isibc/ms/2005/15
February 25th, 2005
http://www.isibang.ac.in/ statmath/eprints

Infinite dimensional stochastic differential equations
of Ornstein-Uhlenbeck type

Siva R. Athreya, Richard F. Bass, Maria Gordina and Edwin A. Perkins

Indian Statistical Institute, Bangalore Centre

8th Mile Mysore Road, Bangalore, 560059 India.

1



Infinite dimensional stochastic differential equations

of Ornstein-Uhlenbeck type

Siva R. Athreya, Richard F. Bass!, Maria Gordina? and Edwin A. Perkins®

Abstract
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We prove existence and uniqueness of solutions to the martingale problem for this oper-
ator under appropriate conditions on the a;;, b;, and A;. The process corresponding to £
solves an infinite dimensional stochastic differential equation similar to that for the infinite

dimensional Ornstein-Uhlenbeck process.
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1. Introduction.

Let A; be a sequence of positive reals tending to infinity, let o;; and b; be functions
defined on a suitable Hilbert space which satisfy certain continuity and non-degeneracy
conditions, and let WtZ be a sequence of independent one-dimensional Brownian motions.
In this paper we consider the countable system of stochastic differential equations

o0
dX} = Zaij(xt)dwg — Aibi(Xy) X1 dt, i=1,2,..., (1.1)
j=1

and investigate sufficient conditions for weak existence and weak uniqueness to hold. Note
that when the o;; and b; are constant, we have the stochastic differential equations char-
acterizing the infinite-dimensional Ornstein-Uhlenbeck process.

We approach the weak existence and uniqueness of (1.1) by means of the martingale
problem for the corresponding operator

oo

L@ =3 Y a0 yed (o ZA 5i(z) 51 (@) (1.2

i=1

operating on a suitable class of functions, where a;;(2) = > "¢, oi(z)ojk(z). Our main
theorem says that if the a;; are nondegenerate and bounded, the b; are bounded above and
below, and the a;; and b; satisfy appropriate Holder continuity conditions, then existence
and uniqueness hold for the martingale problem for L£; see Theorem 5.7 for a precise
statement.

There has been considerable interest in infinite dimensional operators whose coeffi-
cients are only Holder continuous. For perturbations of the Laplacian, see Cannarsa and
DaPrato [CD], where Schauder estimates are proved using interpolation theory and then
applied to Poisson’s equation in infinite dimensions with Holder continuous coefficients
(see also [DZ]).

Similar techniques have been used to study operators of the form (1.2). In finite
dimensions see [L1], [L2], [L3], and [DL]. For the infinite dimensional case see [Ce], [D1],
[D2], [D3], [D4], [DZ], and [Z]. Common to all of these papers is the use of interpolation
theory to obtain the necessary Schauder estimates. In functional analytic terms, the system
of equations (1.1) is a special case of the equation

dX = (b(Xy) Xy + F(Xy)) dt + /a(Xy) AW, (1.3)

where a is a mapping from a Hilbert space H to the space of bounded non-negative
self-adjoint linear operators on H, b is a mapping from H to the non-negative self-adjoint
linear operators on H (not necessarily bounded), F' is a bounded operator on H, and
b(x)x represents the composition of operators. Previous work has concentrated on (1.3)
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in the following cases: where a is constant, b is Lipschitz continuous, and F' = 0; where
a and b are constant and F' is bounded; and where F' is bounded, b is constant and a
is a perturbation of a constant operator by means of a Holder continuous nonnegative
self-adjoint operator. We also mention the paper [DR]| where weak solutions to (1.3) are
considered. In our paper we consider the equation (1.3) with the a and b satisfying certain
Holder conditions and F = 0. There would be no difficulty introducing bounded F(X;)dt
terms, but we chose not to do so.

The paper most closely related to this one is that of Zambotti [Z]. Our results
complement those of [Z] as each has its own advantages. We were able to remove the
restriction that the a;;’s be given by means of a perturbation by a bounded nonnegative
operator which in turn facilitates localization, but at the expense of working with respect
to a fixed basis and hence imposing summability conditions involving the off-diagonal a;;.
See Remark 5.10 for a further discussion in light of a couple of examples and our explicit
hypotheses for Theorem 5.7.

There are also martingale problems for infinite dimensional operators with Holder
continuous coefficients that arise from the fields of superprocesses and stochastic partial
differential equations (SPDE). See [P] for a detailed introduction to these. We mention
[DM], where superprocesses in the Fleming-Viot setting are considered, and [BP], where
uniqueness of a martingale problem for superprocesses on countable Markov chains with
interactive branching is shown to hold. These latter results motivated the present approach
as the weighted Holder spaces used there for our perturbation bounds coincide with the
function spaces S* used here (see Section 2), at least in the finite-dimensional setting (see

[ABP]).
Consider the one dimensional SPDE
ou L 0%u .
_— = - — A ]-
) = o 1) + Ay, (15)

where W is space-time white noise. If one sets
. 27T . .
X7 :/ e u(x,t) dz, j=0,£1,£2,...,
0

then the collection {X?}2° _  can be shown to solve the system (1.1) with \; = i?, the
b; constant, and the a;; defined in an explicit way in terms of A. Our original interest
in the problem solved in this paper was to understand (1.5) when the coefficients A were
bounded above and below but were only Holder continuous as a function of u. The results

in this paper do not apply to (1.5) and we hope to return to this in the future.

The main novelties of our paper are the following.
(1) C* estimates (i.e., Schauder estimates) for the infinite dimensional Ornstein-Uhl-
enbeck process.  These were already known (see [DZ]), but we point out that in
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contrast to using interpolation theory, our derivation is quite elementary and relies
on a simple real variable lemma together with some semigroup manipulations.

(2) Localization. =~ We use perturbation theory along the lines of Stroock-Varadhan to
establish uniqueness of the martingale problem when the coefficients are sufficiently
close to constant. We then perform a localization procedure to establish our main
result. In infinite dimensions localization is much more involved, and this argument
represents an important feature of this work.

(3) A larger class of perturbations.  Unlike much of the previous work cited above,
we do not require that the perturbation of the second order term be by an operator
that is nonnegative. The price we pay is that we require additional conditions on
the off-diagonal a;;’s.

