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ABSTRACT. The objective of this paper is to study wandering subspaces for commuting
tuples of bounded operators on Hilbert spaces. It is shown that, for a large class of analytic
functional Hilbert spaces H g on the unit ball in C™, wandering subspaces for restrictions of
the multiplication tuple M, = (M,,, ..., M, ) can be described in terms of suitable H x-inner
functions. We prove that H g-inner functions are contractive multipliers and deduce a result
on the multiplier norm of quasi-homogenous polynomials as an application. Along the way
we prove a refinement of a result of Arveson on the uniqueness of minimal dilations of pure
row contractions.

1. INTRODUCTION

Let T = (11,...,T,) be an n-tuple of commuting bounded linear operators on a complex

Hilbert space H. A closed subspace W C H is called a wandering subspace for T if
W LTFW (ke N\ {0}).
We say that W is a generating wandering subspace for T if in addition
H = span{T*W : k € N"}.

Wandering subspaces were defined by Halmos in [10]. One of the main observations from

[10] is the following. Let £ be a Hilbert space and let M, : H3(D) — HZ(D) be the operator

of multiplication with the argument on the -valued Hardy space HZ(D) on the unit disc D.
Suppose that S is a non-trivial closed M, -invariant subspace of H2(ID). Then

W=8§6:z8§
is a wandering subspace for M, |s such that
MPW L MW

for all p # ¢ in N and
S =span{z"W :m € N}.
Hence
S = %Osz

and up to unitary equivalence
M,|s on S = M, on Hy,(D).
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In particular, we have S = V(H},(D)), where V : H3,(D) — HZ(D) is an isometry and VM, =
M.,V One can show (see Lemma V.3.2 in [14] for details and more precise references) that any
such intertwining isometry V' acts as the multiplication operator V = Mg : Hy)(D) — HZ(D),
f — ©Of, with a bounded analytic function © € H BOW.g) (D) such that © possesses isometric
boundary values almost everywhere. In this case

S = 0H;,(D)
and (cf. Theorem 5.2 below)
(1.1) S6 22§ =0W.

Thus the wandering subspaces of M, on HZ(D) can be described using the Beurling-Lax-
Halmos representation of M, -invariant subspaces of H3(D).

Much later, in Aleman, Richter and Sundberg [1], it was shown that every M. -invariant
closed subspace of the Bergman space on the unit disc D is generated by a wandering subspace.
More precisely, let S be a closed M, -invariant subspace of the Bergman space L2(D). Then

S=[S56=zS5],

where the notation [M] is used for the smallest closed M, -invariant subspace containing a
given set M C L2(D). The above result of Aleman, Richter and Sundberg has been extended
by Shimorin (see [22] and [23]) who replaced the multiplication operator M, on the Bergman
space by left invertible Hilbert space operators satisfying suitable operator inequalities.

In this paper we study wandering subspaces for commuting tuples of operators on Hilbert
spaces. More precisely, let T = (T3,...,T,) be a commuting tuple of bounded operators on
a Hilbert space . Suppose that W =H &3 | T;H is a generating wandering subspace for
T. We are interested in the following general question: given a closed T-invariant subspace
S C H, are there natural conditions which ensure that T'|s = (T1|s, ..., Ts|s) has a generating
wandering subspace again?

In view of the known one-variable results it seems natural to study this problem first in
the particular case where T is the tuple M, = (M,,, ..., M,, ) consisting of the multiplication
operators with the coordinate functions on some classical reproducing kernel Hilbert spaces
such as the Hardy space, the Bergman space or the Drury-Arveson space on the unit ball B”
of C™.

The main purpose of this paper, however, is to parameterize the wandering subspaces
and, in particular, to extend the representation (1.1) to a large class of commuting operator
tuples. The above question concerning the existence of generating wandering subspaces, even
for classical reproducing kernel Hilbert spaces over the unit ball in C", seems to be more
elusive.

Our primary motivation for studying wandering subspaces comes from recent results on
Beurling-Lax-Halmos type representations of invariant subspaces of commuting tuples of op-
erators (see Theorem 4.1 below or [4] and [20]). Our study is also motivated by Hedenmalm’s
theory [11] of Bergman inner functions for shift-invariant subspaces of the Bergman space on
the unit disc D. This concept has been further generalized by Olofsson [16, 17] to obtain pa-
rameterizations of wandering subspaces of shift-invariant subspaces for the weighted Bergman
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spaces on D corresponding to the kernels
Kn(z,w)=(1—zw)™™ (m e N).

