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RIESZ TRANSFORM AND RIESZ POTENTIALS FOR DUNKL TRANSFORM

SUNDARAM THANGAVELU AND YUAN XU

ABSTRACT. Analogues of Riesz potentials and Riesz transforms are defined and studied for the Dunkl
transform associated with a family of weight functions that are invariant under a reflection group. The
LP boundedness of these operators is established in certain cases.

1. INTRODUCTION

For a family of weight functions, h,, invariant under a finite reflection group, Dunkl transform is
a generalisation of the Fourier transform that defines an isometry of L?(R%,h2) onto itself. The basic
properties of the Dunkl transform have been studied by several authors, see [2, 4, 6, 7, 8, 11, 12] and
the references therein. Given the important role of Fourier transform in analysis, one naturally asks if
it is possible to extend results established for the Fourier transform to the Dunkl transform.

In analogy to the ordinary Fourier analysis, one can define a convolution operator and study various
summabilities of the inverse Dunkl transforms. The convolution is defined through a generalized trans-
lation operator, 7,, which plays the role of f — f(- —y) but is defined on the Dunkl transform side.
The explicit expression of 7, f is known only in some special cases and it is not a positive operator in
general. In fact, even the LP boundedness of 7, is not established in general. This is the main reason
that only part of the results for the Fourier transforms has been extended to the Dunkl transform at
the moment.

Recently, in [11], the LP theory for convolution operators was studied. In particular, the L? bounded-
ness of the convolution operator is established in the case where the kernel is a suitable radial function.
Furthermore, a maximal function is defined and shown to be of strong type (p,p) and weak type (1,1).
This provides a handy tool for extending some results from the Fourier transform to the Dunkl trans-
form. In the present paper we study the analogues of the Riesz potentials and the Riesz transforms for
the Dunkl transform. We will study the boundedness of the Riesz potentials as well as the related Bessel
potentials. The Riesz transforms are examples of singular integrals. A general theory of singular integral
for the Dunkl transform appears to be out of reach at the moment. We will prove the LP boundedness
of the weighted Riesz transform only in a very special case of d = 1 and G = Z,. Even in this simple
case, however, the proof turns out to be rather nontrivial.

The paper is organized as follows. In the next section we collect the background materials. In Section
3 we recall the definition of the ordinary Riesz transforms and Riesz potentials, and prove a weighted LP
boundedness for the Riesz potentials that will be used later in the paper. The weighted Riesz potentials
and the Bessel potentials for the Dunkl transform will be studied in Section 4. The weighted Riesz
transform is discussed in Section 5.

Throughout this paper we use the convention that ¢ denotes a generic constant, depending on d, p,
k or other fixed parameters, its value may change from line to line.
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2. PRELIMINARIES

2.1. Dunkl Transform. The Dunkl transform is associated to a weight function that is invariant
under a reflection group. Let G be a finite reflection group on R? with a fixed positive root system R,
normalized so that (v,v) = 2 for all v € Ry, where {x,y) denotes the usual Euclidean inner product.
Let k be a nonnegative multiplicity function v — &k, defined on R, with the property that k, = K,
whenever o, is conjugate to o, in G; then v — k, is a G-invariant function. The weight function h, is
defined by

(2.1) he(z) = H |{z, v)|", z € RY
vERL
This is a positive homogeneous function of degree v, := 3~ Ry K> and it is invariant under the reflection
group G.
To define the Dunkl transform we will also need the intertwining operator V. Let D; denote Dunkl’s
differential-difference operators defined by [1]

Dif0) =0+ ¥ kDI 00y 1ci<a

S )
where €1,...,e4 are the standard unit vectors of R? and o, denote the reflection with respect to the
hyperplane perpendicular to v, zoy, := = — 2({z,v)/||v||*)v, z € R¢. The operators D;, 1 < j < d, map
P to P |, where P2 denotes the space of homogeneous polynomials of degree n in d variables, and
they mutually commute; that is, D;D; = D;D;, 1 < 14,5 < d. The intertwining operator Vj; is a linear
operator determined uniquely by

ViPn CPn, Vil=1, DV, = Vnaia 1<i<d.

The explicit formula of V; is not known in general. For the group G = Z4, h,(z) = H?Zl ||, it is an

integral transform

d
(2.2) Vif(z) = bs f(@ite, ..., zata) H(l +t:)(1 =t~ Lat.