After some definitions and preliminaries in Section 2, we establish the needed
Schauder estimates in Section 3. Section 4 contains the proof of existence and Section
5 the uniqueness. Section 5 also contains some specific examples where our main result
applies. This includes coefficients a;; which depend on a finite number of local coordinates
near (%,j) in a Holder manner.

We use the letter ¢ with or without subscripts for finite positive constants whose
value is unimportant and which may vary from proposition to proposition. « will denote
a real number between 0 and 1.

Acknowledgment. We would like to thank L. Zambotti for helpful conversations on the
subject of this paper.

2. Preliminaries. We use the following notation. If H is a separable Hilbert space and
f:H — R, Dy f(x) is the directional derivative of f at € H in the direction w; we do not
require w to be a unit vector. The inner product in H is denoted (-, -), and |- | denotes the
norm generated by this inner product. C, = Cp(H) is the collection of R-valued bounded
continuous functions on H with the usual supremum norm. Let C? be the set of functions
in Cy for which the first and second order partials are also in Cy. For a € (0,1), set

‘f‘Ca _ sup \f(a:+h)—f(x)\

©€H h+0 |h|>

and let C* be the set of functions in Cj for which ||f|lce = || fllc, + |f|car is finite.
Let V : D(V) — H be a (densely defined) self-adjoint non-negative definite operator
such that

V! is a trace class operator on H, (2.1)

Then there is a complete orthonormal system {e, : n € N} of eigenvectors of V~1 with
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corresponding eigenvalues A, !, A, > 0, satisfying
oo
A<, Antoo, Ven=en

(see, e.g. Section 120 in [RN]). Let Q; = etV be the semigroup of contraction operators
on H with generator —V. If w € H, let w, = (w, €,) and we will write D, f and D;; f for
D, f and D, D, f, respectively.

Assume a : H — L(H, H) is a mapping from H to the space of bounded self-adjoint
operators on H and b : H — L(D(V), H) is a mapping from H to self-adjoint non-negative
definite operators on D(V') such that {e,} are eigenvectors of b(z) for all z € H. If
a;j(z) = (€, a(x)e;) and b(x)(e;) = Aibi(z)e;, we assume that for some vy > 0

vz > Zaij(x)zizj > ylzf?, z,z € H,
¥ (2.2)
Y >bi(x) >y, =z€H, ieN

We consider the martingale problem for the operator £ which, with respect to the
coordinates (z,¢;), is defined by

Lf(x)=1 aij(=)Dyf(z Z)\ 7:b; if (2). (2.3)

i,j=1

Let 7 be the class of functions in C? that depend on only finitely many coordinates and
To be the set of functions in 7 with compact support. More precisely, f € T if there
exists n and f, € CZ(R™) such that f(z1,...,2Zn,...) = fo(21,...2,) for each point
(x1,22,...) and f € T if, in addition, f, has compact support. Let X; denote the
coordinate maps on the space C([0,00), H) of continuous H-valued paths. We say that
a probability measure P on C([0,00), H) is a solution to the martingale problem for £
started at xg if P(Xo = 20) = 1 and f(X:) — f(Xo) — f(f Lf(Xs)ds is a martingale for each
feT.

The connection between systems of stochastic differential equations and martingale
problems continues to hold in infinite dimensions; see, for example, [KX] pp. 166-168. We
will use this fact without further mention.

There are different possible martingale problems depending on what class of func-
tions we choose as test functions. Since existence is the easier part for the martingale
problem (see Theorem 4.2 below) and uniqueness is the more difficult part, we will get a
stronger and more useful theorem if we have a smaller class of test functions. The collec-
tion 7 is a reasonably small class. When a(x) = a® and b(z) = V are constant functions,
the process associated with £ is the well-known H-valued Ornstein-Uhlenbeck process.
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We briefly recall the definition; see Section 5 of [ABP] for details. Let (W;, ¢ > 0) be
the cylindrical Brownian motion on H with covariance a. Let F; be the right continuous
filtration generated by W. Consider the stochastic differential equation

dX, = dW, — VX, dt. (2.4)

There is a pathwise unique solution to (2.4) whose laws {P* z € H} define a unique
homogeneous strong Markov process on the space of continuous H-valued paths (see, e.g.
Section 5.2 of [KX]). {X¢,¢t > 0} is an H-valued Gaussian process satisfying

E ((X¢, h)) = (Xo,Q¢h) for all h € H, (2.5)
and \
Cov ((X1,9) (X0, 1)) = | (Qi-uh,aQu-sg)ds, (26)
0
The law of X started at x solves the martingale problem for
Lof(x) =1 alDijf(z) =Y Niz:iDif (x). (2.7)
7,j=1 i=1

We let P, f(x) = E”f(X;) be the semigroup corresponding to Ly, and
Ry = [,° e7**P, ds be the corresponding resolvent. We define the semigroup norm || ||sa
for a € (0,1) by
|f]se = iglgt_“/lePtf — flley (2.8)

and

[fllse = lIfllc, + |flse-

Let S* denote the space of measurable functions on H for which this norm is finite.
For z € H and $ € (0,1) define |z|g = sup,, |($,ek>\)\g/2 and

Hg ={z € H: |z|g < oco}. (2.9)

3. Estimates.
We start with the following real variable lemma.

Lemma 3.1. Let A > 0,B > 0. Assume K : Cy(H) — Cy(H) is a bounded linear operator
such that

1K fllo, < Allflle,,  f e Cy(H), (3.1)

and there exists v € H such that

1K fllo, < BlDuvfllc, (3.2)
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for all f such that D, f € Cy(H). Then for each o € (0,1) there is a constant ¢; = ¢1(«)
such that
1K flle, < elo|®|floa B*AT™® for all f € C°.

Proof. Assume (3.1) and (3.2), the latter for some v € H. Let {p; : t > 0} be the
standard Brownian density on R. If f € C'*, set

pe * f(x /f:z:-}-zvp6 z)dz x € H.

