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An Erdés problem for ‘Epsilons’

Given a sequence of n integers (ay,...,ay,) there exists a nontrivial
subsequence of these integers whose sum equals zero modulo n.
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An Erdés problem for ‘Epsilons’

i 57

Given a sequence of n integers (ay,...,ay,) there exists a nontrivial
subsequence of these integers whose sum equals zero modulo n.

This is tight: (1,...,1) does not have a nontrivial zero sum
—_———

n—1 times
subsequence.
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Zero sum problems in finite abelian groups

Suppose G = G(+,0) is a finite abelian group.
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Zero sum problems in finite abelian groups

Suppose G = G(+,0) is a finite abelian group.

» G-sequence of length m: (z1,...,x,,) with z; € G for each i.

Niranjan Balachandran Zero Sum Problems



Zero sum problems in finite abelian groups

Suppose G = G(+,0) is a finite abelian group.

» G-sequence of length m: (z1,...,x,,) with z; € G for each i.

» Zero-sum G-sequence: G-sequence (x1,...,Z;) such that
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Zero sum problems in finite abelian groups

Suppose G = G(+,0) is a finite abelian group.

» G-sequence of length m: (z1,...,x,,) with z; € G for each i.
» Zero-sum G-sequence: G-sequence (x1,...,Z;) such that
Definition

The Davenport constant D(G) of the group G is the smallest m
such that every G-sequence of length m contains a non-trivial
zero-sum (G-subsequence.
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Zero sum problems in finite abelian groups

Suppose G = G(+,0) is a finite abelian group.

» G-sequence of length m: (z1,...,x,,) with z; € G for each i.
» Zero-sum G-sequence: G-sequence (x1,...,Z;) such that
Definition

The Davenport constant D(G) of the group G is the smallest m
such that every G-sequence of length m contains a non-trivial
zero-sum (G-subsequence.

The Erdés problem < D(Z,) = n.
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The Davenport constant in Algebraic Number theory

The Davenport constant is an important invariant of the ideal class
group:

If R is the ring of integers of an algebraic number field and G its

ideal class group, then D(G) is the max no. of prime ideals
occurring in the prime ideal decomposition of an irreducible in R.
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Other (Combinatorial) Invariants:

» Erd6s-Ginzburg-Ziv constant (EGZ), s(G): minm € N such
that every sequence of elements from G of length m contains
a zero-sum subsequence of length exp(G).
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Other (Combinatorial) Invariants:

» Erd6s-Ginzburg-Ziv constant (EGZ), s(G): minm € N such
that every sequence of elements from G of length m contains
a zero-sum subsequence of length exp(G).

» Harborth constant, g(G): min m such that every subset of
size m of G admits a zero-sum subsequence of size exp(G).
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A Weighted Davenport constant

Notation: Suppose x = (1, ...,Zy,) is a G-sequence and
a=(ai,...,an) is a sequence of integers. Let
0, =(0,...,0) € Z™.

——

m times
(a,x) := Z a; ;.
7

Here nx :=x +---+ x if n > 0, and for n negative,
~—_——

nx = (—n)(—;)t.imes
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A Weighted Davenport constant

Notation: Suppose x = (1, ...,Zy,) is a G-sequence and
a=(ai,...,an) is a sequence of integers. Let
0, =(0,...,0) € Z™.

——

m times
(a,x) := Z a; ;.
7

Here nx :=x +---+ x if n > 0, and for n negative,
~—_——

nx = (—n)(—;)t.imes

An equivalent description of the Davenport constant: Least m
such that for every G-sequence x = (z1,..., %), there exists
e=(e1,...,em) €{0,1}™ with e # 0,, (nontrivial €) such that

(e,x) =0.
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A Weighted Davenport constant - contd.

Theorem
(Adhikari, et al, 2006) Let m = |logyn| + 1. Then every
Zn-sequence x = (x1,...,Ty) admits a nontrivial

e=(e1,...,em) withe; € {—1,0,1} such that

(e,x) = 0.
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A Weighted Davenport constant - contd.

Theorem
(Adhikari, et al, 2006) Let m = |logyn| + 1. Then every
Zn-sequence x = (x1,...,Ty) admits a nontrivial

e=(e1,...,em) withe; € {—1,0,1} such that

(e,x) = 0.

This is also tight: Consider x = (1,2,22,...,2""1) where
2" <n <2t
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A Weighted Davenport constant - contd.