[~1,1]4 i=1

It is known that V; is a positive operator [6]; that is, p > 0 implies V,;p > 0.
Let E(z,iy) = V. [¢/@¥)], 2,y € R?, where the superscript means that V, is applied to the z
variable. For f € L'(R?, h2), the Dunkl transform is defined by

23) Fw) =en [ f@BG@ b @)

where c;, is the constant defined by ¢, ' = [ B2 (z)e~l=I*/2dz. If k = 0 then V,, = id and the Dunkl
transform coincides with the usual Fourier transform. If d = 1 and G = Z», then the Dunkl transform
is related closely to the Hankel transform on the real line.

Some of the properties of the Dunkl transform is collected below ([2, 4]).

Proposition 2.1. (1) For f € L*(R?, h2), f is in Co(R?).
(2) When both f and f are in L' (R?, h2) we have the inversion formula

-~

fl@)= [ E(iz,y)f(y)hi(y)dy.

R4

(3) The Dunkl transform extends to an isometry of L?(R? h2).
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2.2. Generalized translation operator. Let y € R? be given. The generalized translation operator
f > 7, f is defined on L?(R?¢, h2) by the equation
(2.4) 7 f () = Bly, —iz)f(z), zeR.

It plays the role of the ordinary translation 7, f = f(- — y) of R?, since the Fourier transform of 7, is
given by 7, f(z) = e~@¥) f(z).

The generalized translation operator has been studied in [6, 7, 11, 12]. The definition gives 7, f as
an L? function. Let us define

Ac(RY) = {f € LN(R%;h2) : f e L' (RY; h2)).

Then (2.4) holds pointwise. Note that A,(R?) is contained in the intersection of L!(R?;h2) and L*®
and hence is a subspace of L?>(R?; h2). The operator 7, satisfies the following properties:

Proposition 2.2. Assume that f € A.(R?) and g € L*(R%; h2) is bounded. Then
W) [ nf©eor©d = [ 1O a@n e
R4 R4
(2) 7 f(z) =71_af(-y).

A formula of 7, f is known, at the moment, only in two cases. One is in the case of G = Z, and
hw(z) = |z|* on R ([5])

(2.5) 7§ (@) =§ / 11 1 (Va7 +y7 =20yt) (1+ V%)@At)dt

1t -y
- R/ T R 1- ®
+ 3 /—1f( 24y xyt) ( Ty 2a:yt) «(t)dt,
where @, (t) = b.(1+1t)(1 —t2)*1, from which also follows a formula of 7, f in the case of G = Zg. The
explicit formula implies the boundendess of 7, f. Let || - ||, denote the norm of LP(R?, h2).

Proposition 2.3. Let G = Z%. For f € LP(R?,h2), 1 < p < o0,
7y fllrp < cll fllxp-

Another case where a formula for 7, f is known is when f are radial functions, f(z) = fo(]|z]|), and
G being any reflection group ([7]),

(2.6) 7y () = Vi [ fo (V1T + Tl — 201zl Tyl )| &),

from which it follows that 7, f(z) > 0 for all y € R? if f(z) = fo(||z||) > 0.
Several essential properties of 7, f are established for radial functions. This is collected in the following
proposition ([11]). Let L ,(R?, h2) stand for the subspace of radial functions in LP(R?, h2).

rad

Proposition 2.4. (1) For every f € LY (R%; h2),

rad
/ 7, f(z)h2(z)dx = f(z)h?(z)dz.
RY R4
(2) For1<p<2,71,:L" (R h2) — LP(R%; h2) is a bounded operator.

The generalized translation 7, also satisfies the following property [11, 12]: If f is supported in
{z : ||z|| £ B} then 7,f is supported in {z : [|z|| < B + ||y||}. An important consequence of this
property is as follows ([11]): If f € C§°(R?) then for 1 < p < 00

?El_r)% ||Tyf - f”mp =0.
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2.3. The generalized convolution and maximal function. The generalized translation operator
can be used to define a convolution. For f, g in L?(R%, h2), we define

(2.7) (f *x 9)(z /f Y)29" ()b (y)dy

where ¢g¥(y) = g(—y). Since 79" € L?(R?, h2) the convolution is well defined.

This convolution has been considered by several authors ([7, 11, 12] and the refrences therein). It
satisfies the basic properties m = f g and f x. g = g *. f provided f and g are Schwartz class
functions. Furthermore, if the generalized translation operator is bounded in norm, then the usual
Young’s inequality holds. For the general reflection group, the following result is proved in [11].

