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1 Introduction

A cute little theorem of Beurling on Fourier transform pairs which was published
by Hérmander [7] says that for any nontrivial function f in L2(IR), the function f(z)f(y)
is never integrable on IR? with respect to the measure e/®¥/dz dy. A far reaching gener-

alisation of this result has been recently proved by Bonami et al [1]. Let

fy) = @m)7% [ e f(a)ds
Rn
stand for the Fourier transform of a function f on IR". Then we have

Theorem 1.1 (Bonami-Demange-Jaming). Let f € L*(IR") and suppose that for some
N>0

|f(y)‘ (z,9)]
EYldr dy < o0o.
//n 1+\x| A+ & e
Then f = 0 whenever N < n. If N > n, then the above holds if and only if f can be

written as
f(z) = P(z) e 342

where A is a real positive definite matriz and P is a polynomial of degree < %(N —n).

Some attempts to generalise this result to group Fourier transforms on certain Lie
groups have already been made. Unlike the Euclidean case functions f and their Fourier
transforms f live on different sets which spoils the elegance of the above result in other

contexts.

In this paper we formulate and prove an analogue of Theorem 1.1 for the Fourier

transform on Euclidean motion groups M (n).
Let M(n) be the semidirect product of IR" with K = SO(n). The group law is
given by
(z,k)(y,k') = (z +k-y,kE'),z,y € R", k,k' € K.
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Let M = SO(n — 1) considered as a subgroup of K leaving the point e; = (1,0,0,...0)
fixed. Then all the irreducible unitary representations of M (n) relevant for the Plancherel
theorem are parametrised (upto unitary equivalence) by pairs (A, o) where A > 0 and
o € M, the unitary dual of M. (When n = 2 there is only one parameter namely, A > 0.)

The group Fourier transform of f € L'(M(n)) is then defined by

o) = / F(z, k)m(z, k)dz dk (1.1)

where 7, ,(, k) is the irreducible unitary representation of M (n) associated to the pa-
rameter (A, o). These representations are realised on certain Hilbert spaces which will
be described in the following sections. Let ||f(\, o)||ms stand for the Hilbert-Schmidt

operator norm of f(), o). As an analogue of Beurling’s theorem we offer

Theorem 1.2 Let f € L' N L?(M(n)) and assume that

”f )‘ g ||H5 |f(xa k)| Alz|yn—1
/ / oy T €N de dk < oo

for every 0 € M. Then f = 0.

Note that we have considered only the case N =n. When n = 2 we can do slightly

better. Let us write (z,€%) for the coordinates on M(2), 2z € IR®.

Theorem 1.3 Let f € L' N L?(M(2)) and assume that

S Wlas [z e .
/ AT Lo © A dz dg < oo
M(2) O

Then f can be represented as
f(z,6) = g(e)e"

for some g € L*(T) and a > 0.



In this theorem T stands for the circle group which is identified with SO(2). Let

A, be the standard Laplacian on IR" and let
Py (z) = (4mt)~3 e~alel (12)

be the associated heat kernel. Then the final conclusion of the above theorem can be
expressed in terms of the heat kernel p}(z) on IR". The original Beurling’s theorem
(N = 0) can be viewed as an uncertainty principle for the Fourier transform. The case
N =n+1 is then a characterisation of the heat kernel p;(z) on IR". Theorem 1.1 is so
strong that other ‘uncertainty principles’ like the theorems of Hardy, Gelfand-Shilov and
Cowling-Price all follow from it. For example, a general form of Hardy’s theorem for IR"

[15] says that if f € L'(IR") satisfies
(@) < e(1+ |2)™p} (), |f ()] < e(1+ [y)™ e (1.3)

then f = 0 whenever s < t and when s = t, f(z) = Q(z)p}(z) where @ is a polynomial

of degree < m. It is clear that this result follows immediately from Theorem 1.1.

Even though we do not have the most general version of Beurling’s theorem for

M (n), we do have a general version of Hardy’s theorem.

Theorem 1.4 Let f € L'(M(n)) satisfy the following two conditions:

[f(z k) < e(l+|z)™ pi(), (z,k) € M(n)

IF o)l < el +N)¥e™, (A 0) € Ry x M.