Our observations heavily depend on the existence of dilations for commuting row contrac-
tions (see Section 2). For instance, let T' = (T4,...,T,) be a pure commuting contractive
tuple on a Hilbert space H. Let II : H — H2(E) be the Arveson dilation of T, and let
I1 : #H — H2(&) be an arbitrary dilation of 7' (see Section 2). Then our main uniqueness
result, which may be of independent interest, yields an isometry V : & — & such that the
following diagram commutes (Corollary 3.3):

H(E)

Iy @V

H(€)

H

IT

In the one-dimensional case n = 1, some of our observations concerning wandering sub-
spaces are closely related to results of Shimorin [22, 23], Ball and Bolotnikov [4, 5, 6] and
Olofsson [15, 16, 17].

In Section 2 we define the notion of a minimal dilation for pure commuting row contractions
T and show that the Arveson dilation is a minimal dilation of 7T'. In Section 3 we show that
minimal dilations are uniquely determined and that each dilation of a pure commuting row
contraction factorizes through its minimal dilation. If S is a closed invariant subspace for T',
then by dualizing the minimal dilation of the restriction 7'|s one obtains a representation of
S as the image of a partially isometric module map II : H2(£) — H defined on a vector-
valued Drury-Arveson space. In Section 4 the uniqueness and factorization results for minimal
dilations are used to prove corresponding results for the representation II. In Section 5
we show that any representation II : H2(E) — H of a T-invariant subspace S induces a
unitary representation of the associated wandering subspace W = S & > " | T;S. Finally,
in Section 6 we show that, in the particular case that 7' € B(H)" is the the multiplication
tuple M, = (M,,,..., M,,) on a contractive analytic functional Hilbert space H(K) on B",
the above representation of the wandering subspace W = S & " | M,.S is given by a
suitably defined H(K)-inner function. We show that H (K )-inner functions are contractive
multipliers and apply these results to deduce that the norm and the multiplier norm for
quasi-homogeneous polynomials on the Drury-Arveson space coincide. We conclude with an
example showing that in contrast to the one-dimensional case in dimension n > 1, even for
the nicest analytic functional Hilbert spaces on B™ such as the Hardy space, the Bergman
space or the Drury-Arveson space, there are M. -invariant subspaces which do not possess a
generating wandering subspace.

The authors are grateful to Orr Shalit for helpful discussions.
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2. MINIMAL DILATIONS

We begin with a brief introduction to the theory of dilations for commuting row contrac-
tions.

Let T'= (T}, ...,T,) be an n-tuple of bounded linear operators on a complex Hilbert space
H. We denote by Pr: B(H) — B(H) the completely positive map defined by

Pr(X) =) TXT;.
=1

An n-tuple T is called a row contraction or simply a contractive tuple if
Pr(Iy) < Iy.
If T is a row contraction, then
Iy > Pr(ly) > Pi(Iy) > -+ > Pi'(I) > -+ > 0.

Hence the limit
P (T) =SOT— lim Pp*(Iy)
m—r0o0

exists and satisfies the inequalities 0 < P, (T") < Iy. A row contraction 7T is called pure (cf.
[3] or [18]) if P (T") = 0.
Let A > 1 and let K, : B" x B" — C be the positive definite function defined by

Ky(z,w) = (1 — sz)*&

Then the Drury-Arveson space H?2, the Hardy space H?(B"), the Bergman space L2(B"),
and the weighted Bergman spaces Lz,a(B”) with o > —1, are the reproducing kernel Hilbert
spaces with kernel K where A = 1,n, n + 1 and n + 1 + «, respectively. The tuples M, =
(M,,,..., M, ) of multiplication operators with the coordinate functions on these reproducing
kernel Hilbert spaces are examples of pure commuting contractive tuples of operators.

Let K be a positive definite function on B™ holomorphic in the first and anti-holomorphic
in the second variable. Then the functional Hilbert space Hyx with reproducing kernel K
consists of analytic functions on B”. For any Hilbert space &£, the £-valued functional Hilbert
space with reproducing kernel

B" x B" — B(€), (z,w) — K(z,w)l¢

can canonically be identified with the tensor product Hilbert space Hx ® €. To simplify the
notation, we often identify H? ® £ with the £-valued Drury-Arveson space H2(E).

Let T be a commuting row contraction on H and let £ be an arbitrary Hilbert space. An
isometry ' : H — H2(E) is called a dilation of T if

M:T =TT (i=1,...,n).

Since M, € B(H?(E))" is a pure row contraction and since a compression of a pure row con-
traction to a co-invariant subspace remains pure, any commuting row contraction possessing
a dilation of the above type is necessarily pure.
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Let ' : H — HZ2(E) be a dilation of T. Since the C*-subalgebra of B(H?) generated by
(M,,,..., M, ) has the form

C*(M,) = span{MFM: : k1 € N"}
(see Theorem 5.7 in [3]), the space
M =span{z*T'h: k € N",h € H}

is the smallest reducing subspace for M, on H?(E) containing the image of I'. As a reducing
subspace for M, € B(HZ2(E))" the space M has the form

M= \/ 2*L=H)L) with L=MnNE.
keNn

We call I' a minimal dilation of T if
H*(E) =span{z*Th:k € N" h € H}.