Theorem 2.5. Let g be a bounded radial function in L'(R?; h2). Then f x, g initially defined by (2.7)
on the intersection of L*(R?;h2) and L?(R?;h2) extends to all LP(R%;h2), 1 < p < oo as a bounded
operator. In particular,

(2.8) I/ *x glls.p < gl [l f1lx.p-
For f € L? the maximal function M, f is defined in [11] by
1
M f(z )—SUPWU *x XB, (T)],

where xp, is the characteristic function of the ball B, of radius r centered at 0 and

@) = [ Ky =@+ 20) [ Koo

B1 Sd-1

The maximal function can also be written as

M, f(2) ‘IB Ty f(@)hi(y dy‘
o f(z) =su
7‘>13 fB h2 dy
Since Ty xB, (z) > 0, see [11] we have M, f(z) < M,|f|(z). Furthermore, the following theorem holds:

Theorem 2.6. The mazimal function is bounded on LP(R?, h2) for 1 < p < oo; moreover it is of weak
type (1,1), that is, for f € L*(R? h2) and a > 0,

[, B < Cif
where E(a) = {z : M, f(z) > a} and c is a constant independent of a and f.
For ¢ € L'(R?%,h?%) and € > 0, the dilation ¢. is defined by
¢:(z) =& Pt Dg(z/e).
A change of variables shows that
o b= (x)h2 (x)dx = " o(z)h? (z)dz, for all £ > 0.
For convolution with a radial kernel, the following result is established in [11].

Theorem 2.7. Let ¢ € A,(R?) be a real valued radial function which satisfies |¢(z)| < c(1+]|z||)~¢-27=~L.
Then

sup |f *p ¢E(x)| < cMyf(z).
e>0

Consequently, f x. ¢-(z) = f(z) for almost every x as e goes to 0 for all f in LP(R4;h2), 1 < p < o0o.
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If 7, is bounded in LP(R%;h2) then the conditions in the above theorem can be relaxed. At the
moment this holds in the case of G = Z¢ ([11]).

Theorem 2.8. Set G = 7Z.4. Let ¢(z) = ¢o(||z|]) € L' (R%, h2) be a radial function. Assume that ¢g is
differentiable, lim,_, ¢o(r) = 0 and [;° r>7<+%|¢y(r)|dr < oo, then

1(f #0 9)(@)] < M, f(2) / " 12114 () dr < oo

In particular, if $(z) = ®(x) satisfies ¢ € L' (R, h2) and ®(0) = 1, then
(1) For 1 <p< o0, f *x ¢ converges to f as e — 0 in LP(R?, h2);
(2) For f € LY(RY,h2), (f *x ¢)(x) converges to f(z) as e — 0 for almost all x € RY.
3. ORDINARY RIESZ TRANSFORMS AND RIESZ POTENTIALS

In this section the notation f stands fo the ordinary Fourier transform of f on R™.
We recall the classical definition of the Riesz transforms and Riesz potentials. The Riesz transform,
R;f (1 <j <m), for the ordinary Fourier transform on R™ is defined by

. Y; om/2 m+1
R-f:c:hmc-/ flz —y)—=—dy, Cci = r{==).
i) = e lyl|>e ( )||y||m+1 Y T oVm 2

It is a multiplier operator in the sense that

oo oo 1
Yi AW N ]
Rif(z) =c T — d; =c/ / T—5 dw(y')— =cm-/ /f z||2 + 52 — 2
@ = [ se-ntiay=c [T [ gl - s o) (7] (Vi ||

Let ﬁj fo be defined by the relation
wiB;fo(r) = Bif(ra'),  when  f(z) = fo(llall
where z = ra’, 2’ € S™ . The boundedness of R; f gives us

Proposition 3.1. If f(z) = fo(||z||]) and f € LP(R™) then
0 1/p o 1/p
(/ |ij0(r)|”rm1dr> <c (/ |f0(r)|”rm1dr) , l<p<oo.
0 0

The Riesz potential on R™ is defined as the ordinary convolution of f with the kernel K,(z) =
(@ lz*™, 0 <a<m,

3.1) frEo) = (@)™ [ =yl )y

where v(a) is a constant whose value we will not need. It is well known (see, for example, [9, p. 119])
that for 1 < p < ¢ < oo where 1/g=1/p— a/m,

IIf * Ka”q < Ap,q”f”P'

The Riesz potentials will be used in Section 5. In particular, we need the following weighted inequality
in the case of a = 1.