Theorem
(Adhikari, et al, 2006) Let m = |logyn| + 1. Then every
Zn-sequence x = (x1,...,Ty) admits a nontrivial

e=(e1,...,em) withe; € {—1,0,1} such that

(e,x) = 0.

This is also tight: Consider x = (1,2,22,...,2""1) where
2" <n <2t

Diy(Zy,) = |loggn] + 1.
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Weighted Davenport constant w.r.t weight set A

Suppose A C N be a non-empty subset of the integers.
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Weighted Davenport constant w.r.t weight set A

Suppose A C N be a non-empty subset of the integers.

Definition

Suppose G is an abelian group. The Weighted Davenport constant
of G w.r.t A, denoted D 4(G), is the least k such that:

For any G-sequence (x1,...,xy), there exists a nontrivial
a € (AU{0})* such that

(a,x) = 0.
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Weighted Davenport constant w.r.t weight set A

Suppose A C N be a non-empty subset of the integers.

Definition
Suppose G is an abelian group. The Weighted Davenport constant
of G w.r.t A, denoted D 4(G), is the least k such that:

For any G-sequence (x1,...,xy), there exists a nontrivial
a € (AU{0})* such that
(a,x) = 0.

We may always assume A C [1,n — 1] where n = exp(G).
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Weighted Davenport constant D 4(G)

An interpretation of this for G = F}:
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Weighted Davenport constant D 4(G)

An interpretation of this for G = F}:
If A= [1,p— 1], then this is precisely the dimension n.
For arbitrary A C [1,p — 1], D4(G) measures how large a sequence

of vectors in [} can be, if the sense of ‘independence’ restricts the
coefficients of the vectors to A.
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Some known results

> Do (Z,) = |logyn| + 1. (Adhikari et al, 2006)

» Ds(Zy) =2 for A= Zy,\ {0}. (Adhikari et al, 2006)
k

» Du(Zy) =a+1for A=7Z! where a = Zai and

i=1
n = p{'---pi*. (Griffiths, 2008)

v

Dp(Zyn) = [2]ifA={1,...,r} for 1 <r<n-—1
(Adhikari, David, Urroz, 2006; Adhikari, Rath, 2008)

Niranjan Balachandran Zero Sum Problems



A related extremal problem

Suppose G is a finite abelian group with exp(G) = n, and suppose
k > 2 is an integer.

Definition

féD)(k) — min {|A| 10 #£ AC[1,n—1] satisfies DA(G) < k},

;= oo if there is no such A.

Notation: If G = Z,,, then denote féD)(k) by fP)(n, k).
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A related extremal problem

Suppose G is a finite abelian group with exp(G) = n, and suppose
k > 2 is an integer.

Definition

féD)(k) — min {|A| 10 # AC[1,n—1] satisfies Da(G) < k},

;= oo if there is no such A.

Notation: If G = Z,,, then denote féD)(k:) by fP)(n, k).

Natural extremal problem: Given a finite abelian group G, and
k>2,
Determine f(GD)(k).
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The function fé,D)(lc)

Proposition

If G =7, x H is a finite abelian group with p { |H|, then for any
integer k, f((;D) (n, k) < fP)(p, k). More generally, if

G = Hy X --- x H. where H; is a p;-group with p1 < --- < p,
then for all k,

7P k) < min { fP k) 1 <i <)

3
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The function fé,D)(lc)

Proposition

If G =7, x H is a finite abelian group with p { |H|, then for any
integer k, f((;D) (n, k) < fP)(p, k). More generally, if

G = Hy X --- x H. where H; is a p;-group with p1 < --- < p,
then for all k,

1) < min { A7 (k) 1< i <}
Proposition

Let k > 2. Suppose G and H are finite abelian groups with
H =G x G and exp(G) = exp(H). Then {2 (k) < 1P (k).
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The function fé,D)(lc)

Proposition

If G =7, x H is a finite abelian group with p { |H|, then for any
integer k, f((;D) (n, k) < fP)(p, k). More generally, if

G = Hy X --- x H. where H; is a p;-group with p1 < --- < p,
then for all k,

16 < min { P (0) 1 <0 <)

Proposition
Let k > 2. Suppose G and H are finite abelian groups with
H =G x G and exp(G) = exp(H). Then {2 (k) < 1P (k).