Then f = 0 whenever s <t. When s =1, f can be expressed as a finite linear combination

of functions of the form
Pm,j(x)(_An-ﬂm)J_Tm ?+2m(x)gmj(k)

where Pp; are solid harmonics of degree m and gn; are certain bounded functions in

L2(K).



In the above the fractional powers of the Laplacian are defined via Fourier trans-

form:
(~An)i (@) = 2m) % [ lgPf(e)etde.
an
The range of m and j are restricted by the condition
j_

[P (@)] [(=Anr2m) 7 927 (@)] < e (1+ [2)Y pf(2)-

The case N = 0,s < t of the above theorem is due to M. Sundari [14]. See the work
of M. Eguchi et al [3] for an analogue (again the case N = 0,s < t) of the above for
Cartan motion groups. Eguchi et al [4] have also treated an LP version of the above

result (N =0,s < t). The above theorem with N > 0 and s =t is new.

It is possible to prove a refined version of the above theorem when n = 2. Compare
the following result with the Hardy’s theorem proved in [16] for the Euclidean Fourier
transform. When n = 2, the relevant representations 7, (2, €*?) of M (2) are parametrised
by A > 0 and realised on the same Hilbert space L?(T). Let {ex(0) = €™ : k € Z} be
the standard basis for L*(T).

Theorem 1.5 Let f € L'(M(2)) satisfy the estimate
1f(z,e%)| < ¢ pi(2), 2z € R*
Further assume that for every A > 0, and k,j € Z
(f(Nex, €)] < cry NF e

Then f can be represented as

£(z,6%) = (2) (m/ e é%dz) .



The plan of the paper is as follows. In the next section we collect relevant infor-
mation from the representation theory of M(n). We also recall a theorem of Gross and
Kunze [6] which is needed for the proof of Thoerem 1.2. All the results are proved in
sections 3 and 4. For analogues of Hardy’s theorem in the contexts of other groups we

refer to [2], [11] and [15] and the references there.

The authors are extremely thankful to Ms. Asha Lata for her excellent job of

typing the manuscript.

2 Representation theory of M(n)

In this section we describe the unitary dual of M(n). To enhance the readability
of this paper we collect relevant information from the representation theory of M(n).
General references are the books of Folland [5] and Suguira [13]. We also need some

results from the paper of Gross and Kunze [6].

First consider the case M (2). We write the elements of M(2) as (z,€*),z €C and

@ € IR. The group law is given by
(z,€%)(w,e"?) = (z + ePw, 0+9).
For each A > 0 consider the representation 7y (2, €*#) realised on L*(T):
ma(z,€%)g(0) = €M g(0 — ) (2.1)

where g € L?(T). As shown in Suguira [13] any infinite dimensional irreducible unitary

representation of M (2) is unitarily equivalent to m for some A > 0.

Next consider the case M (n),n > 3. As in the introduction we let K = SO(n) and

M = SO(n —1). Given o € M realised on a Hilbert space V, of dimension d, consider



the space L?(K, o) consisting of functions ¢ on K taking values in €% *%  the space of

d, X d, complex matrices, satisfying the condition
o(uk) =o(u)p(k),ue M,k € K
which are also square integrable on K:
[ eIk = [ tr(p(r)o(k)dk < oo.
K K
Note that L?(K, o) is a Hilbert space under the inner product

(p0) = [ trlp(k)wk)")dk.

K

For each A > 0 and o € M we can define a primary representation my, of M (n)

on L*(K, o) as follows. For ¢ € L*(K,0), (z,k) € M(n),
e (T, k)p(u) = M) (uk), u € K. (2.2)

If ,(k) are the column vectors of ¢ € L*(K, o) then p;(uk) = o(u)p;(k) for all u € M.
Therefore, L?(k, o) can be written as the direct sum of d, copies of H(K,o) which is

defined to be the space of ¢ : K —C% which are square integrable and satisfy
p(uk) = o(u)o(k),u e M.

It can be shown that 7, , restricted to H(K, o) is an irreducible unitary representation
of M(n). Moreover, any irreducible unitary representation of M (n) which is infinite di-
mensional is unitarily equivalent to one and only one 7, ,. Finite dimensional irreducible
unitary representations of K also yield irreducible unitary representations of M(n). As

they do not appear in the Plancherel formula we neglect them.