Proposition 3.2. If f(|| - ||) € LP, then

(Lo iremiorar) " <e( [ opiapas)”

for all p satisfying p >m/(m —1), m > 2.
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Proof. Let M f be the Hardy-Littlewood maximal function defined by

M = su
/(@) = sup |B|

where |B,| denotes the volume of the ball B,. We will make use of the weighted norm ineqaulity

y)ldy

/ M f(2)Pw(z)d < ¢ / 1 @) Pu(e)de,
R™ m

which holds whenever w belongs to Muckenhoupt’s A, class A,(R™). It is known that w(z) = ||z]|* €
Ap(R™) whenever —m < a < m(p — 1) (ses, for example, [10, p. 218]). In particular, ||z||P € 4,(R?)
for p>m/(m — 1) and ||z|| =P € A,(R?¢) for 0 < & < m/p.

To prove the weighted inequality we split f x Ky as follows,

%1 - 1—m — _ 17md
Gl 1) @) Ay”9”$|+ /”y”ﬂ”z”f(w Wllylt ™y
=T f(z) + Taf ().

We estimate T f as follows:

Ty f(x)] < / | -l
277 |z|[ <|lyll <23+ |z]|

g=3(1=m) ||| 1= / | @ —y)ldy
277 |lz|[ < |lyl| <23+ |z

< CZQ_jllwlle(w) < cll]|M f(2)-

<

7 EM8

.
Il
o

Using the weighted ineqaulity of the maximal function it follows that,
[ mt@pras<c [ prr@plapas<e [ 1f@PlalP,
Ré R4 R4

as ||z||” € A,(R™) for p > m/(m — 1).
To deal with T5f we choose ¢ such that 0 < § < m/p and write the integral as

(T3 ()] < Z / 7@ =)l lyll*~"dy
Izl <llyll<2i+]z]|
-y £ =)l lle =yl llz =yl il dy.
j=1 72 llzll<|lyl <29+ |||

For 27[|z|| < [lyl| < 27+!||z]| we have [ly|| > 2]|z| and hence

lle =yl > llyll = llzll = llyll/2+ (lyll/2 = llzl) > llyll/2 > 27~ ||«]]

so that

|T2f (z)] <cllel|° ) 2_"‘5(2"||:v||)_m/ f (@ =y)llle =yl dy

=0 llzll<llyll <29+ |||

<cllel| 70 27 M f(x)

j=0
< cf|z]| 70 M f5(x),
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where fs5(z) = f(z)||z||**?. Then the weighted inequality of the maximal function implies, as ||z|| =7 €
AP(Rd):

/ T f (2) Pde < c / M f5(@) Pl dee
Rd R4
p =P J, — P P
<o / Vfs@Pllall 7z = c / f@)Plalpds.

This completes the proof. O

4. WEIGHTED RIESZ POTENTIALS AND BESSEL POTENTIALS

In this section the notation f denotes the Dunkl transform of f.

4.1. Riesz potentials. For 0 < a < 2v, + d, the weighted Riesz potential, I’ f, is defined on S by
1
_ -1 2
(4.1) 1Ef@) = @) [ n @) ),
where d2 = 277+ =4/2+aT(2) /T(y, + 452).

In order to derive the Dunkl transform of I}, we start with a lemma, which is a little more general
than what is needed. A homogeneous polynomial P is called an h-harmonics if Ay P = 0, where
Ay = D? +...+ D2 is the so-called the h-Laplacian. Let HZ(h2) denote the space of h-harmonics of
degree n. It is known that

P(z)q(x)hi;(z)dw = 0
Sd—l
whenever P € HZ(h2) and the degree q is less than n.

Lemma 4.1. For P € Hi(h?) and 0 < R{a} < 2v, + d, the identity

( = —)A= don ) e = e s o ;
(|| [>reFdtn—a ][t ’ T(7, + 244=2)
holds in the sense that

P(x ~ o P(zx
(42) | e i @ds = i, [ T b0 a)da

for every ¢ which is sufficiently rapidly decreasing at oo, and whose Dunkl transform has the same
property.

Proof. If P, € H&(h2), then Theorem 5.7.5 of [3] shows that

(pn(x)efllwIIZ/z)A: (_i)nPn(x)efllw||2/2'

— —~

Since the Dunkl transform satisfies f(s-)(y) = s~ 274 f(s~y), it follows that
(Pn(a:)e—3||$|l2/2)A= (_i)ns_n—’Yn—d/QPn(x)e—||a:||2/(28).