Since a change of variables shows that

pe * f(x + hv) — pe * f(x /f + zv)pe(z — h dz—/f33+zvp5()d

it follows that
Do(pe # f)(z) = /f z+ 20)pl () dz;

this is in Cy(H) and
Do+ £)(@) = |- [ @+ 2omi()dz
— | [(fa+ ) = s@pite)

<Iflobl® [ 14 o) a
= calfloelo] D",

where ¢; = [ |z|*T1p;1(2) dz. We therefore obtain from (3.2) that

1K (pe * f)lloy < c2Blf|oalv|*e*=D/2, (3.3)

Next note that

pe % f(z) — f(2)| < / @+ 20) — £(2)|pe(z) de
< |floelol® / 12/ (2) dz

= c3| flo= |v|*e*/?,

where ¢z = [ |z|*p1(z) dz. By (3.1)

1K (pe % f = Plle, < csAlfloalv|*e®. (3.4)
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Let ¢4 = ca V c3 and € = B?/A2. Combining (3.3) and (3.4) we have

IK flley < eal flowlo|e/2[A+ Be™2)

= 2C4|f|ca |’U|aBaA1_a.

1
Set
h(u) = { (2u)/(e** —1) u#0;
1 u=10
and 12
wle = (D wh(nt)) " < [ul.
Recall
Qiw = Ze_k"twiei.
=1
We have the following by Propositions 5.1 and 5.2 of [ABP]:
Proposition 3.2. (a) For alw e H, f € Cy(H), and t > 0, D, P, f € Cy(H) and
[wlill flle
D,P, < .
| DwPifllc, < NG (3.5)
(b) Ift >0, w € H, and f: H— R is in Cy(H) such that Dq,.,f € Cy(H), then
Dthf(x):Pt(DQtwf)(x)7 z € H.
In particular,
[1DwFiflle, < [1Duwflic,- (3.6)

We now prove

Corollary 3.3. Let f € C*, u,w € H. Then for allt > 0, D,P;f and D,D,,P;f are in
Cy(H) and there exists a constant ¢; = ¢1(c,y) independent of t such that

|IDwPifllc, < cilwlelfloat @™/ < cq|w| | f|oat@D/2, (3.7)
and

|DuDuwPifllc, < c1]Qtjauls/2|wle/z| float? ™ < Cl\u|t/2‘w‘t/2|f‘cat%_l
< arful [w]|fleat? . (3.8)
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Proof. That D, P, f is in Cy(H) is immediate from Proposition 3.2(a). By (3.5) and (3.6)
we may apply Lemma 3.1 to K = D, P; with v = Quw, A = |w|¢(yt)"*/? and B = 1 to
conclude for f € C¢
1DwPifllo, < e2|Quuw|*| floalwly™(vt) ==/
< ey @7 2l | float @2, (3.9)
This gives (3.7).
By Proposition 3.2, Dy Dy Pyf = Dy Pyj2Dq,,,uPs/2f, and the latter is seen to be
in Cy(H) by invoking Proposition 3.2(a) twice. Using (3.5) and then (3.9) we have
||DwDuPtf||Cb = ||Dth/2DQt/2uPt/2f||Cb
< [wle/2(v¢/2)72|1Dq, 5 Pey2fllcy
< |w‘t/2(7t/2)_1/2c27(a_1)/2|Qt/2u\t/2|f|Ca (t/2)172,
This gives (3.8). 0

Remark 3.4. We often will use the fact that there exists ¢; such that
[ fllce < e[ fl]se- (3.10)
This is (5.20) of [ABP].

Corollary 3.5. There exists ¢; = c1(«,~y) such that for all A\ > 0, f € C*, i < j, we have
DiR)\f, Din)\f € Cb, and

IDiRxfllc, < c1(A+ )~ @D/ f| ga. (3.11)
IDijRxflle, < ex(A+ X))~ |f|ow. (3.12)
IDiRxfllox < cr(A+ A) 2| fllce- (3.13)

| DijRAfllce < el fllca- (3.14)

Proof. Corollary 3.3 is exactly the same as Proposition 5.4 in [ABP], but with the S
norms replaced by C'* norms. We may therefore follow the proofs of Theorem 5.6 and
Corollary 5.7 in [ABP] and then use (3.10) to obtain our result. However the proofs in
[ABP] can be streamlined, so for the sake of clarity and completeness we give a more
straightforward proof.

From (3.7) and (3.8) we may differentiate under the time integral and conclude that
the first and second order partial derivatives of Ry f are continuous. To derive (3.12), note
first that by (3.8),

IDij Pifllc, = |1 DsiPeflic, < c2lQuyaejl leil |f|cat® ™! (3.15)

= Cge_xjt/2|f‘cat%_1.
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Multiplying by e~** and integrating over ¢ from 0 to oo yields (3.12).
Next we turn to (3.14). Recall the definition of the S* norm from (2.8). In view of
(3.10) it suffices to show

|Dij R fllse < csl|flloa-

Since
|P;DijRxf — DijRxfllc, < 2||DiiRafllc, < cilfloa(X+ X;)~/?

by (3.12), we need only consider ¢ < (A4 X)L
Use Proposition 3.2(b) to write

P,D;jRyf — DijRyf = [e ' ' D;; P,Ryf — D;; P;Ry f]
+ [Dij PiRAf — DijRa f]- (3.16)

Recalling that A; < A;, we see that the first term is bounded in absolute value by
ca(Ajt)*/?||Dig PiRaflc, < Csta/2/ A} 2e || Dij Py s fllcy ds
0
< C5ta/2|f|ca,

using (3.15).
The second term in (3.16) is equal, by the semigroup property, to

o0 o0
/ e M Dy Pyysfds —/ e M D;; P f ds
0 0
o t
= (eM — 1)/ e_)‘sDiszf ds — e}‘t/ e_}‘SDijPSf ds.
0 0
Since Mt < 1, then e* — 1 < ¢g(At)®/2 and the bound for the second term in (3.16) now
follows by using (3.15) to bound the above integrals, and recalling again that At < 1.

