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Abstract

We establish a criterion for triviality of the singular part of second bounded cohomol-
ogy of (standard restricted) wreath products of groups. We also investigate when wreath

products of groups have bounded generation.

1. INTRODUCTION

Wreath products of groups (for definitions and notation see §2) naturally arise in the study of
Sylow subgroups of appropriate symmetric groups. They also often provide examples of certain
groups with rather unexpected properties. The goal of this paper is to investigate bounded
cohomology and bounded generation of (standard restricted) wreath products of groups.

We recall that bounded cohomology H;(G) of a group G (we will be considering only
cohomology with coefficients in the additive group of reals R with trivial action, so in our

notations for cohomology the coefficient module will be omitted) is defined using the complex
g o 80=0__ §,'=0
e e— OPTHG) - CP(G) — - — CE(G) « = CH(G) &— R +— 0

of bounded cochains f: Gx---xG — R, and 6;' = 5”|C;(G) is the bounded differential operator.
Since HY(G) = R and H}(G) = 0 for any group G, investigation of bounded cohomology starts
in dimension 2. One observes that HZ(G) contains a subspace H, 5,2(G) (called the singular part
of the second bounded cohomology group), which has a simple algebraic description in terms
of quasicharacters and pseudocharacters, and the quotient space HZ(G)/H 572(0) is canonically
isomorphic to the bounded part of the ordinary cohomology group H?(G). For background on
bounded cohomology of groups see [4], for bounded cohomology of topological spaces see [5].
Special interest in H, 5,2 is motivated in part by its connections with other structural properties of
groups such as commutator length [2] and bounded generation [4]. In particular, it is important
to know when H 572 vanishes.

We recall that a function F': G — R is called a quasicharacter if there exists a constant
CF > 0 such that

|F(zy) — F(z) — F(y)| < Cp forall z,y € G.

A function f: G — R is called a pseudocharacter if f is a quasicharacter and in addition
f(g™) =nf(g) for all g € G and n € Z. The notions of a quasicharacter and a pseudocharacter
originally arose from the questions of stability of solutions of functional equations [6, 7, 8] and

continuous representations of groups [9]. We will use the following notation:



(i) X(G) is the space of additive characters G — R;
(i)
(iii)

v)

(i
Then

QX (G) is the space of quasicharacters;
PX(G) is the space of pseudocharacters;
B

(G) is the space of bounded functions.

Hi5(G) = QX(G)/(X(G) ® B(G)) = PX(G)/X(G) (1)

as vector spaces (cf. [4, Prop. 3.2 and Thm. 3.5]). We establish the following criterion for
triviality of H 572 of wreath products.

Theorem 1.1 H?,(A1B) = 0 if and only if the following conditions hold:
(i) Hio(B) = 0;
(ii) HZ,(A) =0 or B is infinite.

An abstract group G is said to have bounded generation if there exist (not necessarily
distinct) elements gq,...,gr € G such that G = (g1) - - - (gx), where (g;) is the cyclic subgroup
generated by g;. Even though defined as simple combinatorial notion, bounded generation

turns out to imply a number of remarkable structural properties:

(i) the pro-p completion of a boundedly generated group is a p-adic analytic group for every
prime p [3, 10];

(ii) if G in addition satisfies condition (FAb), then it has only finitely many inequivalent
completely reducible representations in every dimension over any field (see [11, 14, 15]

for representations in characteristic zero, and [1] for arbitrary characteristic);

(iii) if G is an S-arithmetic subgroup of an absolutely simple simply connected algebraic group

over a number field, then G has the congruence subgroup property [12, 13].

We establish the following results on bounded generation of wreath products.

Theorem 1.2 If B is finite, then Al B has bounded generation if and only if A does. If both

A and B are infinite, then A B does not have bounded generation.

Theorem 1.3 Let A be a finite group which is not perfect and let B be a free abelian group

of finite rank. Then Al B does not have bounded generation.