Let ¢ be a function that satisfies the property in the statement of the lemma. For s > 0, the above
formula leads to the relation
(43) Py (@)e 1" 2(2) 17 () da

Rd

= (=) Y2 [ P(x)e 11729 g(2) 12 (z)da.
Rd
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We then multiply the above equation by s°~!, where 8 = 7, + (d + n — a)/2, and integrate the result
with respect to s on [0, c0). Using

/ " g1l 25 = 90T () Jaf| 2
0

and changing the order of the integrals, it is easy to see that this leads to
P (=)

o Tal[Prw s

Pa(z)

a [|lzf[m+e

greH(Etn-a)/2p(y, 4 din=a) /R a)h2 (@) de

= (—iyra(rre)/2p(nta) /R $(2)h2 (z)dz,

which simplifies to the stated equation. In the above we can assume the decay of ¢ and $ is in the order
of

p()| < A(L+ [|z])=%2"  and |p(z)] < A(L + [J]) =22

to ensure that the double integrals that occur above converge absolutely, so that the Fubini theorem
applies. O

Proposition 4.2. Let 0 < a < 27, + d. The identity

~

(4.4) 5 f() = ||zl f()
holds in the sense that
[ Br@@ii@ds = [ @l g@h @)ds
R4 R4
whenever f,g € S.

Proof. Setting n = 0 in Lemma 4.3 shows that the Dunkl transform of [|z||~9=27=*2 is the function
d?||z||~ in the sense that

[l sn @y =z [ ol 3,
R4 R4

where ¢ € S. Set ¢(y) = 7, f(z) in the above identity leads to

~

[ Il fa gy = a2 [ ol B(=ia,) Fo)h ) dy.
Multiplying this identity by g(x) and integrating, we obtain the stated identity. O
g g

Recall that (—Ag f)(z) = ||x||2f(x) ([2]) for f € S, the identity (4.4) shows that the weighted Riesz
potential can be defined as (—Ap)~®/2f. The identity (4.4) also shows that

A f) =I5(Anf) = —I5 »(f), f€S, 2y +d>a>2,

which are extensions of familiar identities for the ordinary Riesz potentials. Next we consider the
boundedness of I as an operator from LI(R? h2) to LP(R?,h2). The following necessary condition
holds:

Proposition 4.3. If |I5f||k,q < cl|fllx,p for f € S, then it is necessary that

1 1
(4.5) L
P q 2y +d
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Proof. Let fs(z) = e=*’l2I” . Using the fact Ty fs(x) = 6_32(”w”2+||y”2)E(232:17,y), a change of variable
shows that

15(e= 1) @) = s~ L5 (e 11" (s).
Consequently, setting f(x) = e_”‘””2, a changing of variables shows that
”Igfs”n,q = S_a_(2’m+d)/q||lgf”n,q and ||fs||n,p = 5_(27N+d)/p||f||n,p

for all s > 0. Considering s — 0 and s — oo shows that if ||Io f||x,q < ¢||fl|«,p holds, then we must have
a+ (2 +d)/q — (2v + d)/p = 0, which gives (4.5). O

The main result on the weighted Riesz potential is the following theorem.

Theorem 4.4. Let G = Z3. Let a be a real number such that 0 < a < 2y, +d and let 1 <p < q < ©
satisfies (4.5).
(1) For f € LP(R*,h7), p > 1,

28 flli,a < el fllk,p-
(2) For f € L*(R?, h2), the mapping f — I"f is of weak type (1,q); that is,

/ hiy(e)de < (M)q
{z:l15(2)|>0} .

Proof. Let R > 0 be fixed. We write the operator as a sum of two terms,

K _ ay—1 1 2
1% f(z) = (d%) /{ e ™ O s

ay—1 1 2 — S S
() /{WHZR}Tyf(““")inyuzwd—ah“(y)dy' L£(2) + Saf (@),

For S; f, we use the maximal function and the Theorem 2.8 to get the estimate

R
|S1f(z)] < cM,if(x)/ r27‘+ddir (r_z"”“_‘”a) dr < gRO‘MHf(:c).
0

To estimate S» f we use Proposition 2.3 which states that ||7, f||x,p < ¢||f||x,p. Let p’ = p/(p—1). Then

Holder’s inequality shows that

1/p'
[S270)| < < L Gy hi@)dy) e lles
yilyll>

< cRTIIE| 1|,y = cRTEE £,

where the last step follows from (4.5). Together, the two estimates show that
15 @)| < ¢ (R*Mef (2) + R @2/ ||, )
for all R > 0. Choosing R = (M, f(z)/||f|ls,p) ?/(4+27=) and using (4.5), we obtain the inequality

[I5f ()] < e (Mo f (@) || FIILP/.