The proofs of (3.11) and (3.13) are similar but simpler, and are left to the reader
(or refer to [ABP]). 0

4. Existence.
Before discussing existence, we first need the following tightness result.

Lemma 4.1. Suppose Y is a real-valued solution of

t
Y;=yo+Mt—)\/ Y, dr, (4.2)
0
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where M, is a martingale such that for some cq,
(M), — (M), < calt—s),  s<t. (4.3)

Let T > 0,¢ € (0,1). Let Z; = [ e~ ¢=*)dM,. Then Z; = Y; — e yy and for each
q > €71, there exists a constant cy = ca(e,q,T) such that for all § € (0, 1],

5£q—1

E [ sup | Zy — ZS|2q} < co(e, q, T)m-

$,t<T,|t—s|<é

(4.4)

Proof. Some elementary stochastic calculus shows that

t
Y, :e—)\ty0+/ e—A(t—s)dMs’
0

which proves the first assertion about Z.
Fix sg < tg < T. Let

t
K, = [e_)‘(to_so) — 1} e_)‘s‘)/ eNdM,
0

and .
L, = e Mo / eMdM,.
So
Note
Ly — Lsy = Ky + Ly,.
Then

2 $0
<K> — [e—/\(to—so) o 1] 6—2/\30/ 62/\Td<M>T
0

So

2 62)\80 -1

< [ —}x(to—Sg) _ 1:| —2>\So
<ecsle e )

<ecs [e_)‘(to_s") — 1}2)\_1

(1 N A(to — 80))
s C3 .
A

Considering the cases A(tp — sg) > 1 and < 1 separately, we see that for any ¢ € (0,1) this

is less than
(to — 80)°
Al—s )

Now applying the Burkholder-Davis-Gundy inequalities, we see that

64(6)

(to — s0)°?

E ‘KSO‘Zq S C5(E7Q)W7

g>1 (4.5)
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Similarly,
y 1 _ e—2>\(t0—30)

< cg ()\_1 A (to — so)>
(LA X(to — s0))

A
This leads to
E |L, [* < w(aq)%, q>1. (4.6)
Combining (4.5) and (4.6) shows that
E|Z, — Ze| < co(e,g) 20
It is standard to obtain (4.4) from this; cf. the proof of Theorem 1.3.11 in [B1]. O

Recall the definition of Hg from (2.9).

Theorem 4.2. Assume a;; : H — R is continuous for all ,j, b; is continuous for all 1,
(2.2) holds, and for some p > 1 and positive constant c;

Ae > clk?, k> 1. (4.7)

Then for every xy € H, there is a solution P to the martingale problem for L starting at
xg. Moreover if B € (0,1), then any such solution has sup,<;<.-1|Xt|g < oo for all e
P-a.s. If in addition o € Hg for some 3 € (0,1), then any solution P to the martingale
problem for L starting at xo will satisfy

sup | X¢|p < oo for allT > 0, P — a.s. (4.8)
t<T
Proof. This argument is standard and follows by making some minor modifications to
the existence result in Section 5.2 of [KX]. We give a sketch and leave the details to the

reader. Fix zg in H. Using the finite dimensional existence result, we may construct a
solution X = (X/"* : k € N) of

t noort
X7F = o) + ren) | / M X (X )ds + ) / kg (X)W .
0 j=170

Here {W7} is a sequence of independent one-dimensional standard Brownian motions and
o"(x) is a symmetric positive definite square root of (a;;(x))i j<n which is continuous in
x € H (see Lemma 5.2.1 of [SV]). Then X7 = S"r_, X;"*¢;, has paths in C([0, 00), H) and
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we next verify this sequence of processes is relatively compact in this space. Once one has
relative compactness, it is routine to use the continuity of the a;; and b; on H to show that
any weak limit point of {X™} will be a solution to the martingale problem for £ starting
at xyp.

By our assumptions on by, each by is bounded above by v~! and below by v. We
perform a time change on X!"*: let AM* = fg br(X™)ds, let 7F be the inverse of AT,

and let Y,"F = Xf,’,’fk. Then Y;* solves the stochastic differential equation
t

t
Y'tn’k = .’Ijo(k) + 1(k§n) [—/ AkY;n’de + Mtn’k ,
0

where M is a martingale satisfying [(M™F), —(M™F) | < colt—s|, where ¢y is a constant
not depending on n or k.
We may use stochastic calculus to write

Yk = ) + 2,
where
™k (t) = [1(k§n)6_)\kt + 1k>nylzo(k)
and

t
ZMF = 1(k < n) / e M=) gk,
0

Let T > 0and s <t <T. Choose ¢ € (0,1 — ) and ¢ > 2/e. By Lemma 4.1 we
have for k¥ < n and any 6 € (0, 7],

_ _ 56q—1
E| sup 23— 2] < e, g,y Ty T
u, <y T Jlu—v| <oyt Ak
Hence, undoing the time change tells us that
sk wnk)2 gea—t
E[ sup XM - XD q] S1k< C3 gaQa’YaT T (1—8)a’
s,tST,|s—t|§6| ! s | (k<n) ( )/\(1—6)9

k

where t
X =1y (X[F — e [y (X U 50(k)) + Lesn)To(k),

so that kak = ZM* Now for 0 < s,¢ <T and |t — 5| <,

n,
t

“Ilq

~ ~ 1/q ~ ~ ~nk ~
(EIXp - X2pP0) 7 = ()1 X7 = X0 = | Y 1XF - X
k

2q)l/q

v,k v, . v,k v,
<SIIERPE - X = Y (R, - X
k k
[t — 5|t/

§63(6,q,%T)1/"Z| —
k )‘k
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where || - || is the usual L4(IP) norm.
By our choice of ¢ this is bounded by c4(e, q,7, T)|t — s/¢/2, and hence

supE [ X — X290 < |t — s[°V? st <T, |s—t| <~.
n

It is well known ([Bi]) that this implies the relative compactness of X™ in C(Ry.,
We may write
X7 =X -U"(¢),

where

n t n
_ Ze—/\k fo bk(Xr)deo(k)gk
k=1

If s < t, then

U™ (t) -

Z[ N [T XDy dr =N [ bk(X:})drrxo(k)g

(kv ~2[t = %) A D)zo (k)

M3 I

>
I
-

1(/\k§7|t—s|—1))‘l2c$0(k)2’7_2‘t - 3|2

e

>
I
—

+ Z 1()\k>7|t_5|—1)$0(k)2.
k=1

Fix € > 0. First choose N so that Y .-\ zo(k)? < €, and then § > 0 so that

Z Liaesqs 1)Zo(k)? <,
k=1

and

Z)\kxg y725% < e

If 0 <t — s < 4, then use the above bounds in (4.10) to conclude that
o0
U™ () = U (s)* < ZAkxo %+ Z zo(k)”
= =N

+ Z 1(Ag > v~z (k)?
k=1

< 3e.