Given f € L' N L*(M(n)) we define the group Fourier transform of f by

FfO o) = / (@, K)o (@, k)dz dk. (2.3)



Note that f()\,a) is a Hilbert-Schmidt operator on H(K, o). We would like to think
of the Fourier transform f as an operator on a fixed Hilbert space. To achieve this we
simply take the direct sum of all the Hilbert spaces L?(K, o). More precisely, let L*(K)"
stand for the direct sum of L?(K, o) as o varies over M. Thus L?(K)" is the set of all

functions F' on M such that F(o) belongs to L?(K, o) for each ¢ and

> F@)] < co.

UEM

The Hilbert space structure of L?(K)" is given by

(F,G) = 3 (F(0),G(0)).

UEM

For each A > 0 we can now define f()) as an operator on L*(K)" by setting

(fVF)(o) = f(A,0)F(0).

In the proof of Theorem 1.3 we make use of a result of Gross and Kunze [6] which
shows that L?(K)" is isomorphic to L?(K). To state their result we need to set up some
notation. Let L(u) stand for the left regular representation of M on L?(K) given by

L(u)h(k) = ¢(u'k). For any o € M consider the projection
P, = dU/XU(u)L(u)du (24)
M

where x,(u) = tr(o(u)) is the character of 0. A vector lies in the range of P, if and only
if its translates under L span a finite dimensional subspace in which L decomposes into

irreducible representations equivalent to o.

Note that when ¢ € L*(K) the function
B0, k) = / b (u k) o (u)du (2.5)
M

takes values in L?(K, o) as can be easily checked. The generalised Fourier transform of

a function ¢ € C'(K) is the function U1 € L?(K)" whose value at o € M is given by

Uip(o)(k) = (0, k). (26)
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In [6] the following theorem has been proved

Theorem 2.1 (Gross and Kunze). The generalised Fourier transform 1 — U1 initially
defined on C(K) extends uniquely to a unitary operator between L?(K) onto L*(K)"

which maps P,L*(K) onto L*(K, o).

For each A > 0 we can define f()\) as an operator on L?(K)" and using the above
unitary operator U : L*(K) — L*(K)" we can consider U*f(A\)U as an operator on
L2(K) which is unitarily equivalent to f()\). We use this identification to obtain a

formula for

> IOl (27)

JEM

which is crucial in the proof of Beurling’s theorem 1.3. We remark that the Plancherel

theorem for M (n) takes the form

JEM

e [ (an(m)n%s) ylay= [ |f(e.k) e i (28)
0 M(n)

for a suitable constant c,.

3 Hardy’s theorem for M(n)

In this section we prove Theorems 1.4 and 1.5. We first recall some results from
the Euclidean harmonic analysis which will be needed in the proofs. First of all we
make use of the Hecke-Bochner formula for the Fourier transform which states that if

f(z) = P(x)g(|z|) where g is radial and P is a solid harmonic of degree m then
(om)78 [ Fla)e"Sde = (i) PE)G(E) (31)
Rn

where G(|¢]) is the Fourier transform of the radial function g(|z|) on R™*™. G(|¢|)
is also given as a Hankel transform of order (3 + m — 1). For these facts we refer to

Stein-Weiss [12].



In the above, a solid harmonic of degree m is a polynomial which is homogeneous
of degree m and harmonic. The set of all such polynomials will be denoted by H,,
and the restrictions of elements of H,, to S ! is denoted by S,,. Members of S, are
called spherical harmonics of degree m. By choosing on orthonormal basis {Y,,; : j =

1,2,...dpy} of S, for each m =0,1,2,... we get an orthonormal basis for L*(S"!).

The Funk-Hecke formula deals with spherical harmonic expansions of zonal func-

tions. If @ is a function on (-1,1) this formula says that

/ (@ - Y)Y (§ )Y = i ¥Yom (2)- (32)
Sn—l
The coefficients c,,; are given in terms of ultraspherical polynomials. More precisely, let

G:En_l(t) be ultraspherical polynomials of type (3 —1). Then
1
Wns / a(t)GE (1)1 — 12)*F dt. (3.3)

-1

_I'm+1I'(n-2)
Cmj = I'(m+n-—2)

ATt

We refer to C. Muller [8] for this formula. In particular, taking a(t) = €, we have

/ XYY i (Y)Y = g Y (7).
Sn—1
Using the Poisson integral representation of Bessel functions we can calculate c,,; leading
to the formula

ei)\rw’-y Z Z T 71
(Ar)z

m=0j=1

Yo (2')Yoms (¥) (34)

where J, (%) is the Bessel function of type a.