We briefly recall a canonical way to construct minimal dilations for pure commuting con-
tractive tuples (cf. [3]). Let T" be a pure commuting contractive tuple on H. Define

&, =tan(ly — Pr(ly)), D = (I, — Pr(Iy))e.

Then the operator II. : H — H2(E,) defined by

(T1.h)(2) = D(Iy — Xn: zTF) " h (z€B", heH).

i=1
is a dilation of T. Let

M= \/ZL=H)L) with L=MnNE,

keNn

be the smallest reducing subspace for M, € B(H2(E.))" which contains the image of 1T, and
let Pe, be the orthogonal projection of H2(E,) onto the subspace consisting of all constant
functions. Since

Pe, = Ig2e,) — Z M. M,
=1

we obtain that
Dh = Pg,(IlLh) € HX(L)NE. = L

for each h € ‘H. Hence II. is a minimal dilation of 7.
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3. UNIQUENESS OF MINIMAL DILATIONS

Using a refinement of an idea of Arveson [3], we obtain the following sharpened uniqueness
result for minimal dilations of pure commuting contractive tuples.

THEOREM 3.1. Let T' € B(H)™ be a pure commuting contractive tuple on a Hilbert space H
and let I1; : H — H2(&), i = 1,2, be a pair of minimal dilations of T. Then there exists a
unitary operator U € B(&y, &) such that

Proof. As an application of Theorem 8.5 in [3] one can show that there is a unitary operator

W : H%(&) — H2(&;) which intertwines the tuples M, on H2(&;) and H2(E,). We prefer to

give a more direct proof containing some simplifications which are possible in the pure case.
Let B = C*(M,) C B(H?) be the C*-algebra generated by the multiplication tuple

(M.,,...,M.,) on the scalar-valued Drury-Arveson space H2. Denote by A the unital subal-

gebra of B consisting of all polynomials in (M,,,..., M, ).

Let IT: H — H2(F) be a minimal dilation of 7. The map ¢ : B — B(H) defined by

o(X) =1I"(X @ Ir)II

is completely positive and unital. For each polynomial p € Clzy,..., z,| and each operator
X € B, we have ¢(p(M.,)) = p(T) and, since ran(I1)* is invariant for M., it follows that

O(p(M.)X) = II"(p(M.) X @ 17)I1 = @(p(M.))p(X).

Hence ¢ : B — B(H) is an A-morphism in the sense of Arveson (Definition 6.1 in [3]). The
minimality of IT as a dilation of 7' implies that the map 7 : B — B(H2(F)) defined by

T X)=X®Ir
is a minimal Stinespring dilation of ¢. Now let IT; : H — H?2(&;), i = 1,2, be a pair of minimal
dilations of T and let ¢; : B — B(H), 7 : B — B(HZ2(E;)) be the maps induced by II; as
explained above. Then ¢ = @5 on A, and hence a direct application of Lemma 8.6 in [3] shows
that there is a unitary operator W : H2(E;) — H2(&;) such that W(X ® I¢,) = (X ® Ig,)W
for all X € B and such that
WII; = Ils.
Since W and W* both intertwine the tuples M, ® I¢, and M, ® I¢,, it follows as a very special
case of the functional commutant lifting theorem for the Drury-Arveson space (see Theorem
5.1 in [7] or Theorem 3.7 in [2]) that W and W* are induced by multipliers, say W = M, and
W* = M, where a : B" — B(&,&) and b : B" — B(&,, &) are operator-valued multipliers.
Since
My = M My = T2,y and My, = MyM, = Iz (g,),
it follows that a(z) = b(z)~! are invertible operators for all z € B™. Moreover, since
K(z,w)n = (MM K (-, w)n)(z) = a(2) K (z, w)a(w)",

holds for all z,w € B™ and n € &, it follows that a(z)a(w)* = Ig, for all z,w € B".
Hence the operators a(z) are unitary with a(z) = a(w) for all z,w € B". Let U = a(2)
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be the constant value of the multiplier a. Then U € B(&;, &) is a unitary operator with
W = Iy2 @ U. Hence the proof is complete. [ ]

REMARK 3.2. Let II. : H — HZ2(E.) be the Arveson dilation of a pure commuting row con-
traction T as in Section 2 and let 11 : H — HZ2(E) be an arbritrary minimal dilation of T.
Then there is a unitary operator U € B(&., E) such that

= (I © U)II,.