H).

(4.9)

(4.10)



This and the fact that U™ (0) — z¢ in H prove that {U"} is relatively compact in C(R;., H).
The relative compactness of {X™} now follows from (4.9).

Assume now P is any solution to the martingale problem for £ starting at g € H
and let X¢ denote (X3, ¢;). Fix 8 € (0,1) and T > 1. Choose ¢ € (0,1 — ). Using a time
change argument as above but now with no parameter n and § = 1, we may deduce for
any ¢ > 1/e and k € N,

t
P(sup Xk - e M Js bk(Xs)dsxo(k)| > )\;ﬂ/2)
t<T

< es(e, g, T/1)MT 179,
The right-hand side is summable over k£ by our choice of € and (4.7). The Borel-Cantelli

lemma therefore implies that

t
sup | XF — e M Jo b’“(Xs)dsaco(kN < )\,:ﬂﬂ for k large enough, a.s. (4.11)
t<T

If 2o € Hg, this implies that with probability 1, for large enough &,

sup [ XFIM? <14 2o(k)A? <1+ |z,
t<T

and hence
sup | X¢|g < oo, a.s.
t<T

For general zo € H, (4.11) implies

sup |Xf|)\£/2 <1+ e_)‘”T_l)\iﬂ\xo\ < cs(v, T, B, o) for large enough k, a.s.
T-1<t<T

This implies supp-1<4<7 [Xt|g <00 a.s. and so completes the proof. O

5. Uniqueness.

We continue to assume that (a;;) and (b;) are as in Section 2 and in particular will
satisfy (2.2). Let yo € H and let P be any solution to the martingale problem for £ started
at yo. For any bounded function f define

S\f=E /Oo e M f(X,)ds.
0

Fix zp € H and define

oo

Lof(z)=1 Z a;j(20)Dij f(x) — Z)\ixibi(zo)Dif(l’)- (5.1)

i,j=1
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Set B= L — Ly and let R) be the resolvent for £y as in Section 2.

To make this agree with the definition of Ly in Section 2 we must replace A\; by
/)Ii = b;(z0)\; and set a?j = a;j(20). As v < bi(20) <!, and the constants in Corollary
3.5 may depend on v, we see that the bounds in Corollary 3.5 involving the original A;
remain valid for R). We also will use the other results in Section 3 with Xz in place of A;
without further comment. In addition, if we simultaneously replace b; by ZZ = b;/b;(20),
then

3,j=1 =1
1 & =
Lof(z) = 3 Z aij(z0)Dij f(x) = Y NiziDif(x),
i,j=1 i=1

and
/I;Z-(zo) =1 alli.

In Propositions 5.1 and 5.2 below we will simply assume b;(zp) = 1 for all ¢ without loss
of generality, it being understood that the above substitutions are being made. In each
case it is easy to check that the hypotheses on (b;, \;) carry over to (E,XZ) and as the
conclusions only involve £, Ly, Ry, and our solution X, which remain unaltered by these
substitutions, this reduction is valid.

Let

7 = sup > laij(@) — aij(z0)|. (5.2)

Set
BZ(JZ) = .’Ez(bz(x) - 1).

As before, o will denote a parameter in (0, 1).

Proposition 5.1. Assume

Z |aij|ca)\;a/2 < 00, (53)
i<j
S A Billg, < o, (5.4)
and
S AY21Byge < oo (5.5)

There exists c1(A) — 0 as A — oo and ca = ca(a,7y) such that for all f € C*, we have
BR)f € C* and
IBRxfllo < (e1(A) +can)|| fllca-
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Proof. We have

BRAf(2)| < |aij(x) — aij(20)| | DijRaf ()|

(2]

+ > Alwi| [bi(x) — 1| [D;Rx f ()|
< nes|flee + ca(N)|fleow, (5.6)

where c4(A) — 0 as A = oo by (5.4) and (3.11). In particular, the series defining BR) f is
absolutely uniformly convergent.
Let @;j(x) = a;5(x) — a;(20). If h € H, then

+ Z Xi[Bi(z + h)D; Ry f(x + h) — Bi(z)D; Ry f ()]

< ‘Zaij(x + h)(DijRrf(z + h) — DinAf(x))‘

+ ‘Z(&ij(w + h) — /dij(ff))Din/\f(‘E)‘
+ ‘Z XiBi(z + h)(D;Rxf(xz + h) — DiR,\f(iU))‘
+ ‘Z Ai(Bi(z + h) — Bi(z)) DR f (96)\
= Sl + S2 + L;3 + 54' (57)

Use (3.14) to see that

Si <cs Y [@ij( + 1)|| o |h|*
,J
< cen| floa bl (5.8)

By (3.12)

Sy <) " laij(z + h) — aij(x)| [Di;Raf ()|
i
<cr Y laijlos [B* N+ A7) 72| flce
i<
< cg(N)|flca|n|%, (5.9)
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where (5.3) and dominated convergence imply limy_, cg(A) = 0. By (3.13)

Sz <o »_ il Bi(w + h)[(A+ M) 2[flox h]* < cro(A)|f| o B, (5.10)

where c19(A) = 0 as A — oo by (5.4) and dominated convergence. By (3.11)

Sy < e Y il Biloa (A4 X)) "2 floa Bl® < c1a(N)|fle=|h|®, (5.11)
5

where again c¢13(A) — 0 as A — oo by (5.5). Combining (5.8), (5.9), (5.10), and (5.11)
yields
IBR flca < [c13(A) + c1an]| flc=-

This and (5.6) complete the proof. 0
Let C denote those functions in C* which only depend on the first n coordinates.
Note that 7o C U,C5.

Proposition 5.2. If f € U,,CY, then

Sxf = Rxf(yo) + SABRxf. (5.12)

Proof. Fix zy € H. Suppose h € T. Since h(X;) — h(Xp) — f(f Lh(X)ds is a martingale,
taking expectations we have

t

Eh(X,) — hiye) = E /0 Ch(X,)ds.

Multiplying by e~* and integrating over ¢ from 0 to co, we obtain

o0 t 0
Sxh = Shiyo) = E / k/ Ch(X,)dsdt = - / e LR(X,)ds = ~S\Lh.
A 0 0 A Jo A

This can be rewritten as
)\S,\h - S)\,Coh = h(yo) + S)\Bh (513)

Define

n

Lof(x)= "> ai(z0)Di;f(z) — Z AiziD; f(z).