Hecke-Bochner formula (3.1) leads to a simple description of f (A\,0) when f is of

a special form.

Lemma 3.1 Let f € L'(M(n)) be of the form f(x,u) = P(x)g(|z|)h(u) where P is a

solid harmonic of degree m. Then for every A > 0 and o € M we have
FO0)pk) = X"GOVP(k™"er) [ hu)p(ku)du
K
where G(A) is the (n + 2m) dimensional Fourier transform of g(|x|).
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The Lemma follows immediately from the definition of 7 ,(z,u) in view of (3.1).

In particular when we take

F(@,u) = P(2)(~Anizm) T Pt (z)h(u) (35)
we see that
FO0)pk) = X e P(k~"er) [ hu)p(ku)du (3.6)

for every ¢ € H(K, o). This formula will be used in the proof of Theorem 1.4.

We also need the following lemma on entire functions of order 2.

Lemma 3.2 Let F(z) be an entire function of a single complez variable z which satisfies

~
o
A

e(1+|2))N edmGF 2 e @,

[F@)| < e+ |z)" e,z € R,

Then F(z) = P(z) e7%*" where P(z) is a polynomial of degree < N.

A proof of this lemma can be found in Sarkar [10]. Having collected all the results
needed, we begin with a proof of Theorem 1.4. Note that we only need to consider the

case s = t. For ¢,9 € H(K, o) consider
(f\, o), ) = / /f 2, u)eM e (o (ku), (k))dk dz du. (3.7)
Since the function f satisfies the estimate
[f(@,u)] < e(1 + [z])Y pf(z) (38)

it is clear that the above integral (3.7) converges even if A € C. Indeed,

[ €M D o), 5 (k)

K

< lmO el [ (k)| [y (k)| dk
K

< I o] 1.

11



Using this estimate and (3.8) in (3.7) we see that

(F o), )] < e(1+ DY e OF ]| (| (3.9)

A

Thus the function A — (f(A, 0)p, 1) extends to an entire function of order 2 satisfying

the estimate (3.9) for all A € €. We are also given the estimate

((FN ), )] < e(X+ [ADY e Plgl| [l (3.10)

for all A € IR. Appealing to the complex analytic Lemma 3.2 we conclude that

(fF(\ )@, 0) = Py(A, p,90)e™ (3.11)

where P, (), ¢,1) is a polynomial of degree atmost V.

It is now clear that P,()\, ¢,) is linear in ¢ and 9. If we write

N
Pr(X 0,0) = Y ag,(p, 0)N

=0
then it can be easily shown that a, (¢, ) are sesquilinear forms on H (K, o). Cauchy’s

formula together with the estimate (3.9) shows that a, (¢, 1) are actually bounded:

00,5 (0, V) < coillpll 191l

where ¢, ; are constants independent of ¢ and 1. Hence there are bounded linear oper-

ators A, ; on H(K, o) such that

a'a;j(goa ¢) - (AijO, w)a ¥, 1/1 € H(Ka 0').
Therefore, we have obtained the relation

J=0

(f0)e,9) = (Z(Aa,j% @/J)Aj) e

for every o,1 € H(K, o). This simply means that

N
fo)=e™ S NA,; (3.12)

=0
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as operators acting on H (K, o). From the definition of f(), o) it follows that
N oo 2 |
Y NA, (k) = e / [z, u)e™ "%y (ku)ds du. (3.13)
3=0 M(n)
We can calculate A, jo(k) by taking derivatives on both sides at A = 0 : j!A, ;p(k) is
the jth derivative of the right hand side of (3.13) at A = 0.