In this sense the Arveson dilation 1. is the unique minimal dilation of T. In the sequel we
call 11, the canonical dilation of T'.

As a consequence of Theorem 3.1, we obtain the following factorization result (see Theorem
4.1 in [19] for the single-variable case).

COROLLARY 3.3. (Canonical factorizations of dilations) Let T € B(H)™ be a pure commuting
contractive tuple and let T1 : H — HZ2(E) be a dilation of T. Then there exists an isometry
Ve B(&., &) such that

I = (I ® V)IL.
Proof. As shown in Section 2 there is a closed subspace F C & such that
H?*(F) = span{z*ITH : k € N"}.

Then by definition II : H — H2(F) is a minimal dilation of 7. By Theorem 3.1, there exists
a unitary operator U : £ — F such that

= (I2 © U)IL,.

Clearly, U regarded as an operator with values in £, defines an isometry V' with the required
properties. [

4. JOINT INVARIANT SUBSPACES

In this section we study the structure of joint invariant subspaces of pure commuting row
contractions.

We begin with the following characterization of invariant subspaces from [21] (Theorem
3.2). The proof follows as an elementary application of the above dilation results.

THEOREM 4.1. Let T = (T4,...,T),) be a pure commuting contractive tuple on H and let S be
a closed subspace of H. Then S is a joint T-invariant subspace of H if and only if there exists
a Hilbert space € and a partial isometry 11 € B(H2(E),H) with TIM,, = T,11 fori=1,...,n
and

S = (H2(E)).

Proof. We indicate the main ideas. Let S C H be a closed invariant subspace for 7. Since

(Pis)Us)z, o) = Z EHPST x| 50
|k|=m
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for each x € S, the restriction T'|s is a pure commuting row contraction again. Let IIg: S —
H2(E) be a dilation of T'|s and let i5 : S — H be the inclusion map. Then
Il =isolls: HX(E) — H
is a partial isometry with the required properties. The reverse implication obviously holds. m
REMARK 4.2. Let § C H be a closed invariant subspace of a pure commuting row contraction
T € B(H)" and let g : S — HZ2(E) be a minimal dilation of the restriction T|s. Then the
map
H*
IM: HX(E) > S —H

is a partial isometry with ranll = S such that 11 intertwines M, on H2(E) and T on H
componentwise. Any map 11 arising in this way will be called a canonical representation of
S. Note that in this situation IT*|s = Ils is a minimal dilation of Tls.

IfT1: H2(E) — H and 11 : H*(E) - H are two canonical representations of S, then by
Theorem 3.1 there is a unitary operator U € B(E,E) such that 11 = (12 @ U).

By dualizing Corollary 3.3 one obtains the following uniqueness result.

THEOREM 4.3. Let T € B(H)™ be a pure commuting contractive tuple and let 11 : H2(E) — H
be a canonical representation of a closed T-invariant subspace S C H. IfI1: H2(E) — M is
a partial isometry with S = TH(E) and TIM,, = TI1 fori = 1,...,n, then there exists an
isometry V : € — € such that

=TIy @ V).

Proof. Since IT* is a partial isometry with ker IT* = (ranIl)* = S*, the map II* : S — H2(E)

is an isometry. The adjoint of this isometry intertwines the tuples M. € B(H2(£))" and Ts.
Hence IT* : S — HZ(€) is a dilation of T'|s. Since IT* : S — H2(€) is a minimal dilation of
T|s, Corollary 3.3 implies that there is an isometry V : £ — £ such that

[I*|s = (Iyz @ V)II*s.
By taking adjoints and using the fact that ran II = ran I = S, we obtain that
=I5 V).
Thus the proof is complete. [ ]

COROLLARY 4.4. Let T € B(H)" be a pure commuting contractive tuple and let S C H be a
closed T-invariant subspace. Suppose that

I HX(E) =M (j=1,2)

are partial isometries with range S such that 11; intertwines M, on H2(E;) and T on H for
7 =1,2. Then there exists a partial isometry V : &, — &y such that
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Proof. Let S = ITH?(£) be a canonical representation of S. Theorem 4.3 implies that
I = (12 @ V)
for some isometry V; : £ — &;, j = 1,2. Therefore,
Iy =1z @ VY')

= (I2(Igz ® V2))(Inz @ V')

= Uy (Ip2 @ V2V7")

= Hz(IH% ® V)7
where V = W,V[* 1 & — & is a partial isometry. This completes the proof. [ ]

5. PARAMETERIZATIONS OF WANDERING SUBSPACES

In this section we consider parameterizations of wandering subspaces for pure commuting
row contractions T' € B(H)™ which in the case of the one-variable shift T = M, € B(HZ(D))
on the Hardy space of the unit disc reduce to the representation (1.1). As suggested by
Theorem 4.1 the isometric intertwiner V' : H3,(D) — HZ(D) from the introduction is replaced
by a partial isometry 1T : H2(€) — H intertwining M, € B(H2(E))" and T € B(H)".

