0,0 < m < 1. (Note that Cy > 0, otherwise M = 0). It follows from (5.9) that
Te,zh € B(0: (Co/A)Y/™) for all € > 0.

As U, has its maximum at (s, z¢; st, z.)

. ! / A, A,
U (Se, Tej Se + €, — €€9q) + V(s — €,z + €eaq; Sy, ) < 2 (S, Te; S, Th)-

(5.10)
By mean value theorem (z. — eegq)™ = (z)™ + O(e€) as z, varies over a bounded set. Therefore
Ue(Se, Te; Se + €,Te — €€29) = v1(Se, Te) — V2(Se + €, Te — €€29) — 2A(z)™

—2n(T — se) + me+ O(e) (5.11)
and similarly
U (sl — €, + eeaq; st, zl) = v1 (s, — €, 2] + €eaq)
—vg(sl,zl) — 2M(zl)™ — 2n(T — L) — ne + O(e). (5.12)

Denote by w the common modulus of continuity of v; and vy; note that w can be taken to be
bounded as v1, vy are bounded uniformly continuous. Now (5.10) - (5.12) imply

2
+ v

! 2

€
— €2¢

!
Se= s
€

< w(|se — sl + €|+ |Te — 2L — €eaq|) + O(e)- (5.13)

Te— X

1

If e < 1, then r.h.s. of (5.13) is bounded by a constant independent of €. So from (5.13) we get
|ze — 2L + |8 — sL| < Kie. (5.14)

Plugging (5.14) back into (5.13)

2
+

2
< w(Kae) + Ofe) (5.15)

Te — TL Se — 8L

+1

— €24
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as € ] 0, where K> is constant independent of e.

Clearly the ball B(z + eegq : €) C G x G for any z € G x G. So by (5.15) it is now easily seen
that (se,z¢) € [0,T) x G x G for any € > 0 such that r.h.s. of (5.15) < 1.

With 0 < € < 1 as above, for (s,z) = (s,y,2) € [0,T] x G x G define
2

€
— €24

wle(saw) = v?(sleaxle)_‘_/l"

2
+ A(2)™ 4+ (™) + (T = 5) + (T = s)].

!
5 — 5,

+v +1

€
Note that (v; — wy) has a maximum at (s, ye, z.) and that wy, is C*. Similarly, for (s',z) =
(s',9',2") € [0,T] x G x G define

! 2
Te — T

w2€(5,7 xl) = U (867 xe) — M — €24

2

e — Az )™ + (&)™) = (T - s0) + (T - &),

+1

-V

Clearly wge is C' and (v2 — wae) has a minimum in [0,7] x G x G at (s, y’, 2!). Since v; is a
viscosity subsolution in the interior and v is a viscosity supersolution to (5.2) in the closure,

it can be seen that
2
2n+H <seaxea {e_l;[xe - 3:2 — €egq] + m)\<x€>m_2;1:€})
2
—-H (sé, z., {e—l;[ac6 — I — €egq] — m)\(:vé)m%'e})
<0 (5.16 )

where H = HéU’i). Now by Lemma 5.2, (5.9), (5.14), (5.15)

€rer

2
‘H (355556; {e_l;[xe - 3:2 - 66211] + mA<$e>m2$e}>

2 _
—-H (3' z {e—l;[me - wle — €egq] — mMiUé)m 23515

)

2 ot
o | R
+K mA[(ze)™ + (z)™] + K[[se — se| + |ze — 2]
< 2KKipfw(Kae) + 0(e)]'? +m K Cy + KKe (5.17)

Now choose m € (0,1) such that m < . Then (5.16), (5.17) imply
3

o1 — KKie — 2K Ky plw(Kze) + 0(e)]*? < 0.
But this would contradict n > 0 for € | 0. Thus M = 0 and hence v; < vy on [0,77] X GxG. 0O

The following result gives another interpretation for the “pushing part” of the solution to the
Skorokhod problem.
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Theorem 5.4 Assume (A1) - (A3), (i), (ii) of Theorem 2.6; assume that b, R are Lipschitz
continuous in the time variable as well. Let T > 0 be fized. Let Y(-;s,y,2), along with
Z(+; 8,9, 2) solve SP(b, R; G, s,y,z). Then for 1 <i <d, the function (s,y,z) — Y;(T;s,y,z) —

y; 1s the unique constrained viscosity solution to the HJB equation
—~09v(s,y,2) + H} (5, (4,2), Dyzv(s,9,2) = 0 (5.18)

with terminal value v(T,-,-) = 0 in the class of bounded uniformly continuous functions on
[0,T] x G x G, where the Hamiltonian I:Ig) is given by