This shows that A, ;¢ is a finite linear combination of functions of the form
/ f(z,u)(k e - )Pp(ku)dz du (3.14)
with 0 < p < j. We can use Funk-Hecke formula to expand (k~'e;-z)? = |z|P(k™te; - 2)P
in terms of spherical harmonics:

P dm

(ke -2")? = Y > cmeYme(k ™ e1) Yie(2') (3.15)

m=0 £=0
where the coefficients ¢, are given by expanding a(t) = #* in terms of the ultra spherical

polynomials. Therefore, A, ;¢ is a finite sum of terms of the form

/ fz, U)|$|mez($’)Yme(/€71€1)go(ku)dx du

= Youlk™'er) [ fyme(w)p(ku)du (3.16)
K
where we have written
Foamew) = [ f(z,u)[aYne(a')da.
an
Finally, e’ X A, jo(k) is a finite sum of functions of the form

e—tAZ,\ij,g(k_lel)/fp,m,g(u)go(ku)du.
K

In view of Lemma 3.1 this simply means that )\’ e’t’\zAw- is a finite sum of operators of

the form g, , ¢(A, o) with

gp,m,ﬁ(xa u) = |x|mYm,E($l)(_An+2m)%p?+2m($)fp,m,ﬁ(u)- (3.17)
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This completes the proof of Theorem 1.4.

We remark that when N = 0, s =t the conclusion of Theorem 1.4 takes the form

f(z,u) = p}(x) (m/ f(a:,u)dx) )

We now give a proof of Theorem 1.5, that is, a refined version of Hardy’s theorem on

M (2). In this case it is slightly convenient to work with the following definition of f()):

f()\): / f(z,e)m\(2,€¥)*dz dop

M(2)

(3.18)

where we use the complex variable z to stand for elements of IR?>. An easy calculation

shows that

/ FA, 0N g(0 4 p)dyp

0
where g € L*(T) and

f(w €)= S / e‘iRe(ﬁ)f(z e?)dz
7 27'[' 7
R2

is the Euclidean Fourier transform of f on IR%.

From the above formula we obtain, with e (0) = e™?,

2n 2w
1

FNewe)=o- [ [ FO?,e#)eive =g dy.

2T

Now, the Bessel functions J,(t) are given by the equation

1 2m

_ —itsinf ,—ind
Jn(t) = o 0/ e e="""de.

The functions J,(t) and J_,(t) are related by

Tu(t) = (=1)"J_(b).

In terms of the Bessel function we can write (see R. Rubin [9])

FOerse) = Z1 / / (/ F(ret®, é#).J,_ J(Ar)rdr) ¢itk-906i3% 4 dp,

14
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If we define f(r,m,n) to be the Fourier coefficients

r m,n) / / '™ eine g dy

then we can write the above as

(F(Vex,e;) = [ Fk = . 3) s Orr. (3.21)

Assuming k£ > j and defining

gri(r) = f(r,k — g, j)r =%+

we have the equation, with some constants c;,

(f(Nex, ej) = cgAF / gkj(T)(ﬁ\%(k)\_?()\r)ﬂk_j)ﬂdr. (3.22)

0

o0

Thus, A7 (f(\)ey, ;) is the Fourier transform of the radial function g;;(|z|) on R2* 9)+2,

Now the conditions of theorem on f and f imply that
iy (2])] < e €75, 15(6)] < e e7eF
. 1“2 .
and hence by Hardy’s theorem on R2*~)+2 we get gi;j(r) = cxj e~ ® which means
L2
flrik—j,5) =cgjr"7 e @, (3.23)
When k # j the equation (3.23) is not compatible with the estimate
flrk—j.i) <cea”

unless ¢;; = 0. We can do the same thing when k < j leading to the conclusion that

2 27

/ / f(rew, ei‘p)eimaei”‘pdﬁ dp =0

0 0

whenever m # 0. We also have f(r,0,7) = ¢; e %" . Hence we obtain

f(z,€"%) (; cje )

This proves Theorem 1.5 with

Zce”‘p—/fze

]—*OO
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4 Beurling’s theorem for M (n)

We begin a proof of Theorem 1.2 by obtaining an expression for the sum
> If (X, 0)||%s. We make use of the unitary operator U introduced in section 2 to
oeM
realise f()) as an integral operator on L?(K) whose kernel can be calculated. We use

the explicit expression for this kernel to calculate the above sum.