Remarks. 1. It would be interesting to see if Al B does not have bounded generation whenever
A is finite and B is infinite.

2. Since for the wreath product A B to have bounded generation it is necessary that B be
boundedly generated, in Theorem 1.3 it suffices to consider the case when B has finite rank.

3. According to [16, Thm. 10.21], a wreath product A B with A finite and B infinite is
linear only when A is a finite abelian p-group for some prime p and B is a virtually free abelian
group. Thus, Theorem 1.3 includes also nonlinear groups like A Z"™ where A = 7Z/pZ x Z/qZ
for primes p # q.



4. The question of bounded generation of complete wreath products is trivial: if B is finite,
then the complete wreath product is the same as the restricted wreath product, and if B is
infinite, then the complete wreath product A Wr B is not finitely generated, hence cannot be

boundedly generated.

2. PRELIMINARIES

Wreath products are defined in the context of permutation groups when a group A acts
on a set X and a group B acts on a set Y. We will consider the so-called standard wreath
products, in which case the groups A and B act on themselves via right regular representations.
Moreover, we will work with restricted standard wreath products, which are defined as follows.

Let A* be the direct sum of copies of A indexed by elements of B (for the complete wreath
product one takes the direct product). We will write this as A* = 3,5 A, where each group
Ap is a copy of A. Elements of A* can be thought of as functions from B to A with finite
support. An element f € A* such that

a ifb=by€ B,
f) =

eq otherwise

will be denoted by o4(by). We will say that the element by € B is an argument of o,(by). In

this notation, every element of A* can be uniquely written in the form

Tay (b1) - -~ Ta, (bs),

where by,...,bs are distinct elements of B, and aq,...,as are any elements of A. Such a
presentation will be called a canonical form or a canonical word. We will also say that s is the

length of the canonical word. We define an action of B on A* by
feb) = f(be™), ceB, beB. (2)

The (standard restricted) wreath product of A and B, denoted by A B, is the semidirect
product of A* and B with the action of B on A* given by (2). If we denote the elements of a
copy of B in Al B by 7., ¢c € B, then (2) becomes

Teoq(b) = 04(bc)Te,
whence every element of A¢ B can be uniquely written in the canonical form
Oay (bl) ©Oqyq (bs)Tba

where 0, (b1) - - - 04,(bs) is a canonical word in A*.

Next, we list some well-known facts about pseudocharacters that will be used in the sequel.



Lemma 2.1 Any pseudocharacter is constant on conjugacy classes; a bounded pseudocharac-

ter is trivial.

Proof. Let f € PX(G) and suppose that f(yzy~') — f(x) = a # 0 for some z, y € G. Then

the difference f(yz"y ') — f(2™) = na is unbounded when n — oco. On the other hand,

[flya"y™") = f@™) = £ (ya"y™") = fy) = F(=") = fFly~ D] < 2C,

a contradiction. The second assertion is obvious. U
Lemma 2.2 IfG is any group, f € PX(G), and z1,...,x, are pairwise commuting elements
of G, then

fley--wn) = f(@1) + - + f(2n).

Proof. Let a = f(z122) — f(x1) — f(x2). Then for any positive integer n,

Inal = [nf(z122) — nf(z1) —nf(z2)| = [f(zT2y) — f(a]) — f(23)] < Cf
which implies that o = 0. The general case follows by induction on n. O

Remark. Of course, the result follows from the general fact that bounded cohomology of

amenable groups vanishes, but we chose to give a short elementary proof.

Finally, we will need the following standard fact about bounded generation. We provide

the proof for reader’s convenience.

Lemma 2.3 If H is a subgroup of finite index of a group G, then G has bounded generation
if and only if H does.