3,j=1
Let RY be the corresponding resolvent. The corresponding process is an n-dimensional

Ornstein-Uhlenbeck process which starting from z at time ¢ is Gaussian with mean vector
(zie™**)i<n and covariance matrix Cj;(t) = ai;(20)(1 — e~ PitA)t)(N; + A;)~L. These
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parameters are independent of n and the distribution coincides with the law of the first n
coordinates (with respect to ¢;) of the process with resolvent R).

Now take f € Cg and let h(x) = Rxf(x) = RYf(x1,...,z,). (Here we abuse our
notation slightly by having f also denote its dependence on the first n variables.) By
Corollary 3.5 and (3.10), h € 7. Moreover, Loh = LyRYf = ARYf — f = ARxf — f. The
second equality is standard since on functions in CZ, L} coincides with the generator of
the finite-dimensional diffusion. Now substitute this into (5.13) to derive (5.12). 0

To iterate (5.12) we will need to extend it to f € C® by an approximation argument.
Recall A\; = b;(z0) ;-

Notation. Write f, N fif {fn} converges to f pointwise and boundedly.

Lemma 5.3. (a) If f € C®, then pR,f &f as p — oo and
sup [|pRp fllce < [[f|lce-
p>0

(b) For p > 0 there is a c1(p) such that for any bounded measurable f : H — R,
Rpf € C% and [[pRpfllo= < c1(p)l|flicy-

Proof. (a) Note if f € C®, then

IpR,fllc, < / pe P Peflleydt < 1 fllo,
0

and

PRy f(z) — f(z) = / " pe P (Puf(x) — f(x))dt 0

because P, f(z) 2)f(:v) as t — 0.
Let X; be the solution to (2.4) (so that X has resolvents (R))) and let
X} = (X, €;)e;. Then X! satisfies

t
Xi =X+ M -\ / Xids, (5.14)
0

where M} is a one-dimensional Brownian motion with Cov (M}, M?) = a4 (sAt). Let X} irt
denote the solution to (5.14) when X§ = z;. Then

t
Xfi‘i‘hi,z _ Xfial =h; — )\i/ (Xgﬂri-hm _ Xfi’z)ds,
0

and so
th“ "t th,z =e A’thiﬁi.
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Hence, if X7 is defined by (X7, ¢;) = thi,i’

~ 11/2
| Xeth _ X7 = ‘Z h2e 2t < |p.

Therefore
Py f(z+h) — Pif (z)| < |floaE (| XZh — X2|%) < |f|ca|h|®

and so
PR, f(x 4+ h) — pR, f(z)| < /0 pe PP, f(z + h) — Pof(x)|dt <|f|ce|h|®,

i.e., [pRpf|ce < |f|ce. This proves (a).
(b) As we mentioned above, for any bounded measurable f, ||pRyf|lc, < || fllc,-
We also have

Py = pRyf = [ e Pusat — Pefli
= (eP® —1) /000 pe PP, f dt — eP® /08 pe PP, f dt.
The right hand side is bounded by
2(e”” = || fllcy-
This in turn is bounded by co(p)s®/? for 0 < s < 1. Also,
\P.pR,f — R, Sfllc, < 20|fllo, < 257 fllo, for s > 1.

Hence ||pR, f||se < c3(p)||f|lc,- Our conclusion follows by (3.10), which holds for the {Xz}
just as it did for {\;}. O

Lemma 5.4. Suppose f, %P0 where sup,, || fnllce < 00. Then

DR fn 2>O and D; Ry fr, 2>0 asn — oo for all 1, j.

Proof. We focus on the second order derivatives as the proof for the first order derivatives
is simpler. We know from Corollary 3.3 that D;; R fy, is uniformly bounded in C norm, so
in particular, it is uniformly bounded in C norm and we need only establish the pointwise
convergence. We have from (3.8) that

1D Pefalle, < crll falloat®?. (5.15)
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From Proposition 3.2, we have
Dij Py fr = DiPyjaDq, ,se; Pry2 fr- (5.16)

Fix t > 0 and w € H. The proof of Proposition 5.2 in [ABP] shows there exist random
variables R(t,w) and Y; such that

Dy P f(z) =E[f(Qiz + Y )R, w)], [ e Cy(H),

and
wl?

E[R(t,w)?] < PR

Therefore
hn(J, ) = Dq, ne; Prjafn(z) = E (fa(Qr/oz + Yi2) R(E/2, Qt265)) 250
by dominated convergence. Moreover Cauchy-Schwarz implies
I (i, )l < ()72 sup | fm -
Repeating the above reasoning and using (5.16) we have
Dithfn(x) = DiPt/th(a:) =E (hn(Qt/zaf + }/}/2)R(t/2a €i)) 2)07

and
1D Pifallc, < (v8) 7 sup || fmllcy- (5.17)

Fix € > 0. Write

€
DiBafa(o)| < | [ Ny P (a)at] +
0

o0
/ e "M Dy Py fr(2)dt|;

by dominated convergence and (5.17) the second term tends to 0, while (5.15) shows the
first term is bounded by

I
/ eall fulloet®’2 1t < ca(sup || fon|ce)e/>.
0 m

Therefore
limsup |D;; R fn(x)| < ca(sup | fmllce )e®/2.

n—o0

Since ¢ is arbitrary,
limsup |D;; Ry frn(z)| = 0.

n—00
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Proposition 5.5. Assume (5.4). If f € C®, then

Sxf = Rxf(yo) + SxBR\f. (5.18)

Proof. We know f, = f —pR,f 250 as p — oo by Lemma 5.3. Lemma 5.3 also shows
| follca < 2||f|lce, and therefore we may use Lemma 5.4, the finiteness of 7, (5.4) (in fact
a weaker condition suffices here), and dominated convergence to conclude

BRyf,(z) = Z(aij(a:) — ai;(20)) Dij (Rx fp) ()

Z)\ 2i(bi(z) — bi(20)) D (Bafp) (2) 220 as p — oo,

Here we also use the bounds || D;; Rz fpllc, < cllfllce and ||D;Rxfpllc, < c)\i_l/2||f||ca
from (3.11), (3.12) and Lemma 5.3(a). By using dominated convergence it is now easy to
take limits through the resolvents to see that to prove (5.18) it suffices to fix p > 0 and
verify it for f = pRyh where h € C*. Fix such an h.