We begin with an elementary but crucial observation concerning the uniqueness of wander-
ing subspaces for commuting tuples of operators.

Let W be a wandering subspace for a commuting tuple 7" € B(H)". Set

Grw =\ T*W.

kcNn?

An elementary argument shows that

Grw © Z T.Grw = \/ "W o \/ TEW = w.
i=1 keN® keN™\ {0}
It follows that
W = Z,Ql(gT,W o T,Grw).

Consequently, we have the following result.

PROPOSITION 5.1. Let T € B(H)" be a commuting tuple of bounded operators on a Hilbert
space H and let VW be a wandering subspace for T'. Then

W=n",(Grw e T;:Grw) = Grw & Z T:Grw.
i=1
In particular, if VW is a generating wandering subspace for T, then

W= (HOTH) =Ho Y TH.

i=1
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Starting point for our description of wandering subspaces is the following general observa-
tion.

THEOREM 5.2. Let T € B(H)™ be a commuting tuple of bounded operators on a Hilbert space
H and let 11 : H2(E) — H be a partial isometry with IIM,, = T,I1 fori = 1,...,n. Then
S =1(HZ(E)) is a closed T-invariant subspace, W =S &> " | T;S is a wandering subspace
for T|s and

W =1((ker INT N E).

Proof. Define F = (ker II)* N €. Obviously the range S of IT is a closed T-invariant subspace
and W =865 " | T;S is a wandering subspace for T'|s. To prove the claimed representation
of W note first that

W= I(HE) © 3D TI(HAE) = IHAE) & ST (H2(E).
For f € F,he H2(E) and i = 1,...,n, we have
<Hf, HZZh,> = <H*Hf, Zlh> = <f, Zzh> =0.

Conversely, each element in W can be written as IIf with f € (kerII):. But then, for
h € H2(E) and i = 1,...,n, we obtain

(f, z:h) = (I1f,Tzh) = 0.

To conclude the proof it suffices to recall that H2(E)© Y i | M,,(HZ(E)) = €. This identity is
well known, but also follows directly from Proposition 5.1, since £ is a generating wandering
subspace for M, € B(H%(&))". u

If T € B(H)" is a pure commuting row contraction, then by Theorem 4.1 each closed T-
invariant subspace & C H admits a representation S = II(H2(€)) as in the hypothesis of the
preceding theorem.

COROLLARY 5.3. In the setting of Theorem 5.2 the identity

\/ TFW =TIH2(F)

keN®
holds with F = (ker I1)* N E.
Proof. Since W = II.F, we have

k _ k _ k _ k — 2
\ *w=\/ T*IF = \/ NMEF =I0( v MEF) = ILH(F).
keNn keNn keNn

This completes the proof. [ ]
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6. CONTRACTIVE ANALYTIC HILBERT SPACES AND INNER FUNCTIONS

Let K : B" x B" — C be a positive definite function and let Hx be the functional Hilbert
space with reproducing kernel K. We say that Hy is a contractive analytic Hilbert space (cf.
20], [21]) over B" if Hx consists of analytic functions on B"™ and if the multiplication tuple
M, = (M,,...,M, ) is a pure row contraction on H.

Typical and important examples of contractive analytic Hilbert spaces include the Drury-
Arveson space, the Hardy space and the weighted Bergman spaces over B™ (cf. Proposition
4.1 in [21]).

Let Hy be a contractive analytic Hilbert space and let £ and &, be arbitrary Hilbert spaces.

An operator-valued map O : B” — B(E, &) is said to be a K-multiplier if

Of cHr®E, forevery f€ H>®E.

The set of all K-multipliers is denoted by M(H2®E, Hx ®E,). f© € M(H2QRE, Hk ®E.),
then the multiplication operator Mg : H2 @ £ — Hx ® &, defined by

(Mo f)(w) = (6f)(w) = O(w) f(w)

is bounded by the closed graph theorem. We shall call a multiplier © partially isometric or
isometric if the induced multiplication operator Mg has the corresponding property.

The space of K-multipliers can be described in the following way (cf. Corollary 4.3 in [21]).
Let X be in B(H2 ® €, Hi ® E,). Then X = Mg for some © € M(H?2 ® E, Hx ® &,) if and
only if

XM, @I¢)= (M, ®I,)X fori=1,...,n.

DEFINITION 6.1. Let © : B" — B(&,&,) be an operator-valued function and let Hx be a
contractive analytic Hilbert space as above. Then © is said to be a K-inner function if
Ox € Hi ® &, with [|Ox|yee. = ||z]le for all z € € and if

0f L MFO&) forall k e N\ {0}.