Proof. If H has bounded generation, then H = (hy)---(hy) for some hy,...,h, € H. Let
{91, ..., 9m} be asystem of left coset representatives of H in G. Then G = (g1) - - - (gm) (h1) - - - {(hy).
For the converse suppose that G = (g1)---(g,). Since every subgroup of finite index
contains a normal subgroup of finite index, it suffices to prove our claim assuming in addition

that H is normal in G.

An arbitrary element h € H can be written in the form h = g{* --- g/ for some rq,...,r, €
Z. Say, |G : Hl = m and for i = 1,...,n write r; = e; + ma; with 0 < e¢; < m. Since H is

normal, we have h; := ¢;" € H. In this notation,

ho o= gt gln = githM g2 he . gEn pon
n—1
= git e | [T - g) T halgiyt - g )] | b (3)

i=1

We now introduce the following finite set

A={g" g |0<e; <m}.



Then it follows from (3) that

= I o

yeEANH 7

’:]:

<erA<$ lha:>,

so H has bounded generation. O

I¥
—

3. PROOF OF THEOREM 1.1

Suppose that H§’2(A ! B) = 0. We begin by showing that (i) must hold.
Lemma 3.1 dimHiQ(A !B) > dimHIi2(B).

Proof. Let f1,..., fn be pseudocharacters of B linearly independent modulo characters. For

each i = 1,...,n define a function F; on A? B by
Fi(hmy) = fi(b),
where h € A* and b € B. Then

FZ((th)n) = Fi(hth s th”_lTbn) = fz(bn) = nfz(b) = nFZ-(th)

and

|Fi(h1mo, homyy) — Fi(hay,) — Fi(homy, )| = | fi(brb2) — fi(b1) — fi(b2)| < C,.
Therefore, Fi,...,F, are pseudocharacters on A ¢ B which are linearly independent modulo
characters of A B, whence our claim. O

Condition (ii) must hold in view of the following.
Lemma 3.2 If B is finite, then dim H?,(A1 B) > dim HZ,(A).

Proof. Given pseudocharacters f1,..., f, on A linearly independent modulo characters, define

functions F;, 1 <7 < n, on A B as follows:

Fi(oa,(b1) -+ 04,(bs)T) = fi(a1) + -+ + fi(as).

If |B| = m, then

[Fi([0a, (b1) - 0, (bs)Tu][o¢, (d1) - - - 0¢, (di) To]) — Fi(0a, (b1) - -+ 0a, (bs)Tu)
— Fi(o¢,(d1) - - 0, (di)70)|
= |Fi(0ay (b1) - -~ 00, (bs)0ey (drw) - - - 0c, (det)Tuw) = Fi(0ay (b1) - - 0a, (bs) Tu)

— Fi(oe, (d1) -+ oc,(de) )|

> (filarer) = filaw) = fi@))| < mCy,,

bk :dlu



which shows that F; is an unbounded quasicharacter of A B with constant mC'y,. Hence, there
is a bounded function G; on A B such that F; + G; € PX(A ! B). Note that the restriction
(F; + G;)|a, is a pseudocharacter of A, = A which differs from f; by a bounded function,
hence coincides with f;. It follows that the pseudocharacters Fy + Gy, ..., F, + G, are linearly
independent modulo characters of A B. O

Now it remains to show that (i) and (ii) imply that Hfg(AZB) = 0. We begin with a couple

of observations.

Lemma 3.3 If ' € PX(A!B), then F(o,(b1)) = F(04(b2)) for all by, bs € B.

Proof. Every pseudocharacter is constant on conjugacy classes (Lemma 2.1) and o,(b2) =

beleJa(bl)Tl)_l_lle. O

Lemma 3.4 If H},(A) = 0, then Hy,(A*) = 0.

Proof. If F € PX(A*) and o4, (b1) - - - 04, (bs) is a “canonical word” in A*, then by Lemma 2.2,
F(0ay (b1) -+ 0 (b5)) = F(0a, (b1)) + -+ + F(0, (bs).