Let zn( ) =D ie1 Ti€i + 2 i, (20)i€i — = as n — oo and define Ay, (x) = h(zn(z)).
Then h,, P p, since h € C“. Recall the definition of R;) from the proof of Proposition 5.2;
by the argument there, we see that the function pR, h (r) = pRyhn (21, .- ., Tn) depends
only on (z1,...,2,). By Lemma 5.3(b) pR,h, € C* and therefore is in Cg. Proposition
5.2 shows that (5.18) is valid with f = Rph,. Now pRphy 2>pRph as n — oo and
sup,, |[pPRphnllce < c1(p) by Lemma 5.3(b). Therefore if d,, = pRy,(h, — h) we may use
Lemma 5.4, Corollary 3.5, and dominated convergence, as before, to conclude

BRydy (z) = Z(am(x) — aij(20))Dij(Rxdn)(z)

+ Z)\ 23 (b () — b (20)) Di(Radn) () 2250 as n — oo.

We may now let n — oo in (5.18) with f = pR,h,, to derive (5.18) with f = pR,h, as
required. O

Theorem 5.6. Assume (2.2), each a;; and each b; is continuous, (4.7), (5.3), (5.4), and
(5.5) hold. There exists ng, depending only on («,~), such that if n < ng, then for any
yo € H there is a unique solution to the martingale problem for L started at yyq.

Proof. Existence follows from Theorem 4.2.
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Let P be any solution to the martingale problem and define S as above. Suppose
f € C®. Then by Proposition 5.5 we have

Sxf = Rxf(yo) + SABRxf.

Using Proposition 5.1 we can iterate the above and obtain

k

Snf = Ba( D_(BRA) ) £ (o) + Sx(BRA)' .

=0

Provided 19 = no(«,7y) is small enough, our hypothesis that n < 7y and Lemma 5.1 imply
that for A > Ao(a,7, (ai;), (b;)), the operator BR) is bounded on C'* with norm strictly
less than 1. Therefore > o0, +1(BR)'f converges to 0 and (BRx)**!f also converges
to 0, both in C% norm, as k — oco. In particular, they converge to 0 in sup norm, so

RA(D 211 (BRA)Y) f(yo) and Sx(BRx)**! f both converge to 0 as k — co. It follows that

Sxf= R,\(i (BR») )
i=0

This is true for any solution to the martingale problem, so S is uniquely defined for large
enough A. Inverting the Laplace transform and using the continuity of ¢ — E f(X), we
see that for every f € C?, E f(X;) has the same value for every solution to the martingale
problem. It is not hard to see that 7o C C¢ is dense with respect to the topology of
bounded pointwise convergence in the set of all bounded functions. From here standard
arguments (cf. [B2], Section VI.3) allow us to conclude the uniqueness of the martingale
problem of L starting at yo as long as we have n < nj. O

Set,
Qsn={zr e H:|z|[g <N}

Theorem 5.7. Assume (b;) and (ai;) are as in Section 2, so that (2.2) holds. Assume
also that o, B8 € (0,1) satisfy
(a) There exists p > 1 and ¢1 > 0 such that A; > c157.
(b) Yic;laisloar; */? < oo.
(c) >, )\j_B < 0. (For example, this holds if 8 > 1/p.)
(d) For all N > 0, for all no > 0, and for all o € Qg n there exists § > 0 such that if
\z —x0| < 0 and x € Qp,N, then

Z |aij () — aij(zo)| < mo.
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(e) 325 A" biloe < 0.

Then for all y € Hg there exists a unique solution to the martingale problem for L starting
at y.

Remark. By Theorem 4.2, any solution to the martingale problem for £ starting at y € H
will immediately enter Hg and remain there a.s. for any 8 € (0,1). Hence the spaces Hpg
are natural state spaces for the martingale problem.

Proof. Fix 8 € (0,1) as in (c) and write Qn for Qg n. Let P be a solution to the
martingale problem for £. By Theorem 4.2 we only need consider uniqueness. If Ty =
inf{t : X; ¢ Qn}, then by Theorem 4.2 we see that Ty 1 0o, a.s. and it suffices to show
uniqueness for P(X. a7, € -). (c) implies @y is compact and so as in the proof of Theorem
VI1.4.2 of [B2] it suffices to show:

(5.19) for all zp € Qn there exist » > 0, a;;, and Z, such that a;; = a;; and b; = E on
Qn N{z € H: |z —zo| < r} and the martingale problem for £ starting at y has
a unique solution for all y € Qn. Here L is defined analogously to £ but with a;;
and b; replaced by a;; and Zi, respectively.

Fix 29 € Qn, 1o as in Theorem 5.6. Choose § as in (d). We claim we can choose
1 > 6 > 0 depending on 6 and N such that if z € Qn and ||z — z¢||lo < 61, then
|z — 2| < §. Here |x|oo = sup, [{z, €;)].

To prove the claim, note that ||z — zg||co < 01 implies that for any K

> (a* — ) <Z(52 A AN < Koo +4N? > N7
k k>Kg

So first choose K such that the second term is less than §2/2 and then set 6; = §/v/2K,.
Now let [pj,q;] = [} — 01,2} + 61] N [—N)\;B/Z,N)\;ﬂﬂ] and note p; < ¢; as
Zo € Qn- Let ¢; : R — R be defined by
r ifp; <z <gj;
Yi(x) =< p; ifx<pj;
q; if z > q;.

Define ¢ : H - QnN{zx € H : ||z — zo||oc < 01} by
£) =Y Wil{x,e)e;.
j=1

As [[9;11% < N2X;?, ¢ is well defined by (c).
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Take r = 01 € (0, 1] and set a;;(z) = aij(y(x)). If |z —zo| < r and z € Qn, then
|z — zo||oo < 7 and therefore () = x, which says that a;;(z) = a;;(z) for all ¢, j.

Define
u if |u| <
plu) = ¢ 2r — |Ju))u/r ifr <|u| < 2r;
0 if 2r < ul,

and set bj(z) = bi(zo + p(x — x0)). If |& — | < 7, then p(z — zp) = = — zy and so

b;(z) = bi(z). Also b; is clearly continuous as (e) implies that b; is.