As before let {Y,,; : 1 < j < d,,m = 0,1,2,...} be an orthonormal basis of

L?(S™ 1) consisting of spherical harmonics. Define

Fn(r, k) = / Flra’, k)Y (a')da’ (4.1)

gn—1

and let gm;(r, k) =177 fm;j(r, k). Also define

7 J%+m—1()‘T)

~ _ n+2m—1
Imj( A k) = O/ Gmj (1, k) DT T dr. (4.2)
Then we have the following result.
Proposition 4.1
oo dm
S IF s = X0 300 [ 1gms(0 B k.
O'EM m= 0] 1 K

Proof: For A > 0,0 € M and ¢, € H(K,0)

(FOo)ew) = [ f@uw)mo(z u)e V) du

— / f(z,u) (/ ei’\(k_lel’z)(go(ku),w(k))dk) dz du.

K
We now make use of the expansion

0o dm Jn m )\:L'
z)\(k e1,T Z Z L‘D ij(k_lel)ymj(xl) ( 4.3 )

m=0j=1 /\‘.’L‘| __1
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where we have written z = |z|2’. Using this expansion and recalling the definition of

Gmj(), u) we obtain

fOvo)e(k) = (i Zm)\mgmg A ) Yomg (K™ 61)) p(ku)du

I‘(/ m=0 j=
00 dm
— / IP PN )Y (kY1) | ().
K m=0j=
Thus we have

O 0)e k) = [ Galk, u)p(u)du

K

where the kernel G, is given by

Ga(k,u) = i fjAmgmj(x,k—lu)ymj(k—lel). (4.4)

m=0j=1
Since L2(K,o) is the direct sum of copies of H(K,o) the action of f(\, o) on
L*(K, o) is also given by
/GA (k, w)p(u)du, ¢ € L*(K, o).

Using the unitary operator U : L*(K) — L?(K)" we consider the operator U* f(A\)U on
L2(K). For every ¢ € L*(K),Uv(0)(k) = ¥(o, k) where

B0, k) = / b (u~ k) o (u)du. (4.5)

M

By the definition of f(\) we have

(fOUR)(@)(k) = f(A a)b(o,k)
= // m~ u)o(m)dm du.

If T(\,0) = U*fUP, on L?*(K) then from the definition of P, and U it follows that

T\, o) (k) = / / G (k, u)tb (m=u)tro(m)dm du.

K M

17



With tro(m) = x,(m) we have

T(\, o)(k) = / (w G,\(k,mu)xg(m)dm> b (u)du.

Since L?(K) is the direct sum of P,L2(K) as o ranges over M we see that

ST 0)as = 10 F(NUIRs = 3 17 o) s

JEM 0'61\7[

Now T'(A,0) is an integral operator on L?(K) with kernel

G, 0) = [ Gl mu)xo(m)dm. (4.6)
M
Therefore,
IO is = [ [ 1Gaolk,u) Fdk du (47)
K K

and summing over o € M we get

S Iiolis=X [ [ \M G (I, mu) o () dm

oeM cEMK K

2

dk du.

Invoking Peter-Weyl we obtain

S IF o) = [ [ 1GA(k,w) Pk du. (48)

UEM

Recalling the definition of G, (k,u) and using the orthonormality of the spherical har-

monics we complete the proof of the proposition. O

Next we make the following observation. For § € K consider the function f * ;.

Then writing 7y ,(f) for f (A, 0), an easy calculation shows that

7T)\,U(f * X(S) = 7T)\,0'(f)7T)\,O'(X(5)'

Here the Fourier transform of yx; is given by
e () ek) = [ Xs()ma0(0, u)p(k)du

= [ xs()p(ku)du
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Now p(u) = m,(0,u) is a representation of K on H(K,0) and so p is a direct sum of
irreducible unitary representations of K. Let p; be a subrepresentation of p realised on

a subspace V of H(K,o). Then on V
Tae(Xs)e /X& k)du = p(xs)p (k).

But p(xs) = 0 unless p is unitarily equivalent to 6. Thus ) ,(xs) # 0 only when =) ,
contains ¢. By Frobenius reciprocity, [ s, 6] = [0, 0] (where |7, d] is the multiplicity of &
in ) and hence 7, ,(xs) 7 0 only when [J, o] # 0. Thus 7, ,(f * xs) # 0 only for finitely

many o € M since [§, 0] < co.