Since H 572(14) = 0, the restriction of F' to every Ay is a character of Ay, whence F' is a character
of A*. O

We now continue with the proof of the theorem.
Lemma 3.5 IfHaQ(A) =0 and H5,2(B) =0, then HZQ(A ! B) = 0.

Proof. If F € PX(A B), then by Lemma 3.4, the restriction F|4- is a character of A*; also
F|p is a character of B. To prove that F' € X (A B), it thus remains to show that

F(hmy) = F(h) + F(r,) for all h € A* be B.

Let a = F(hmy) — F(h) — F(1,). Then for any positive integer n, we have

na|l = |nF(hm,) —nF(h) —nF(m)|
= |F(hh™ - hTo"tryn) — nEF(h) — F(mpn)|
< F(R™ < W= ) = F(RR™ - B = F(7y0)
+|EF(hR™ -+~ hTon=1t) — nF(h)|
< Crp+|F(h)+F(h™)+---+ F(h™ 1) —nF(h)]|
Cr
which shows that a = 0. O

Remark. One can also derive the result of Lemma 3.5 from the observation that if N and K
are subgroups of G' with N normal such that G = NK and H§’2(N) = H&Q(K) = 0, then
H 572(0) = 0. The proof is identical to that of the lemma.
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Lemma 3.6 If Hzig(B) = 0 and B is infinite, then Hi2(A !B) =0.

Proof. Let F € PX(A B). Proof of Lemma 3.5 shows that in order to establish that F is a
character of A B, it suffices to show that F' € X(A*). Lemma 3.3 implies that there exists a
pseudocharacter f of A such that F|4, = f for all b € B, i.e.,

F(o4(b)) = f(a) forallbe B.
If b1,...,bs are distinct element of B, then Lemma 2.2 implies that

F(0q,(b1) -+ 04,(bs)) = fla1) + - + f(as)

for any elements aq,...,as € A. Therefore, to prove that F' is a character of A*, it suffices to
show that f is a character of A. Suppose that f is not a character of A. Then there exist a1,
as € A such that

a = flarag) — f(ar) — f(az) #0.

Choose an infinite sequence {b;} of distinct elements of B. Then

|F([0a, (b1) -+ 0ay (bn)][0a, (b1) -+ 0y (b1)])
— F([oa,(b1) - 04,(bn)]) = F([0ay (b1) - - - 00, (bn)])]|
= |F(0ayay (b1) *** Oayay (bn)) — F(04y (b1) -+ + 00y (b)) — F(0ay (b1) -+ 0ay (b))

= |nf(araz) —nf(a1) —nf(az)] = |nal - 00 as n— oo
On the other hand, it is bounded by C, a contradiction. O

The proof of Theorem 1.1 is now complete.

4. PROOF OF THEOREM 1.2

First assume that B is finite. Then A* has finite index in A?! B and in view of Lemma 2.3
it suffices to show that A* has bounded generation if and only if A does. But A* is isomorphic
to a direct sum of finitely many copies of A, so the first assertion of Theorem 1.2 follows.

Now assume that both A and B are infinite and suppose that there are some elements

J1s---,9k € Al B (not necessarily distinct) such that

AVB = (g1) - {g)- (4)
Write
9i = Oa,; 4 (bi,l) T Gai,ri (biﬂ“i)TCi (5)
in the canonical form, i =1,... k. If uy,...,u; are integers, then
g%lg;u ... ng — R1R2 A Rch;‘l...c:k,
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where

R, =

Oay 1 bl,lcl) T 0ay 0 (blﬂ”l cl)] T

ba1¢Y") -+ Oy, (b2.ryc1" )]
Tazy (b2,1¢1"C2) -+ Oy, (D2, C2)] - -

0014 (
0014 (
[0y, (1) -+ 00y, (b1, P )];
[0 az,y (
[0 az,, (
(0054 (

Oary (02161 3" 1) Oy, (D2 3> 1))