H (s, (y.2),p) = sup{[~{p, f V) (s, (y,2), ) — wi]  u € G (5.19)

Proof: Consider the d-person game as in Section 3 with cost function fTui(r) dr for the ith
player; that is g; = L; = 0,M; = 1. By Theorem 2.6, the utopian eqsuilibrium is given by
the solution to the Skorokhod problem, and the value function is Y;(T'; s,vy, z) — v;, for the ith
player. By Theorem 4.4, Y; is a bounded Lipschitz continuous function of s, y, z. So the result

now follows by Theorems 5.1 and 5.3. O

Remark 5.5 Though the function v(...) = 0 satisfies the equation (5.18) in the classical sense
even beyond the orthant, it is not a constrained viscosity solution to (5.18) on [0,7] x G x G in
general. To see this take d = 1, Ry; = 1,b < 0, a constant. Take w(s,y,z) = —z. Then (v — w)
has a local minimum in [0, 7] x [0, 00) X [0, 00) at (0,0, 0), or even at (s,y,0) for s € [0,T],y > 0.
But

—dyw(s,y,0) + ﬁél)(s, (y,0), Dy ,w(s,y,0)) =b <0,

and hence v is not a viscosity supersolution on [0, 7] x [0, 00) x [0, 00). The reason for this is, of
course, that the control u(-) = 0, which corresponds to the cost v(-) = 0, is not feasible when
z = 0,b < 0; this is also reflected in the fact that the boundary condition (3.19) or (3.20) fails
to hold when u(-) =0,b < 0 at z = 0; (cf. see also p.277 of [BC]).

Remark 5.6 Let the hypotheses of Theorems 2.6 and 5.4 hold; in addition assume that g;, L;
are bounded Lipschitz continuous in all the variables. Consider the d-person game as in Section
3. It can be proved that utopian equilibrium is achieved at the solution to the Skorokhod
problem, the value functions are Lipschitz continuous and form the unique constrained viscosity
solution to the respective HJB equations in the class of bounded uniformly continuous functions.
O

We now consider the case of Nash equilibrium. Once again we will consider only controls taking

values in a bounded set. As indicated in Remark 3.5, fix 1 = 1,2,...,d and u_;(-) such that
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0 <u(-) < ,@j, j # 4. We will assume that the set of feasible controls
uﬁ(sayaz;Ta u—l()) 7é ¢7 v (Sayaz) € [OaT] X G X G ( 9.20 )

where Uj(...) is given by (3.31); note that Theorem 4.10 gives sufficient conditions for (5.20)
to hold. The HJB equation in this case is

—0yv(s,y,2) + HéN’i)(s, (y,2), Dy,,v(s,y,2)) =0, (5.21)
where the Hamiltonian HéN’i) is given by (3.33). In general u_;(-) will not be continuous or

even right continuous. So the Hamiltonian HéN’i) will not be continuous in the time variable.

So we need to define the semicontinuous envelopes.

For notational convenience write H = HéN’i). For t € [0,T),y,2 € G,p € IR% set

H*(t’ (y,z)ap)
=liminf{H(t, (y/,2"),p') : (t',(t/,2'),p') = (t, (y,2),p) in [0, T] x G x G x R*'}
= lminf{H(t', (4, ),9') : (', (s, 2).0) = (&, (4,2),0)| 0,0 <" <T,¢/,2" € G}

(5.22)

which is the lower semicontinuous evelope, and

H*(t,(y,2),p)

= limsup{H(¥, (v/,7'),p") : (', (/. #'),p") = (,(y,2),p) in [0,T] x G x G x R*}

= {piigsup{H(t', W, 2),p") (', (¥, 2),p") — (¢, (y,2),p)| 6,0 <t <T,¢,2' € G}
(5.23)

which is the upper semicontinuous envelope.