Consequently, for p > 1, we can use the LP boundedness of the maximal function in Theorem 2.6 to
conclude that

125 flln.q < el Muf @S < ellfllwp-
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For p = 1, we use the weak type (1,1) inequality of the maximal function to get
/ h(z)dz < / B2 (z)dz
{z:15(z)>0} {aze| Mcf (@) IRZN Fll* >0}

1-1/¢\ 7 q
Sc(”f”h:,]. ) ”fl ;q’l :C<||f| N,l) .
g g

The proof is completed. O

The proof shows that if 7, is a bounded operator from LP(R?, k%) to itself for some other reflection
group, then the conclusion of the theorem will hold for that group. At the moment, the theorem holds
only if G = Z or if f are radial functions and 1 < p < 2 by Propostion 2.4.

4.2. Weighted Bessel potentials. The Bessel potentials are closely related to the Riesz potential.
The kernel functions for the Bessel potentials have essentially the same local behavior as that of the
Riesz potentials as ||z|| — 0, but have much better behavior for ||z|| large. In analogous to the ordinary
Fourier transform, the weighted Bessel potentials, J,, can be defined by

TE=(I—-Ap) %%  a>0.
To be more precise, we define J7 as a convolution operator
TEf = fxx G, where Gi(x) = (1+||z]?)~/2
for f € S. The following proposition gives an explicit expression for G%.

Proposition 4.5. Let G& be defined as above. Then G%(x) >0 for all x € R, G € L'(R%, h2), and

woy e L el?/dt) et (a2 O
(4.6) Ga(w)—r(a/z)/o € ! t

Proof. This follows as in the ordinary Bessel potentials ([9, p. 132]). Let us work backward and start
with (4.6). Evidently then G (z) > 0. Furthermore, since

o / eI /D2 (p)dy = (26)7+4/2,, / eIl /212 () dy = retal?
Rd R

d

the Fubini’s theorem applied to (4.6), which shows

1 o0
G" (2)h2 (z)dx = 7/ /2 et = 1.
 J o(@)hi; (2) T(a/2) /o e

Using the fact that ((4)_"’“_%e’”wng/(“))A: e~ tlzlI” it follows that

GL@) = gy [, e = A Py
@ T(a/2) Jo t ’
where the interchange of integrals can be easily justified by Fubini’s theorem. O

The behavior of G5 is described in the following lemma.
Lemma 4.6. For a >0,

Ga(@) <e (L4 |l te) e =2 iz > 0.
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Proof. The elementary inequality ¢ + r2/(4t) > 2/t\/r2/4t = r leads to

1 * ]2 dt
K < Il(t”/Z/ E(t 4t ) T (a d)/2_
Ga(x) T( /2)6 | e t r

To estimate the integral we split it into two parts. Changing variable gives

o2 2
/ b+ 12%) s taa) /2B </ ooy pegadt
0 t " Jo t

1
—ad
= ||x||f2%+a7d/0 e*ﬁu*%+%‘i?’u’ S C||x||727”+°‘7d‘

Furthermore, if ||z|| > 1, then

oo o0
/ e—%(t+%)t—%+(a—d)/zﬂ < / e_%t_%JraT_d@ <.
Il U7 Jye)2 t —

and if ||z]] < 1, then

/°° o~ 3+ et (a-a)/2 B </°° o~ b ret(a—d)/2 0t
B t 7 Sy ¢

1
dt
<c <1 +/” " t‘%*(“‘d)/??) <e (14 ) 72=Femd)
T

Putting these estimates together proves the stated inequality. (|

This shows, in particular, that G% behaves as ||z||~27=~9¢ for ||z|| — 0, same as the kernel for the
Riesz potentials.

Theorem 4.7. Under the same assumption, the conclusion of Theorem 4.4 holds for Bessel potentials.

The proof is essentially the same. We will not repeat it. Instead, we state the following theorem
which holds for all reflection groups.

Theorem 4.8. Let a > 0.
(1) The Bessel potentials are bounded operators from LP(R%, h2) into itself for 1 < p < oco.
(2) For f € I\(RY, 12),
|TEf(x)] < cMf(z), z € R
Proof. Since G%(z) is a radial function, let us write G (r) for the function defined on Ry . The estimate
in Lemma 4.6 shows that G% € L*(R?, h2) and it has integral 1, so that the first part of the theorem
follows from Theorem 2.8.