If G = (Zp)", fn = f((;D)(k): then fi < fo <---
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fé;D)(.) fOI’ G — me

Theorem
Let p be a prime and m > 1,k > 2 be positive integers., Then for
G = Zym,
pE =1 < £ k) = 1P (p, k).
Thus for all k,

P p, k) = £ (k) = 152 (k) = - -
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Concrete Upper bounds for fép)(lc)

Theorem
Let G =Zp, X -+ X Ly, where 1 <ny |- | ns. Let
1<r<(n-1)/2, and let A={£1,£2,...,+r}. Then

1+ Z [log, 1 ni| > Da(G) > 1+ Z log, .1 ni| fors>2
i=1 1=1

Da(Zn) = |log,,in|+1.
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Concrete Upper bounds for fép)(lc)

Theorem
Let G =Zp, X -+ X Ly, where 1 <ny |- | ns. Let
1<r<(n-1)/2, and let A={£1,£2,...,+r}. Then

1+Z[logr+1nﬂ > Da(G) > 1+Ztlogr+1nz~J for s >2

i=1 1=1
Da(Zn) = |log,,in|+1.

Consequently, p'/% — 1 < f(P)(p, k)
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Concrete Upper bounds for fép)(lc)

Theorem
Let G =Zp, X -+ X Ly, where 1 <ny |- | ns. Let
1<r<(n-1)/2, and let A={£1,£2,...,+r}. Then

1+Z[logr+1nﬂ > Da(G) > 1+Ztlogr+1nz~J for s >2

i=1 1=1
Da(Zn) = |log,,in|+1.

Consequently, p'/% — 1 < f(P)(p, k) < 2(p"/ =1 —1).
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Almost tight upper bound for f(P)(p, k)

Theorem
Let k > 2. There exists an integer po(k) and an absolute constant
C = C(k) > 0 such that for all prime p > po(k)

FP)(p, k) < Cplogp)/*.
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Almost tight upper bound for f(P)(p, k)

Theorem
Let k > 2. There exists an integer po(k) and an absolute constant
C = C(k) > 0 such that for all prime p > po(k)

FP)(p, k) < Cplogp)/*.

So we have

p/F—1 < @ (p, k) <C(p logp)l/k for all sufficiently large p.
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A better upper bound for Kk =2 and k =4

Theorem
Let p be an odd prime.
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A better upper bound for Kk =2 and k =4

Theorem
Let p be an odd prime.

» fP)(p,2) < 2,/p — 1. Our general bound gives O(y/plogp).
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A better upper bound for Kk =2 and k =4

Theorem
Let p be an odd prime.

» fP)(p,2) < 2,/p — 1. Our general bound gives O(y/plogp).

» Ifp=q*+ q+ 1 for some prime q then

fPp,2) =[vp—1].
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A better upper bound for Kk =2 and k =4

Theorem
Let p be an odd prime.

» fP)(p,2) < 2,/p — 1. Our general bound gives O(y/plogp).

» Ifp=q*+ q+ 1 for some prime q then

fPp,2) =[vp—1].

» There exists an absolute constant C' > 0 such that

FP p,4) < Cp'/h.
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Something about the proofs

FP)p, k) > p/F —1:

Consider G = (V, E) with V. = X U ), where
X={ac (AU{0})*\ {0} and Y = {x:2; #0,2; € Z,} and
a <> xin G if and only if (a,x) = 0. Let A be an optimal sized set.
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Something about the proofs

FP)p, k) > p/F —1:

Consider G = (V, E) with V. = X U ), where
X={ac (AU{0})*\ {0} and Y = {x:2; #0,2; € Z,} and
a <> xin G if and only if (a,x) = 0. Let A be an optimal sized set.

By the hypothesis on A: Every x € ) has degree at least one in G.
So e() = (p— 1)*.
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Something about the proofs

FP)p, k) > p/F —1:

Consider G = (V, E) with V. = X U ), where
X={ac (AU{0})*\ {0} and Y = {x:2; #0,2; € Z,} and
a <> xin G if and only if (a,x) = 0. Let A be an optimal sized set.

By the hypothesis on A: Every x € ) has degree at least one in G.
So e() = (p— 1)*.