Lemma 5.7 Let b, R, Lj, M; be bounded and continuous; let f N9 CWN:4) pe defined by (5.9),
(8.10) respectively. For 0 <t < T,y,z € G,p € R*?,0 < ¢ < f5; denote

h(t, (y,2),p;¢) = —(p, fVD(E, (y,2),¢)) — CNI(t, (y,2),¢)
and
ha(t, (y,2),p;¢) = liminf{h(t', (v, 2"),p";¢) : (¢, (v, 2),p") = (¢, (y,2),p)}
h*(t, (y,2),p;¢) = limsup{h(t,(y',2"),p’;¢) : (', (¥, 2"),p") = (¢, (v, 2,p)}.

Here c € [O,Bi] acts as a parameter. Then

H*(t,(y,z),p) = max{h*(t,(y,z),p;()),h*(t,(y,z),p; z)}

H*(t,(y,z),p) = max{h*(t,(y,z),p;O),h*(t,(y,z),p; Z)}
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Proof: Observe that h(t, (v, 2),p;c) = ¥(t,(y,2),p)c + ®(t, (y,2),p), where ¥ is a bounded

continuous function and @ is bounded measurable. By linearity in c

H(t(ya z),p) = @(t, (ya Z),p) + max{(), \Ij(ta (ya Z),p),éz}

The required conclusions are now easy to obtain. O

Definition 5.8 (a) A locally bounded function v is said to be a wiscosity subsolution to the
discontinuous HJB equation (5.21) on [0,7) x G x G if for any s € [0,T),y € G,z € G, any

C!-function w such that (v — w) has a local maximum at (s, y,2) one has
—Oow(s,y,2) + Hu(s, (y,2), Dy, w(s, y,2)) <0. (5.24)

(b) A locally bounded function v is said to be a viscosity supersolution to (5.21) on [0, T]x G x G
if for any s € [0,T],y € G,z € G, any C'-function w such that (v —w) has a local minimum in
[0,T] x G x G at (s,y,z) one has

—oyw(s,y,z) + H*(s, (y, 2), Dy ;w(s,y,z)) > 0. (5.25)

(c) If v satisfies both (a), (b) above then it is called a constrained viscosity solution to (5.21)
on [0,7] x G x G.

Note: [BC] (see Remark V.4.2 and Exercise V.4.1) very briefly discusses viscosity solution of a
discontinuous HJB equation. However we do not know of any other instance of a discontinuous

HJB equation with state constraints.

Theorem 5.9 Leti,u_;(-) be fized such that 0 < u;(-) < ﬁj,j # 1. Assume that b, R, L;, M;, g;
are bounded continuous. Assume that (5.20) holds. Suppose the value function Vﬂgv’z), defined by
(3.82), is a bounded continuous function on [0, T]xGxG. Then (s,y,z) Vg(N’i)(s,y, z;Tyu_i(+))
is a constrained viscosity solution to the discontinuous HJB equation (5.21) on [0,T] x G x G

with terminal value g;(T,-,-).

Proof: For simplicity of notation we shall drop the superscripts N, i and the subscript .

Subsolution: Let (s,y,2) € [0,7)xGxG. Let w be a C'-function such that (V —w) has a local
maximum at (s,y,z). Taking u;(-) = ¢ € [0, 3;] arbitrarily, denoting by y(-), z(-) the solution
to the state equation corresponding to the control u(-) = (u;(-),u—;(-)) with y(s) =y, z(s) = z,
using dynamic programming principle, the state equation and usual arguments as in [BC], one

can obtain

Sl

- /[aow(ny(r),Z(r)) + (Dyzw(r,y(r), 2(r)), £ (r; (y(r), 2(r)), ¢))

S

+0(r, (y(r), 2(r)), c)ldr
< 0
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for all s’ sufficiently close to s with s’ > s. Hence
Lim inf[—Bgw(r, y(r), 2(r)) + hr, (y(r), 2(r)), Dy,zw(r, y(r), 2(r));c)] <0
where h(---) is an in Lemma 5.7. As y(-), 2(-), Oow, Dy ,w are continuous it now follows that
—0ow(s,y, z) + hs(s, (y, 2), Dy ,w(s,y,2);¢) <0 (5.26)

for any 0 < ¢ < f3;, where h,(--+) is as in Lemma 5.7. Now use (5.26) and Lemma 5.7 to get
the required conclusion (5.24).

