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Q1.

Let [K : Q] =mn and I # 0 be an ideal in O. Prove :
(a) I =311 Zay for some a;’s with K =Y 1" | Qay;.
(b) INZ #0 and Ok/I is finite.

Q 2.

If I = [li— P, J = [Ii—y Pfi are the prime ideal decompositions of two

fractional ideals in a Dedekind domain, prove that

GOD(I,J) = T+ J =[] P,
=1

,
i=1

Q 3.

(a) Show that o = \/2 —V2+ Z\/ﬂ — 1 is an algebraic number (that is, a

complex number which is algebraic over Q) with the property |a] = 1 but

that || # 1 for some conjugate 3 of a.

(b) Give an example of an algebraic number a such that a as well as its
conjugates have absolute value 1 but are not roots of unity.

Q 4.
If the ring of integers of a number field is a UFD, prove that it must be a

PID.
Q 5. Prove that Z[e*™/?3] is not a PID.

Q 6. Use the Minkowski bound to determine the class number of Q[v/—5].
Using this, show that the equation y?> = x3 — 5 has no solutions in integers.

Q 7. Show that the ring of integers of Q[¢n + ¢ Y] is Z[Cn + ¢, Y] for any n.
You may use that the ring of integers of any cyclotomic field Q[(,] is Z[(,].




Q 8.

If K is a cubic extension of Q with discriminant between —1 and —49, use
Minkowski bound to prove that K has class number 1.
Hint : Observe that the discriminant has the sign (—1)
number of non-real embeddings of any number field.

Qo.
Show that the fundamental unit in Q(vd?> —1) is d + Vd?> —1 for each
square-free integer d > 2.

Q 10.

For positive integers s,t and a prime p, consider the integers

t
. = —1)r 0<i<ps—1.
fZ Zf:( 1) <Tps+l 70_2_p 1

Using the identity
(L=¢"' = fo=C" it P fo £V fry
(with ¢ = €2>™/P") or otherwise, show that the GCD of fo, ... fps—11s a power
of p.
Q 11.
For odd primes p, ¢ consider the cyclotomic fields K, = Q((p), K; = Q({y)

and their maximal real subfields Ly, L,. Look at the numbers m, <N K,/Ly (1—

"2 where 2rs is the

¢p) and 7y L Niyyn,(1 = ¢;) as elements of the composite field L = L, L.

Prove that Ny, q(m, — mg) = (%). Deduce the quadratic reciprocity law of
p;q.
Q 12.

Let ¢ be a primitive p™-th root of unity where p is a prime and n > 2. For
K = Q(¢), compute trg/o(¢™) for any m.

Q 13.

In the following number fields K, show that there is no a in O for which
Ox = Z[a].

(i) K = Q(V7,V10).

(ii) K is the unique subfield of L = Q(¢31) which has degree 6 over Q.

Q 14.
Show that the class number of Q(—+/23) is 3 and of Q(—+/247) is 5.
Q 15.

For any number field K, show that there is a finite extension L so that every
ideal in Ok becomes principal in O.