Fix a € X, and wlog let a; # 0. For any xo,...,x € Z7, the
equation ajx; = —(agxa + - - - + agxxy) admits a unique solution
for x1 € Zyp, so a € X has degree at most (p — 1)*~1. Hence
|X|(p— 1)1 > |E| > (p — 1)*. Now use

|X| = (|JA] + 1) — 1.
O

Niranjan Balachandran Zero Sum Problems



About the proofs

FP)(p, k) < O((plogp)/*):

Theorem

Suppose p > 0 is a prime and A is a 6-random subset of [1,p — 1].
Let w(p),w'(p) be arbitrary functions satisfying w(p),w’(p) — oo
as p — oo.

Niranjan Balachandran Zero Sum Problems



About the proofs

FP)(p, k) < O((plogp)/*):

Theorem

Suppose p > 0 is a prime and A is a 6-random subset of [1,p — 1].
Let w(p),w'(p) be arbitrary functions satisfying w(p),w’(p) — oo
as p — oo.

L If0 > (/2B then whp Dy(Z,) = 2.
2. If k > 3 is an integer and 0 satisfies

(3kp(log p + w(p)))"/* pY/ k=D
<0< ;
P p w'(p)

)

then whp D A(Zy,) = k.
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About the proofs

FP)(p, k) < O((plogp)/*):

Theorem

Suppose p > 0 is a prime and A is a 6-random subset of [1,p — 1].
Let w(p),w'(p) be arbitrary functions satisfying w(p),w’(p) — oo
as p — oo.

L If0 > (/2B then whp Dy(Z,) = 2.
2. If k > 3 is an integer and 0 satisfies

(3kp(log p + w(p)))"/* pY/ k=D
<0< ;
P p w'(p)

then whp D A(Zy,) = k.
Janson’s Inequality.
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About the proofs: Why is the upper bound harder?

For sets A,B € Z, with 0 ¢ B, 4 :={%:a € A,b€ B}.
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About the proofs: Why is the upper bound harder?

For sets A,B € Z, with 0 ¢ B, 4 :={%:a € A,b€ B}.

To prove a good upper bound for f(P)(p,2), we need a ‘small’
A C Z3 such that 4 = Z%. Here Z3 = Z, \ {0}.
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About the proofs: Why is the upper bound harder?

For sets A,B € Z, with 0 ¢ B, 4 :={%:a € A,b€ B}.

To prove a good upper bound for f(P)(p,2), we need a ‘small’
A C Z3 such that 4 = Z%. Here Z3 = Z, \ {0}.

A Difference Base in a finite abelian group G is aset BC G\ 0
such that for every g # 0, g = b — b’ for some b,/ € B. An upper
bound for f(P)(p,2) comes from a ‘small" difference base for Z,.
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About the proofs: Why is the upper bound harder?

For sets A, B € Z, with 0¢ B, 4 := {$:a € A,b€ B}.

To prove a good upper bound for f(P)(p,2), we need a ‘small’
A C Z3 such that 4 = Z%. Here Z3 = Z, \ {0}.

A Difference Base in a finite abelian group G is aset BC G\ 0
such that for every g # 0, g = b — b’ for some b,/ € B. An upper
bound for f(P)(p,2) comes from a ‘small" difference base for Z,.

A difference base D is said to be Perfect if for every g # 0, there
exists a unique pair (b,b/) e Dx Dst. g=b—1V.
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Upper bound for f(P)(p,?2)

Singer's theorem: There exists a Perfect Difference Set for
L2 4 py1 of order p+ 1 for p prime.
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Upper bound for f(P)(p,?2)

Singer's theorem: There exists a Perfect Difference Set for
L2 4 py1 of order p+ 1 for p prime.

The best known upper bound for a size of a difference base in Z,,
is Z=\/n < 1.15471/n for n>> 0. (Banakh-Gavrylkiv, 2017)
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Upper bound for f(P)(p, 2k)

For A,B C Zy, and a € Z;, aA := {aa :a € A}, and
A+B:={a+b:a€ Abe B}.
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Upper bound for f(P)(p, 2k)

For A,B C Zy, and a € Z;, aA := {aa :a € A}, and
A+B:={a+b:a€ Abe B}.

Towards an optimal upper bound for f(P)(p, 2k): A set A C Zy, of
‘optimal’ size such that for any a1, ..., ag-1,51,...,Bk-1 € Zy,

. A+ oA+ +ap 1A
7 C .
P= (A4 1A+ -+ Br_1A)*

Niranjan Balachandran Zero Sum Problems



Upper bound for f(P)(p, 2k)

For A,B C Zy, and a € Z;, aA := {aa :a € A}, and
A+B:={a+b:a€ Abe B}.