Ri = [0, (bkac" 65" o ou, (Bl - 67)]

u Uk —1 u Uk —1
[Oar, (Bracy’ -2y k) - 0ay, (b ) - g2 )] -
Ul Uk -1 up—1 Ul Uk -1 Up—1
[Gar, (Dracy” - ¢ e )"'Uak,rk (Okrcr" ey g )]
Note that these presentations are not necessarily “canonical words” in the wreath product. For

example, if some ¢; = 1, then the canonical form of the corresponding R; is

e . . ul .. ul—l DY . . ul DY u,L_l
Ry = 0y (et cli7) o (o),
) e

in particular, the length of each such R; is r;. Similarly, if some ¢; has finite order, say m;,
then the length of the corresponding R; is at most m;r;. All of this holds independently of the
choice of the powers w;. It follows that there is a constant N such that for any choice of w;’s
the sum of the lengths of R;’s which correspond to ¢; of finite order is < V.

Equations (4) and (5) imply that B = (c1) - - (cx), and since B is infinite, at least one of
the ¢;’s must have infinite order. Let ¢ = 04,(01) - 0a,(8s), where s > N, be a canonical
word in A} B. Then there is some [, 1 < t < s, which appears as an argument only in the
R;’s which correspond to ¢;’s of infinite order. Consider such an R; where ; occurs. Now, R;
has u; “blocks”, and in each of the blocks an argument can occur at most once. Moreover, as
¢; has infinite order, if §; is the argument b; ;i - - - c?i’llc;” in the (m + 1)st block and is also
the argument by ycl’ --- ;"' ¢/ in the (m’ + 1)st block with m # m’, then [ # I'.

Therefore, if we gather together all the terms in R; which have 3; as their argument, the

corresponding product is o,(8;), where a is a subproduct of [] a; ;. Gathering together all

J<ry
the terms in all R;’s which correspond to ¢;’s of infinite order with §; as the argument, we see

that oy must be equal to a subproduct of the product

TI1] o (6)
i<k <

Since A is infinite, it is possible to choose «; to be different from any of the finitely many

subproducts of the product (6). Hence g cannot be represented in the form gj* - -- gzk, and

consequently A B does not have bounded generation. This proves the second assertion of

Theorem 1.2.



5. PROOF OF THEOREM 1.3

The proof is based on the observation that if C' is a quotient group of A, then C ! B is a
quotient group of A B. Therefore, in view of the fact that a finite non-perfect group admits
a cyclic group of prime order as a quotient, to prove the theorem it suffices to show that A1 B
does not have bounded generation if B is free abelian of finite rank and A is a cyclic group of
prime order. This is established in the next lemma. The proof uses the explicit construction

of faithful representations of such wreath products.
Lemma 5.1 Z/pZ!Z" does not have bounded generation.

Proof. Let y1,...,y, be independent indeterminates. Then the group G = Z/pZ Z™ admits a
faithful representation
p: G — GLa(Fp(y1,-.-,9n))

which is described explicitly as follows:
mi .. Mn 0
% Yn , Mmy; € Z;
0 1

1 aml... Mmn
( N Yn >, m; € Z,a € Fp.

p(T(m17“'7mn))

ploa((mi,...,my))) 0 |

The image of every element of G in GLa(Fp,(y1, - . ., yn)) can be uniquely expressed as X (f)H (y7™ - - - yi'™),
where mq,...,m, €Z, f € Fp[yl,yl_l, .. ,yn,ygl],

X(f) = (é {) ,

yiteynm 0
0 1)

and
Hy" - ypm) = <
Suppose that G = (g1) - - - (gx) and write

p(g;) =X (NH W™ un™), i €Fplyn,yr s Yns ')

Then n
iy wimgi
p(gi* - g*) = X(U(ylw”vyn))H(Hyj Y )
j=1
Here
k
U= (Us(yla'-'7yn)f8)7
s=1
where
<H?:1 ijKS mmﬂ) Us fmyg=---=mps =0,
U(y17“‘7y ): j i ?ST”jS_
s n ngl yjzt<s Ut % otherwise.