The notion of K-inner functions for the particular case of weighted Bergman spaces on D
is due to A. Olofsson [16]. His definition of Bergman inner functions was motivated by earlier
observations [11] of H. Hedenmalm concerning invariant subspaces and wandering subspaces
of the Bergman space on D.

The following result should be compared with Theorem 6.1 in [16] or Theorem 3.3 in [12].

THEOREM 6.2. Each K-inner function © : B® — B(E,&,) is a contractive K-multiplier.

Proof. Let © : B" — B(&, E,) be a K-inner function. Then W = € C Hx ®E, is a generating
wandering subspace for the restriction of M, € B(Hx ® £,)" to the closed invariant subspace

S=\/ (M:W) C Hi ®E..
keNn

By Theorem 4.1 and the remarks preceding Definition 6.1, there is a partially isometric K-
multiplier © € M(H? ® £, Hxg ® &,) such that S is the range of the induced multiplication
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operator Mg. Define F = (ker Mg)* N . A straightforward application of Proposition 5.1
and Theorem 5.2 yields that

M(;) F =W
is a unitary operator. Since also Mg : &€ — W is a unitary operator, it follows that there is

a unitary operator U : & — F such that ©(z) = O(z)U for all z € B". For each function
feH?®ECOBE), it follows that

O(2)f(w) = O(2)U f(w)

for all z,w € B". Evaluating this identity for z = w, we obtain that ©f = QU f for all
f € HXE). Since HX(E) — HA(E), f+ Uf, is isometric and since © € M(H2 @ E, Hi R E.)
is a contractive K-multiplier, it follows that also © is a contractive K-multiplier. ]

In the scalar case & = &, = C the preceding theorem implies that each K-inner function
© : B" — B(C) = C satisfies the estimates

L =1®ll3, < 1Olmmzpuolltlaz < 1.

Hence the norm of ©, and also of each scalar multiple of ©, as an element in Hx coincides
with its norm as a multiplier from H? to H. We apply this observation to a natural class of
examples.

A polynomial p = >, apz* is called quasi-homogeneous if there are a tuple m =
(m1,...,m,) of positive integers m; and an integer ¢ > 0 such that ) .  m;k; = ¢ for
all k € N™ with ag # 0. In this case p is said to be m-quasi-homogeneous of degree ¢. Let us
denote by R, (¢) the set of all m-quasi-homogeneous polynomials of degree /.

COROLLARY 6.3. Suppose that Hg is a contractive analytic Hilbert space on B™ such that
the monomials z* (k € N") form an orthogonal basis of Hyx. Let p € Clz,...,2,] be a
quasi-homogeneous polynomial. Then

Dl = Pllaacarz ) -
If Iplls,e = 1, then p is a K-inner function.

Proof. Suppose that p € R,,(¢) is m-quasi-homogeneous of degree ¢ with ||p|/#, = 1. Then
z*p is m-quasi-homogeneous of degree £ + """, m;k; for k € N™. Since by hypothesis

HK == @ZRm(€)7

it follows that p is a K-inner function. The remaining assertions follow from the remarks
following Theorem 6.2. [ ]

If ©:B" — B(£,&,) is a K-inner function, then W = ©8 C Hx ® &, is a closed subspace
which is the generating wandering subspace for M, restricted to S = \/jcxn MFkW. Hence
in the setting of Corollary 6.3 each closed M, -invariant subspace S = \/j o MFp C Hi
generated by a quasi-homogeneous polynomial p is generated by the wandering subspace
W=Cp=Se . M,S.

Corollary 6.3 applies in particular to the functional Hilbert spaces H(K)) (A > 1) with
reproducing kernel K)(z,w) = (1 — "' | z;w;) ", since these spaces satisfy all hypotheses
for Hx contained in Corollary 6.3.
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REMARK 6.4. It is well known (cf. Corollary 3.3 in [24]) that the unit sphere OB" is contained
in the approximate point spectrum o, (M,, H?) of the multiplication tuple M, € B(H?)".
Since the approximate point spectrum satisfies an analytic spectral mapping theorem (see
Section 2.6 in [8] for the relevant definitions and the spectral mapping theorem), in dimension
n>1

0 € plon(M., Hy)) = ox(M,, Hy)

for each homogeneous polynomial p of positive degree. Hence, for each such polynomial, the
subspace pH? C H? is non-closed. An elementary argument, using the fact that the inclusion
H? C H(K)) is continuous, shows that also pH2? C H(K)) is not closed. It follows that in
dimension n > 1 there is no chance to show that K,-inner multipliers have the expansive
multiplier property proved in [17] for operator-valued Bergman inner functions on the unit
disc.