Supersolution: Let (s,y,2) € [0,7] x G x G (it could be a boundary point). Let w be a
C!-function such that (V — w) has a local minimum in [0,7] x G x G at (s,y,2). Using the
definition of V', dynamic programming principle, state equation and arguments as in [BC] it
can be shown that for any € > 0,5’ € (s, T] sufficiently close to s, there exists @;(-), possibly
depending on ¢, s', such that (4;(-),u_;(-)) € Us(s,y,2T) and

/[ Gow(r, g(r), 2(r)) + h(r, (4(r), 2(r)), Dy zw(r, g(r), 2(r)); 4i(r))ldr
> —¢(s' — )

where (), Z(-) denotes the solution to the state equation corresponding to the control (u;(-), u—_;(-)).

Therefore by the definition of the Hamiltonian

/[ dow(r,y(r),z(r)) + H(r, (y(r), 2(r)), Dy cw(r, §(r), 2(r)))Jdr
> —¢(s' = §).

So, with € > 0 fixed, for any s’ € (s,T] sufficiently close to s, there is a feasible control @;(-)
such that

sup {—ow(r,y(r),z(r)) + H(r, (§(r), 2(r)), Dy zw(r,5(r), 2(r)))}

s<r<s’
> —e. (5.27)

Note that the solution to the state equation is Lipschitz continuous in r, with the Lipschitz
constant independent of the control. Hence given any small neighbourhood N of (s, vy, z), there
exists s' € (s, T] sufficiently close to s such that (r,y(r),z(r)) € NN ([s,T] x G x G) for any
r € [s,s'] and any feasible control u;(-). Consequently (5.27) now implies that

Sup{_aow(rla yla Z’) + H(TI, (y', ZI), Dy,zw(r', y’, ZI)) :
(r',y,2) e Nn([s,T] x G x G)}
> —e€
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whence it follows that
—80’11](8, Y, Z) + H*(Sa (y7 Z)a Dy,zw(sa Y, Z)) Z —€. ( 5.28 )
As € > 0 is arbitrary (5.28) implies (5.25), completing the proof. |

Uniqueness cannot be expected to hold in general as the following counterexample indicates.

Example 5.10 Take d = 2. Let A, B C [0,T] be subsets such that

(i) AUB =10,T],AN B = ¢; (ii) both A and B are dense in [0, T;

(iii) m(A) > 0,m(B) > 0 where m is the one dimensional Lebesgue measure. Let K7 < Ko
be constants. Define us(s) = K114(s) + KoIp(s),0 < s < T. Let b = (0,0),R12 = Ro1 =
0,R11 = Rys = 1,M; =1,L; = 0. So f is independent of (y,z) and is given by f(s,c) =
(c,uz(s), c,ua(s)) € IR? x IR? and the Hamiltonian, for s € [0,T],p = (p1, pa2,p3,ps) € IR* by

H(s,p) = sup{—(p,f(s,¢)) —c:0<c<fi}
= sup{—uz(s)(p2 + ps) — (1 +p1 +p3) : 0< e < B}

If 14+ p; + ps > 0 then clearly

—Kl(p2 —I—p4), ifSEA,p€R4
H(S’p) = . 4
—Ks(p2 + p4), if se B,p € IR
Consequently, as A, B are dense in [0,7],
H.(s,p) = —Ka(p2+p4),if p2+ps>0, (5.29)
H*(s,p) = —Ki(p2+p4),if p2+ps>0 (5.30)

for all s.

For a smooth function (s,y,2) — v(s,vy, z) such that 1 + g—;l + g—;’l > 0 and 59_;2 + g—;; > 0 on
[0,T] x G x G, note that

_aov(saya Z) + H*(37 Dy,zv(sa Y, Z))

ov ov v
= — Ko—— — Ko—— 31
as(sayaz) QByQ(S’y’z) 2az2(3ay,z) (53 )

and

_80U(37 Y, Z) + H*(Sa Dy,zv(say’ Z))

Ov Ov ov
93 (Sayaz) 18y2 (sayaz) 162’2 (Sayaz) ( 9.3 )

For the linear first order p.d.e.