j=1Yj



To make the proof transparent, we first discuss the case when n = 1. Let us write y instead
of y1 and f; = y™ P;(y) for 1 < i < k, where P; € Fply| and n; € Z. With this simpler notation,
we have i

Pl gpt) =X (Z y”i+zj<i“jmj1%(y)Ui(y)> H (y=emm)
i=1
where

Yl i, 0,
Uiy) =4 T
U; if m; = 0.

Note that at least one of m;’s must be nonzero. Moreover, if m; < 0, then y"—1 = y™ (1—y|mi‘)

and wmi 1
_ y T [ —
. — mg
Ui(y) =y T
Let
N-1
[T -n=3 ay
m;#0 7=0

where N —1 =", |m;| and ay—1 = 1. Consider the polynomial
N-1 '
Qly) = (1 +yN+y N+ 4 y(d_l)N> > aj €Fyly),
7=0

where d > 2(N — 1)(2?21 deg P;). Observe that the number of monomials of distinct degrees
in Q(y) is > d. If
Pl g*) =X (1 +oyN 2N +---+y(d‘1)N)

then
k

Doyt Py Ui(y) = 14y N 4y OV,

i=1

Multiply both sides by Hm#O (y™il — 1) to get

k
Sy P (y)Vily) = QU), (7)
=1
where
(7™ = 1) [ 04 (y"™! = 1) it m; >0,
Vily) = S u; Hmﬁéo(y‘mﬂ -1) it m; =0,

—y ™™ (Y = 1) [y, 0,50 = 1) if mg <0,
In any case, V;(y) contains at most 2(N — 1) monomials. It follows that the left hand side
of (7) is a sum of at most 2(N — 1)(2?21 deg P;) monomials, while the right hand side of (7)
contains a larger number of monomials of distinct degrees. This contradiction shows that the
group (Z/pZ) ! Z cannot have bounded generation.
For general n, using the same technique of clearing denominators, we see that U can involve

only a bounded number of monomials in y1,...,y,, hence a contradiction. ]
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Remark. One can give a constructive proof similar to that of Lemma 5.1 of the fact that A B
does not have bounded generation if A is a finite abelian p-group and B is a free abelian group
of finite rank using explicit faithful representations of such wreath products. If A is a finite

abelian p-group, then

A= (@IlZ/pdlZ) @ (@IQZ/deZ) @ e @ (@IkZ/pde)

for some 1 < dy < dy < -+ <dg. Let {z(r) |i € I, 1 <r <k} and yi,...,y, be independent
indeterminates. For each 1 < r < k, the direct sum @&y, Z/ p% 7 can be represented as a group
of (p%=1 +1) x (p¥~! 4 1) matrices using the indeterminates x;(r) for i € I,. The image of
®1,7Z/p™Z is generated by the matrices

1 zi(r) 0 - 0

0o 1 z(r) - 0
Y(zi(r)) =i S R A

0 0 1 x(r)

0 0 0 1

Let N = Zle(pdT_l + 1). Then a faithful representation p of G = A B, where B = Z",
into GLy (Fp(zi(r),y;)) can be obtained as follows. The image p(G) consists of block-diagonal
matrices with blocks of sizes p =1 4+ 1,p2~1 +1,...,p% =1 4+ 1. The image of ®;es, Z/p™Z is
generated by matrices whose only nontrivial blocks Y'(x;(r)), ¢ € I, are in position r. The

image of Z" is generated by matrices of the form

D1 (y;) 0 0
T D i<icn
00 Dy
where D,(y;) = diag (y?dril,yfdril_l,...,yj,l) € GLyar—111(Fp(y1,.--,9n)). The proof is

conducted by counting monomials in position (1,2).
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