By combining Theorem 4.1 (or Theorem 3.2 in [21]), Theorem 4.3 and Corollary 4.4 we ob-
tain the following characterization of invariant subspaces of vector-valued contractive analytic
Hilbert spaces.

THEOREM 6.5. Let Hg be a contractive analytic Hilbert space over B™ and let £, be an
arbitrary Hilbert space. Then a closed subspace S C Hyx ® &, is invariant for M, ® I¢, if and
only if there exists a Hilbert space € and a partially isometric K-multiplier © € M(H? @
EHrk® 8*) with

S =0H:E).

IfS = éHfL(c‘:’) s another representation of the same type, then there exists a partial isometry
V& — & such that

O(z) =0(2)V (z € B").

Furthermore, if S = ©.H2(E.) is a canonical representation of S in the sense of Remark 4.2,
then

O.(z) =O(2)V. (z € B")
for some isometry V., : E, — E.

The first part of the preceding theorem for the particular case Hx = H? is the Drury-
Arveson space is a result of McCullough and Trent [13], which generalizes the classical
Beurling-Lax-Halmos theorem to the multivariable case. The last part seems to be new
even in the case of the Drury-Arveson space.

By applying Theorem 5.2 we obtain a generalization of a result of Olofsson (Theorem 4.1
in [16]) to a quite general multlivariable setting.

THEOREM 6.6. Let Hy be a contractive analytic Hilbert space on B™ and let £, be an arbitrary
Hilbert space. Let S = OHZ2(E) be a closed M,-invariant subspace of Hy @ E. represented
by a partially isometric multiplier © € M(H? @ &, Hx ® E.) as in Theorem 6.5. Then
Oy : B" = B(F,&.),BO0(2) = O(2)| £, where

F={ne€&:MgMen=n},
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defines a K-inner function such that the wandering subspace W = S &Y i | M,,S of M,
restricted to S is given by

W = OyF.
The wandering subspace W is generating for M,|s if and only if

S =0OH2(F).
Proof. Since Me|(ker o)+ 18 an isometry and since
F = (ker Mg)* NE,

the result follows as an application of Theorem 5.2 and Corollary5.3 with T'= M, € B(Hx ®
E)m. ]
By using once again the fact that Mg is a partial isometry one can reformulate the necessary

and sufficient condition for W to be a generating wandering subspace for M,|s given in
Theorem 6.6.

THEOREM 6.7. In the setting of Theorem 6.6 the space W = OF is a generating wandering
subspace for M,|s if and only if
(ker Mg)™ N (H2(F))*: = {0}.
Proof. For f € (ker Mg)* and h € H2(F), the identity
<fa h) = <fa P(kerM@)ih> = <®f7 GP(kerM@)im = <@f» 9h>

holds. Using this observation one easily obtains the identity
OHZ(E) © OH2(F) = O|(ker Mo)" N (HZ(F))" .

Since by Theorem 6.6 the space W = OF is a generating wandering subspace for M, |s if and
only if the space on the left-hand side is the zero space, the assertion follows. ]

We conclude by giving an example which shows that in the multivariable setting, even for
the nicest analytic functional Hilbert spaces on B", there are M, -invariant subspaces which
do not possess a generating wandering subspace.

EXAMPLE 6.8. For a € B", define S, = {f € H? : f(a) = 0}. For a # 0, the wandering
subspace W, = S, ©> .| M., S, for M, restricted to S, is one-dimensional (see Theorem 4.3
in [9]). Hence, if n > 1, then the common zero sets

Z(Sa) = {CL} 7& Z(Wa) - Z( \/ kaa)

of S, and the invariant subspace generated by W, are different. Thus, for n > 1 and a # 0,

the restriction of M, to S, has no generating wandering subspace. Since z1,...,2, € Sy ©
St M,,S and since Sy = \/{z*z; : k € N" and j = 1,...,n}, we obtain that Sy possesses
the generating wandering subspace Wy = span{zi, ..., z,}. By using Corollary 4.6 in [9] one

sees that the above observations remain true if H? is replaced by the Hardy space H?(B") or
the Bergman space L?(B").



DILATIONS, WANDERING SUBSPACES, AND INNER FUNCTIONS 15

Acknowledgement: The research of the fourth author was supported in part by NBHM (Na-
tional Board of Higher Mathematics, India) Research Grant NBHM /R.P.64/2014.

[1]
2]

3]

REFERENCES

A. Aleman, S. Richter and C. Sundberg, Beurlings theorem for the Bergman space, Acta Math., 177
(1996), 275-310.

C. Ambrozie and J. Eschmeier, A commutant lifting theorem for analytic polyhedra, in: Topological
algebras, their applications and related topics, 83-108, Banach Center Publ.67, Polish Acad. Sci., Warsaw,
2005.