ov ov ov
—_——_— —_— —_— = -
( p K ” K Z2>(s,y,z) 0,0<s<T,y,z €@, (533)
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with terminal value
v(T,y,z) =1—e e y2€GxG (5.34)
the solution is given by
v(s,y,2) =1— e 2K(T=5)e=120=22 0 < s < T,y,z € G. (5.35)

(Note that the general solution to (5.33) can be written in the form

©(Ks — 1ya,y2 — z2) where ¢ is an arbitrary C'-function). Observe that %’2 33—2”2 > 0. In
view of this define two functions
vi(s,y,2) = 1—e 2KT=5)gy2pm2 (5.36
ve(s,y,2) = 1—e 2eT=5)gy2pm2 (5.37)

for 0 < s < T,y,z € G. Note that v (T,y, z) = vo(T,y,2) =1 — e ¥2e~?2. By (5.31) - (5.37) it

is clear that

—0gv1(s,y,2) + H*(s,Dy ,v1(s,y,2)) =0 (5.38)

—0gv2(s,y, 2) + Hi(s, Dy ,v2(s,y,2)) =0 (5.39)
Since K, < Ko, (5.31), (5.32), (5.36), (5.37) imply

—0ov1(8,Y,2) + Hy (s, Dy ,v1(8,9,2)) <0 (5.40)

—0ov2(8,Yy,2) + H* (s, Dy ,v2(s,y,2)) >0 (541)

on [0,T] x G x G. Now using (5.38), (5.40) arguing as in Proposition 3.3 it can be shown that
v1 is a constrained viscosity solution to (5.21) on [0,7] x G x G. Similarly (5.39), (5.41) lead
to showing that vy is also a constrained viscosity solution to (5.21) on [0,T] x G x G. Clearly

v1, V9 are both bounded and Lipschitz continuous.

In the above example, take A = AgU A; where Ay is a Cantor set of positive Lebesgue measure
and A; a countable dense set in [0,7]. Then there does not exist any function 4(-) on [0,7]
such that us(-) = 4(-) a.s. and m(D) = 0 where D is the set of discontinuities of 4(-). Because,
if so, then for a-a-s € Ay there exist s, € B with s, — s and K1 = us(s) = 4(s) = lirrln'&(sn) =

limu(s,) = lim K9 = Ky which is a contradiction. O
n n

The following is the analogue of Theorem 5.4 for Nash equilibrium, modulo uniqueness.

Theorem 5.11 In addition to the hypotheses of Theorem 4.9 assume that b, R are Lips-
chitz continuous. Let P(-),Q(-), or equivalently Y (-), Z(-), solve SP(b, R;G,s,y,z). Then for
1<i<dY(T;s,y,2) —ys, as a function of s,y,z, is a constrained viscosity solution to the
discontinuous HJIB equation (5.21) on [0,T] x G x G with u_;(-) = P_;(:),L; = 0,M; = 0
and terminal value g; = 0. That is, Yi(Ti;-, ) —yi, 1 < i < d form a system of bounded
Lipschitz continuous constrained viscosity solutions on [0,T] x G x G to the interlinked system
of discontinuous HJB equations (5.21) with u—;(-) = P_;(-),L; =0,M; =1,¢; = 0,1 <1 < d.
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Proof: As the Skorokhod problem is well posed note that (5.20) holds with u_;(-) = P_;(-).
By Theorem 4.9, P() = (Pi(-),..., P4(+)) is a Nash equilibrium in Uz(s,y, 2 T') with g; =
0,L; =0,M; = 1,1 < i < d; hence VB(N’Z')(s,y,z;T, P_;(") =Y;(T;s,y,2z) — y;, for each 7. By
Theorem 4.4, (s,y, z) — Y;(T;s,y, z) is bounded Lipschitz continuous. The result now follows
by Theorem 5.9. |

Finally we list some interesting questions.

1. Obtain an interesting set of conditions to guarantee existence of a unique constrained
viscosity solution to (5.21) in the class of bounded uniformly continuous functions, and

existence of a Nash equilibrium.

2. Does uniqueness in 1) imply that the set of discontinuities of the Hamiltonian should be

a set of measure zero ?

3. Does the existence of a unique Nash equilibrium (serving for all ¢ € [0,T]) imply that it
should be utopian ?
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