For a > 0, the estimate in Lemma 4.6 shows that the conditions on ¢ of Theorem 2.7 are satisfied
which gives the second part. O

Such a theorem does not hold for the Riesz potentials. The definition of the Bessel potentials also
shows that J7 satisfies

TE-TE =Tk  a>0, B>0.
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5. WEIGHTED RIESZ TRANSFORMS

5.1. Definition of Riesz transforms. For P € HZ(h2), we consider the transform

P(y) 2
T* f(z) = lim Ty f(2)——5—h d
f( ) £50 lyl|>e yf( )||y||7n+d+" n(y) Y

defined for f € S. The equation (4.3) and the Plancherel theorem shows that T* f is well defined. We
want to show that T* is a multiplier operator under the Dunkl transform. A linear operator T is a
multiplier operator if T f(z) = m(:c)f(a:) in the sense that

~

Tf(z)= | m(y)f(y)E(z,iy)hy(y)dy

Rd
for all smooth f with compact support.

Theorem 5.1. Let P € H4(h2), n > 1. Then the multiplier corresponding to the transform T*f is
given by dn o P(x)/||z||", dp,x =i "2 2T(3) /T (v, + 252).

Proof. Since P, € HZ(h2), its integral with resepct to h2 on S¢~1 is zero. Hence,

/ Pn—th (z)dx = /1 ro tdr Py (z")h2 (2")dw(z') = 0.
lz)<t [Ja|[Pretdtnma s 0 gar

Let ¢ be a function that satisfies the condition in the Lemma 4.1 and the additional assumption that ;5
is differentiable near origin. Then we can write

Pn( ) "™ Pn( ) "
| it doli a)de = /” o APt P @)

Py () ~ ~ )
+/ ————— |¢(x) — ¢(0)| hy,(x)dx.

leli<1 llz|2r=tdtn—a [ (z) = o( )] (x)
dince [a(x) B $(0)]/ ||z|| is locally integrable, we can take limit a — 0 to get

Pa@) 1o 1
/Hz||<1 H:vllﬁ% [¢($) - ¢(0)] hy(z)dw
Pr(2)

= lim ™ A(z)h2 (z)d.
=0 Jegpop<a [la|?retdn "
Consequently, we conclude that
. Py (z) > 2 Py () 2
It Y W = e L

Let f be a C* function with compact support. For a fixed z, set ¢(y) =1yf(z) =7 5 f(—y). Then

@) = [ ref 2B~k = [ B b ()

-~

=7 o J(~y) = E(~y,iz) f(~y).
)f

Hence, it follows that ¢(y) = (a)A(—y) E(y,iz ( ), so that by (4.2) and (5.1)

(4.
Ty f(@)h2 (y)dy = dp x Pn(y)

Pa(y) LT
lim L E(z,iy) f(y)h2 (y)dy.
8 Jraise TP e ™ * e Tyl 0TI
By the definition of the multiplier m, we conclude that m(y) = dyn,«Pn(y)/llyl|™ O

The proof of this theorem follows the argument for the ordinary Fourier transform as given in [9, p.
73— 74].
The special case that P(z) = z; defines the weighted Riesz transform.
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Definition 5.2. For f € S the Riesz transform R} f is defined by

e—0

. , Yj
Rif@) =tme; [ n @) o )y,
Iyl [yl
where 1 < j < d and ¢; = 271320 (v, + (d +1)/2)/ /7.

Theorem 5.3. The Riesz transform is a multiplier operator with

Rif(z) = —z'””;—’“f(x), 1<j<d
Proof. Since z; € H{(h2), this is just the previous theorem with P(z) = z;. O

5.2. The boundedness of weighted Riesz transform. The Riesz transforms are important singular
integral operators. One would like to prove the boundedness of the weighted Riesz transforms, just as
in the case of the ordinary Riesz transforms. This, however, turns out to be a rather difficult task.
The effort is hindered by the lack of information on 7, f. Furthermore, currently no theory of singular
integrals with reflection invariant weight functions is available.

For some special parameters, however, the weighted Riesz transforms on the radial functions can be
related to the classical Riesz transforms. This is given in the next proposition.