We now show that a;; satisfies the hypotheses of Theorem 5.6. For any z

D faij (@) — @i (o) = D lai (¥ () — aij (o). (5.20)

1,J 1,J

Since || (x) — 2o||loo < r and Y (z) € Qn, it follows that | (z) — z¢| < J. (d) now implies

that the right hand side of (5.20) is less than 7y. It remains only to check (5.3) for a;;.
But

() — ¢j(z + hy)| < [hyl,

and so
[Y(z) — P(z+ h)| < [h.
Therefore
|aij(z + h) — a;(z))|

= |aij (¥ (z + h)) — ai;(Y(2))|

< laijloa | (z + h) — (2)[*

< |aizlo=|h|%,
and so

aij|ca < laijloa-

Hence a;; satisfies (5.3) because a;; does.
If we set B;(x) = ;(b;(x)—b;(z0)), it is easy to check that B;(z) is 0 for |x—x¢| > 27,
| Billoo < c2|bilca < calbi|ce, and |B;|ca < ca|bilca < ¢a|bi|ce, where ¢; may depend on

xg. Therefore (e) implies (b;) satisfies (5.4) and (5.5).
We see then that Theorem 5.6 applies to a;; and b; and so (5.19) holds. 0

Example 5.8. We discuss a class of examples where the b; = 1 and the a;; are zero unless
i and j are sufficiently close together. Let M € N, a € (0,1) and Sy (7, j) be the subspace
of H generated by {e : |k —i|V |k —j| < M}. Alsolet Ilg,,(; ;) be the projection operator
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onto Spr(7, 7). Assume that aj;(x) = ai;(x) = (€, a(x)e;) satisfies (2.2) and depends only
on coordinates corresponding to S/ (i, ), that is,

aij(x) = aij(HsM(iJ).’L‘) forallz € H, 14,5 €N (5.21)
In particular, (5.21) implies a;; is constant if [¢ — j| > 2M. Also suppose that

sup |aj|ce = 1 < 0. (5.22)
0

Set b;(z) =1 for all 4, z and also assume

Aj > coj? all j for some p > 1, (5.23)
and B € (0,1) satisfies
X, =Ba
Z)\j > T < 0o for some § > 0. (5.24)
j=1

For example, (5.24) will hold if p > 2 and Ba > 2/p. We then claim that the hypotheses
of Theorem 5.7 hold and so there is a unique solution to the martingale problem for

Lf(z) =73 ;aij(®)Dijf(x) = >; AiziD; f(x), starting at any y € Hg.
We must check conditions (b)—(d) of Theorem 5.7. Note first that

laij(z + h) — ai(z)| < 1(|i—j|§2M)|aij‘C°‘ |h|%,

so that |asj|ca < 1(ji—jj<2m)cs and hence by (5.24),
—a/2 —a/2
Z |aijloa; /% < (2M + 1)052)‘3‘ /% < 0.
1<j J

This proves (b), and (c) is immediate from (5.24). If N > 0, z,z¢ € Qga,n, then for small
enough ¢ > 0,

5 iy (2) — iy o) <23 gl [ S0 10k =V 1k = 3] < M) k) — o))"
] 1<j k
i+2M /2
< Ao 5 3 [ decieanlol) — a2/
i j=1  k

<o = wol*ea(M) Y |a(k) = wo(k)|*~*

g T [M]e

=Bla—
< C5(M)‘37_-'170|€ Z(ZN)a—s)\kz (a—¢)
k=1
< c¢(M,N)|zx — zo|°.
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We have used (5.22), z,z9 € Qg n and (5.24) in the above. This proves (d), as required.

Example 5.9. We give a more specific realization of the previous example. Continue to
assume b; = 1 for all ¢, (5.23), and (5.24). Let L, N > 1 (we can take N = 1, for example)
and for k > 11et I, = {(k—1)N+1,...,kN}. For each k assume a®) : RZE+N _; St the
space of symmetric positive definite N x N matrics. Assume for all &, for all z € R2E+N
and for all z € RV,

N N
k _
SN a(@)ziz € [yl2? Y2, (5.25)
=1 j=1
and

®)ga 2
szplsr?’?éclv\a” |oa < 00. (5.26)

Now for z € H, let mpz = ({2, €((e4k—1)N—L)v1))e=1,... 20+~ € R*ZTY and define a : H —
L(H, H) by

(a(z)ei, €5) = aij(x) = aji(x)

0 N i ey (ThE) i, € T B> 1,
if (Z,j) ¢ Uzolek: X Ik.

Then for all z,z € H,

ZZaij(x)zizj = Z Z aij(a:)zizj

i k=1i,j€l}

co N
_ (k) ) .
= E E a;; (ka)z(k—l)N+zz(k—1)N+y

k=11i,j=1

€ [y]z*, v~ 2 [’]

by (5.25), and so (2.2) holds. Note that if 4, € I, then (using the notation of Example
5.8) Sp+n(i,5) D {(k—1)N—-L+1,...kN + L}, and so (5.21) with M = L+ N is
immediate from the above definitions. Also (5.22) is implied by (5.26). The conditions of
Example 5.8 therefore hold and so weak existence and uniqueness of solutions hold for the
martingale problem for £ with initial conditions in Hg.

Remark 5.10. The above examples demonstrate the novel features of our results. The
fact that our perturbation need not be non-negative facilitates the localization argument
(see Remark 9 in [Z] for comparison) and the presence of {)\j_a/ ?} in condition (b) of
Theorem 5.7 means that the perturbation need not be Holder in the trace class norm. The
latter allows for the possibility of locally dependent Holder coefficients with just bounded
Holder norms, something that seems not to be possible using other results in the literature.
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On the other hand [Z] includes an SPDE example which our approach cannot handle in

general unless, for example, the orthonormal basis in the equation diagonalizes the second

derivative operator. This is because he has decoupled the conditions on the drift operator

and noise term, while ours are interconnected. The latter leads to the double summation

in conditions (b) and (d) of Theorem 5.7, as opposed to the trace class conditions in [Z].

All of these approaches seem to still be a long way from resolving the weak uniqueness

problem for the one-dimensional SPDE described in the introduction which leads to much

larger perturbtions.
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