We now embark on a proof of Theorem 1.2. It is enough to show that f* xs =0

for every 6 € K. If we let f5 = f % x5 then o (f5) # 0 only for finitely many o and

hence
oo( ) ||f5<A,o)||zs)
ocM |f(5(x’ k)‘ €/\|$|)\n_1d/\ dl‘ dk
(T+A)n (1 + |z[)m
M(n)
CNfsN ) las [ F5@ k)] sl yns
< .
<x /] A (e © N Ak
oEMpM(n) 0
Since

fola k) = [ flakuxs(w)du = £ = xo(a, b

K
and f5(\, o) = f(),0)mrs(xs) the above is bounded by

||f (A0 ||HS f(z, ku™"))| el yt
U MR st e s

UGMM (n) O

which is finite by the hypothesis.

Appealing to the result of the proposition we conclude that for every m € N and

1<j<dn

(M

(1m0 Ry

m [fmi (T ) ey e
/O/IZA A+ 0" (1’+T)n M (Ar) N dr d dk < oo
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where f,; and g,,; are defined in terms of the function f5 = f*x;. (We have suppressed

the 0-dependence for the sake of simplicity of notation). For each ¢ € C(K) consider

r) = [ Gmi(r, K)i6 (k) dk

so that the Hankel transform of type (§ +m — 1) of hy;(r) is

= / G O\, k)(k)dk.

Since fu;(r, k) = r"gm;(r, k) and

[P (V)| < Qlémg‘(% k)\Qdk) 112

we have
/ / ‘hm] |hmj(r)‘ 6Ar()\7,)n—1d,r, d)\
(1+ /\ (1 + )"
< ¢ / oy T N (rA)*Ldr dA < oo.

0 0
Thus we have

[T I 10N |
/ / 1 +7- n—|—m 1 + )\)n—l—m € ()\T) dr d\ < oo.

Since Ayi()) is the Hankel transform of order (2 +m — 1) of hy;(r) we can appeal to
Beurling’s theorem on IR"**™. Since n+m < n+ 2m we get hny;(r) = 0. As this is true

for every m and 5 we get fs = 0. Hence f = 0 as desired.
This completes the proof of Theorem 1.2. We now give a proof of Theorem 1.3.

We follow the same notations used in the proof of Theorem 1.5. Under the hypoth-

esis of the theorem

/ / ‘ ekae] | |f(7"k )‘ e/\r)\,r, dr d\
1+/\ (1+7‘)

IS Wllas [f(z e .
< cMé)O/ G (Lol © A dz do < oo
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This means that, assuming k£ > j,

(/c 7) (k—3)
/ / ‘gkj T ‘gkj( )|)‘ 6”)\7‘ dr dX\

(1+7)3 (14 MN)3
|91 () 9] N2kt
/ / 1_|_T3+lcg (1+)\)3+k_]-€ (Ar)? =T dr < oo,

Applying the result of Bonami et al to the function gy;(|z|) on R**~9*2 we obtain
S
grj(|2]) = Prj(w)e ™

where deg P; <3+ (k—j) —2(k—j) — 3= —(k —j). Thus P,; =0 unless £ = j and

we have
_Lm? ~
gre(|z]) = cp e " = [f(|z[,0,k)
for some constants ¢, t; > 0. Therefore,
f(z,€%) =3 c il

Now we recall that (f(\)ex, e;)A*~9) is the Fourier transform of f(r,k — j,j)r*~% on

R**=)+2_ Therefore,
(f()\)ek, ej) = (5kjck 67tk}\2.

Hence, the equation

||f ”HS_Z”f ek”z —Z| ek):e]

gives us

_ 2
IF s = 22 lexl? e

Thus the hypothesis on f and f gives

00 00, 2 __1
IfW)lls e Tr®
/ TES\E (1+7“)36 Ar dr d)\ < oo.
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Since || f(A)|lzs > |cx| e % for every k we have

_ 1 .2

(o oXENNe o) T
e " A2 X
|cj|/ / i )36 i eMAr dr d\ < oo.
r
0 0

It can be shown that the above is impossible unless ¢, = t; for all k and j. Thus ¢, =¢

for all £ and we have

flz,€%) = el (che )

proving the theorem.
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