Proposition 5.4. If f(z) = fo(||z||) is a radial function in LP(R?, h2) and 27, € Ny, then for 1 < p <
w’

1B fllsp < cllfllsp-

Proof. Tt is enough to prove the inequality for radial Schwartz class functions. Since f is radial, the
explicit formula of 7, f in (2.5) and the Funk-Hecke formula ([13]) shows that

Rif@) = o [ n @) i )y

N, 12 d
o [ [, Vet (VIR 57 2l ) ()0 )

—caj [ [ o (VIR 97 =20t 61 - o9

d

S

Therefore, since 27, € No, we conclude by (3) that R} f(z) = ca:;ﬁj fo(||z|]), where ﬁj corresponds to
the ordinary Riesz transform R; f defined on R™ with m = d+2v,. Consequently, by Proposition (3.1),

we have
[ R r @@ =c [t R o) par
R4 0
= c/ Tm_1|1§jf0(r)|pdr
0
<c [ IfollalPde = clfIz,
which completes the proof. O

In the rest of this section, we consider only the case d = 1 and G = Z,, for which the weight function
is simply h,(z) = |z|® and the Riesz transform is the integral operator on the real line

R*f(z) = ox /

— 00

o0

Tyf( )” ”2”_'_2 h’2( )dy’ c= F("i + 1)/\/7?3
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where the integral holds in the principal value sense. There is a multiplier theorem in this setting of
Dunkl transform on the real line ([8]). However, it does not apply to the Riesz transform. We have the
following result.

Theorem 5.5. Let G = Zy. If f € LP(R,h2) and 27, € Ny, then for 1 < p < oo,

IR fllsp < cllfllnp-

Proof. In this case f is radial means that f is even, so that the stated result holds for f being even.
Every function f on R can be split as f = fe + f, where f.(r) = (f(r) + f(—7))/2 is even and
£o(r) = (F(r) = f(=r))/2 is odd. Evidently, we have [|fellep < IIfllxp and [[follep < [|f]leps we only
need to prove the stated inequality for f being an odd function.

Let f be an odd function and define g(r) = f(r)/r for r # 0. Then g is even. The explicit formula
of 7. f in (2.6) shows that

Trf(s) = (3 - T)Trg(s) = STrg(S) - TTTg(S)
so that the Riesz operator can be written as a sum of two terms,

R f(s) = ¢y /

rg(s) ydr = e [ Tog(s)dr = ouRE1(5) - eoREF(6)
R Ir|? R

For the first term we start with the following observation. Let k = (m — 1)/2, where m € N.
Define F(z) = g(||z||) for z € R™. Let Q be a harmonic polynomial of first degree on R™ and let
K(z) = Q(=z)/||z||™*. We consider the convolution F * K in L'(R™). Using the spherical-polar

coordinates and the ordinary Funk-Hecke formula, we get

Fer)@) = [t [ g (VIEF = 2 et

0 sm-1
e8] 1 m—3
- cQ(x')/ / o (VIIalP + 5 = 2[lirt) 1(1 — ) >y
0 —1

dr

r

N[ 2§ o2 228, dr
= cQ(a') lg(\/||a:|| 57 = 2[aflst) (1 - 1) dtsign(r)

Since sign(r)/|r| = r/r? is odd in r, changing variables t -+ —t and r — —r shows that we can replace
t(1—t2)™=3/2 by (1 +t)(1 — %)~ in the last expression, so that the inner integral becomes 7.g(||z||),

from which we get
oo

(F % K)(z) = c Q') / gl

—0o0
Hence, ||z||(F * K)(z) = c¢Q(z")R} f(||z]|). Using the spherical-polar coordinates and integrating over
R™ we get

[ @) @PlalPds = [R5 s [ 0@)dute)
m 0 Sd—l
= c/ |RE f(s)[Ps*"ds.
0
Since Rf f is an even function, this gives

/Oo |RT f()IP|s"ds < 0/ |(F x K) (2)[P[|||Pdz

— 00 m

<c[ IF@Plalrds
Rm
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for p > m/(m—1) = (26+1)/(2k) since ||z||P € Ap(R™) for p > m/(m—1). By definition, F'(z) = g(||z|)
and g(s) = f(s)/s, so that

| F@Plelras = [ 15tlalide = [ igwprmtar =5 [ perieer

This takes care of the first term Rf f for p > (2k +1)/(2k).
For the second term we consider the operator F' — F* K1, where F is as above and K (z) = [|z||*™™,
which agrees with the notation in (3.1). Similar to F' x K we get

FrKi(z)=c // (VTP + 52— 2[lirt) (1 - )" dtar

c / reg(|lol))dr = cRE(|lz])-

Therefore, since Rf is even,
o0 o0
| imsrlsPras =2 [R5 psmtas
—00 0
- c/ |F + Ky (2)Pde < c/ \F(2)[? ||| da

for p > m/(m — 1) using Proposition 3.2. Again, the last integral is the same as || f[|% ,, which takes

care of the second term for p > (2k + 1)/(2k). Together, we have proved that ||R"||,, < c||fl|x,p or

> (26 +1)/(2k). For 1 < p < (26 +1)/(2k) we use the standard duality argument. O
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