Towards an optimal upper bound for f(P)(p, 2k): A set A C Zy, of
‘optimal’ size such that for any a1, ..., ag-1,51,...,Bk-1 € Zy,

. A+ oA+ +ap 1A
7 C .
P= (A4 1A+ -+ Br_1A)*

Theorem
There exists a set A C Z;, with |A| < Cp'/* for some absolute
constant C > 0 s.t. for all o, B € Z,

A+ aA
7 C —m——.
P (A4 BA)*
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Another related extremal problem

Suppose G is a finite abelian group with exp(G) = n, and suppose
k > 2 is an integer. Determine

max {Da(G) : |[A| =k, AC [1l,n—1]}.
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Another related extremal problem

Suppose G is a finite abelian group with exp(G) = n, and suppose
k > 2 is an integer. Determine

max {Da(G) : |[A| =k, AC [1l,n—1]}.

We know Dy (Zy,) = [n/k] if A={1,...,k} for 1<k <n-1,
so this maximum is at least [n/k].
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Another related extremal problem

Theorem

>

max {Da(Zy) : |Al = k, A C [Lp — 1]} = [p/k]

for p prime.
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Another related extremal problem

Theorem

>

max {Da(Zy) : |Al = k, A C [Lp — 1]} = [p/k]

for p prime.

max{D(Z,) : |A|_k}<max{mﬂ;;1gigr}.
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Another related extremal problem

Theorem

>

max {Da(Zy) : |Al = k, A C [Lp — 1]} = [p/k]

for p prime.

max{D(Z,) : |A|_k}<max{mﬂ;;1gigr}.

Combinatorial Nullstellensatz. Also works for a ‘list version' of this
result.
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The Harborth Constant

Harborth constant, g(G) : min m such that every subset of size
m of G admits a zero-sum subsequence of size exp(G).
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The Harborth Constant

Harborth constant, g(G) : min m such that every subset of size
m of G admits a zero-sum subsequence of size exp(G).

This is not always well defined: If G = Zg,,, exp(G) = 2n. But

Z r =n.

xEZQn

In these cases, we adopt the convention: g(G) = |G| + 1.
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Some known results on the Harborth constant

Theorem
(Marchan, Ordaz, Ramos, Schmid, 2013) Let n € N. We have

>

2n+2  if 2| n,

8(Za @ ZLop) = { 2n+3  otherwise.

n+1 ifn=2 (mod4),
n otherwise.

£41(Z0) = {

> Ifn >3, then g+1(Zo ® Zay) = 2n + 2.
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Harborth constant for the dihedral groups

Recall
Doy = (z,y | 2% = y" = (zy)* = 1).
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Harborth constant for the dihedral groups

Recall
Doy = (z,y | 2% = y" = (zy)* = 1).

Theorem
(B., Mazumdar, Zhao, 2018)
For any integer n > 3 and G = Ds,,,

[ n+2 if2]n,
g(G) = { 2n+1 otherwise.
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Main ingredient lemmas

Lemma
Suppose n is even and let s > 2. Let S = {xy™, ..., xy*2} with
a; # aj. Then
> s.
‘HQS(S)‘ =9
If equality holds, then 2s divides n and {a, ..., aos} is a coset of

the subgroup of Z,, of order 2s.
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Main ingredient lemmas

Lemma
Suppose n is even and let s > 2. Let S = {xy™, ..., xy*2} with
a; # aj. Then
> s.
‘HQS(S)‘ =9
If equality holds, then 2s divides n and {a, ..., aos} is a coset of

the subgroup of Z,, of order 2s.

Lemma
Suppose n is even and let S = {xy™, ... zy*t1} with a; # «;.

Then
)H25+1(S)‘ zstl

If equality holds then 2s + 2 divides n and there is a coset K of the
subgroup H of Z,, of order 2s + 2 such that {a1,...,a2s41} C K.
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Open Questions

» Qur conjecture:

Conjecture
f(D) (p, k) = @(pl/k) for all sufficiently large p.

Stronger conjecture:

FP(p,k) < (1+o(1)p'*.

» We believe

max{DA(G) : |A] = k, A C [1,exp(G) — 1]} = Pm

holds for G = Z,,, and also for G = (Z,)* for all n and all £.
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