W. Arveson, Subalgebras of C*-algebras I1I: Multivariable operator theory, Acta Math. 181 (1998), 159—
228.

J. Ball and V. Bolotnikov, A Beurling type theorem in weighted Bergman spaces, C. R. Math. Acad. Sci.
Paris 351 (2013), no. 11-12, 433-436.

J. Ball and V. Bolotnikov, Weighted Bergman spaces: shift-invariant subspaces and input/state/output
linear systems, Integral Equations Operator Theory 76 (2013), 301-356.

J. Ball and V. Bolotnikov, Weighted Hardy spaces: shift invariant and coinvariant subspaces, linear
systems and operator model theory, Acta Sci. Math. (Szeged) 79 (2013), 623-686.

J. Ball, T. Trent and V. Vinnikov, Interpolation and commutant lifting for multipliers on reproducing
kernel Hilbert spaces, in: Operator Theory and Analysis, OT 122, 89-138, Birkh&user, Basel, 2001.

J. Eschmeier and M. Putinar, Spectral decompositons and analytic sheaves. London Math. Soc. Mono-
graphs, Clarendon Press, Oxford 1996.

J. Gleason, St. Richter, and C. Sundberg On the index of invariant subspaces in spaces of analytic
functions of several complex variables, J. Reine Angew. Math. 587 (2005) 49-76.

P. Halmos, Shifts on Hilbert spaces, J. Reine Angew. Math. 208 (1961) 102-112.

H. Hedenmalm, A factorization theorem for square area-integrable analytic functions, J. Reine Angew.
Math. 422 (1991) 45-68.

H. Hedenmalm, B. Korenblum and K. Zhum, Theory of Bergman spaces, Springer, New York, 2000..

S. McCullough and T. Trent, Invariant subspaces and Nevanlinna-Pick kernels, J. Funct. Anal. 178
(2000), 226-249.

B. Sz.-Nagy and C. Foias, Harmonic Analysis of Operators on Hilbert Space. North-Holland, Amsterdam-
London, 1970.

A. Olofsson, A characteristic operator function for the class of n-hypercontractions, J. Funct. Anal., 236
(2006), 517-545.

A. Olofsson, Operator-valued Bergman inner functions as transfer functions, Algebra i Analiz 19 (2007),
146-173; translation in St. Petersburg Math. J. 19 (2008), 603-623.

A. Olofsson, An expansive multiplier property for operator-valued Bergman inner functions, Math. Nachr.
282 (2009), 1451-1460.

G. Popescu, Isometric dilations for infinite sequences of moncommuting operators, Trans. Amer. Math.
Soc. 316 (1989), 523-536.

J. Sarkar, Operator theory on symmetrized bidisc, Indiana Univ. Math. J. 64 (2015), 847-873.

J. Sarkar, An invariant subspace theorem and invariant subspaces of analytic reproducing kernel Hilbert
spaces. I, J. Operator Theory 73 (2015), 433—441.

J. Sarkar, An invariant subspace theorem and invariant subspaces of analytic reproducing kernel Hilbert
spaces. 11, to appear in Complex Analysis and Operator Theory.

S. Shimorin, Wold-type decompositions and wandering subspaces for operators close to isometries, J.
Reine Angew. Math. 531 (2001), 147-189.



16 BHATTACHARJEE, ESCHMEIER, KESHARI, AND SARKAR

[23] S. Shimorin, On Beurling-type theorems in weighted 1> and Bergman spaces, Proc. Amer. Math. Soc. 131
(2003), 1777-1787.

[24] M. Wernet, On semi-Fredholm theory and essential normality, Dissertation, Universitit des Saarlandes,
2014.

INDIAN INSTITUTE OF SCIENCE, DEPARTMENT OF MATHEMATICS, BANGALORE, 560012, INDIA
E-mail address: monojit12@math.iisc.ernet.in

FACHRICHTUNG MATHEMATIK, UNIVERSITAT DES SAARLANDES, POSTFACH 151150, D-66041 SAARBRUCKEN,
GERMANY
E-mail address: eschmei@math.uni-sb.de

INDIAN STATISTICAL INSTITUTE, STATISTICS AND MATHEMATICS UNIT, 8TH MILE, MYSORE ROAD,
BANGALORE, 560059, INDIA
E-mail address: dinesh@isibang.ac.in

INDIAN STATISTICAL INSTITUTE, STATISTICS AND MATHEMATICS UNIT, 8TH MILE, MYSORE ROAD,
BANGALORE, 560059, INDIA
E-mail address: jay@isibang.ac.in, jaydeb@gmail.com



